Math 137 - Algebraic Geometry

Taught by Joseph Harris
Notes by Dongryul Kim

Spring 2016

This course was taught by Joseph Harris. We met three times a week,

on Mondays, Wednesdays, and Fridays, from 10:00 to 11:00 in Science Center
507. We used the textbook Algebraic Geometry: A First Course by Joseph
Harris. There were 31 students enrolled, and the grading was based solely on
the problem sets. The course assistants for the course were Aaron Landesman
and Hannah Larson.
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Math 137 Notes )

1 January 25, 2016

There will be weekly recitations, which will be scheduled after we have a better
sense of who is actually going to take the course. For this week, it will be on
Wednesday and Friday at 3 pm. There will be weekly problem sets, and the
grading will be largely based on these problem sets. They will be due Fridays.
I will not be assuming any prior knowledge, but I will use languages such as
open/closed sets or holomorphic functions, because they are extremely useful.

1.1 What is algebraic geometry

The goal of algebraic geometry is to relate the algebra of polynomials to the
geometry of their zero locus.

In the 1810’s, Poncelet introduced two fundamental changes. The first one
is to work in C instead of R, and the second one is to work in P” rather than
C"™. When we work in R, a polynomial can have no zeros. But when we work
in C, we always have a constant number of zeros for polynomials of constant
degree. But this is not the end of the story. Given a pair of two lines, the
intersection is sometimes a single point, while it is sometimes empty, when the
lines are parallel to each other. So we add points at infinity so that every two
distinct lines meet at one point, or in other words, we work in the projective
space. There is a trade-off: we lose geometry intuition. It is much harder to
visualize curves in C?, but they are much well-behaved.

In the first half of the 20th century, There was an algebraicization of algebraic
geometry by Zariski and Weil. This was possible because the algebraic language
which was not in the 19th century was developed at this point.

In the second half of the 20th century, there was another revolution in al-
gebraic geometry. Concepts such as sheaves and schemes were introduced by
Grothendieck, Serre, Mumford, Artin, etc., and the new framework turned out
to be extremely powerful. This is what we call modern algebraic geometry.

1.2 Affine and projective spaces

Definition 1.1. Let K be a algebraically closed field. We define the affine
space of dimension n be the set

A" = K" ={(x1,...,2,) 1 x; € K}.

Definition 1.2. An affine variety X C A"v is a subset describable as the
common zero locus of a collection of polynomials {f4(x1,...,2,)}. We denote

V(fi,.., fx) ={x € A" : fo(x) =0 for all a}.

Note that we can assume that there are an infinite number of polynomials,
but the variety is determined by the ideal generated by the polynomials, and
every ideal in a polynomial is finitely generated. So allowing infinitely many
polynomials doesn’t really add anything.
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Definition 1.3. The projective space of dimension n is the set

P" = {one-dimensional linear subspaces of K" "'}
= (K" {0}) /K.

A point in the projective space is denoted with square brackets like [z, . ..

this is the set of scalar multiples of the vector (zo, ..., 2p).

We can think A" as sitting inside P™. There is an isomorphism
A" =2U ={[z] 1 20 £ 0} CP"
which sends

(215 yzn) = (1,21, ., 2n)s B (%”%)

We can visualize this by thinking P? as a union of an affine plane A? and
a projective line P'. In fact, it doesn’t matter which projective line P! we
choose. This enables us to identify hyperbolas, ellipses, and parabolas in R?;
an hyperbola is a conic that meets the line of infinity at two points, an ellipse
is one that meets at no points, and a parabola is one that is tangent to the line.
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2 January 27, 2016

Fun facts from commutative algebra:

1) every ideal in K[x1,...,x,] is finitely generated.

2) K[x1,...,x,] is a unique factorization domain.

Right now, we take these statement as just true. I can prove it, but the proof
does not illuminate anything about the geometry of varieties. In fact, people
almost assumed them when developing algebraic geometry decades before the
first proof was formulated.

2.1 Review on affine and projective spaces

As we have defined last time,

Definition 2.1. The affine space is
A" ={(z1,...,z,) 1 2; € K}
and an affine variety is something that looks like
Z=V(f1, .., fx) ={z € A" : fo(x) =0 for all a}.

Although I have defined this for an arbitrary algebraically closed field K, I
invite you to replace it with C. In fact, we will later see that any property we
can prove on C holds also for any algebraically closed field of characteristic zero.

Definition 2.2. The projective space is

= {one-dimensional subspaces of K" '}
For any vector space V over K, we also define
PV = (V\{0})/K".

In the context of projective spaces, I will use square brackets and capital
coordinates.
The open set
U={[X]eP": Xy#0} 2A"

and more generally, if L : V — K is any homogenous linear polynomial, then
U, ={[X]eP": L(X)#0} =2 A",

Example 2.3. Over C, we have A' = C and P! = {[X, X1]}/C*. Because i =
{[X]: Xo # 0} = A, we see that P! is simply the one-point compactification
of C. This is called the Riemann sphere. This becomes much difficult when we
try to visualize P2.
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2.2 Projective varieties

We defined the projective space as
P" = {[X] e K" : X £ 0}/K*.

These X, are called homogeneous coordinates on P, but remember that these
are not functions on P". But since X;/X; are well-defined, for any homogenous
polynomial F(Xy,...,X,), its zero locus is well-defined.

Definition 2.4. A projective variety is a subset of P" describable as the
common zero locus of a collection of homogenous polynomials

Z=V{F,})={X eP": F,(X) =0 for all a}.

Note that for U = {X € P" : Xy # 0}, the intersection Z N is the affine
variety V({fs}) where f, = F(1,z1,...,z,). So given a projective variety,
when you erase a hyperplane you get an affine variety.

The converse is also true. Given any polynomial f(x1,...,2,) of degree d
defined by

f(z) = Z Wi oonin TR

i14-+in<d

we can homogenize it to

d— a; i1 in n
F(X) =Y a0, Xo = X X0 = X§ - F(RE 0 5).
Example 2.5. Given an inclusion K*t! = W ¢ V = K™t of affine spaces, it
induces a natural embedding PW — PV. We call the image a linear subspace
of PV. If kK =n — 1, the image is called a hyperplane, and if £k = 1 it is called
a line.

Proposition 2.6. IfI' C P” is finite, then I' is a projective variety.

Proof. Let T' = {p1,...,pa}. If we can show that for any point ¢ ¢ I there is
a polynomial that vanish on I" but does not vanish on ¢, we can just take the
set of those polynomials. For each i, take a linear homogeneous polynomial L;
such that L;(p;) = 0 but L;(q) # 0. Then we take

F:HLi

and we get the polynomial we want. O

In fact, this proves that any finite set of d points can be described as a
common zero locus of polynomials of degree at most d. We can ask whether
how much efficiently we can do this job, and in general, it is an open question.

If F' is a homogeneous polynomial, then we call V(F') a hypersurface.
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We’ve been talking about affine and projective varieties. But the examples we
have seen are mundane; we talked about linear subspaces, finite subsets, and
hypersurfaces. We will not look at the twisted cubic curve, and generalize it to
rational normal curves.

Before we go in, let me introduce a useful notion. For a vector space V =
K"+l we defined the projective space PV = P". The group GL, K acts on
PV, and the stabilizer will simply be K* C GL,,+1. So if we define

PGL,+1 = PGL(V)=GL,4+1/K",
then this PGL,4+1 acts on PV faithfully. Let us say that X, X' C P" are
projectively equivalent if A(X) = X’ for some A € PGLj11.

3.1 Twisted cubic
Consider the map A! — A? defined by
t s (6,12, 1%).

Since there is a natural injection from the affine space to the projective space,
we can push out this map into the map

Al AS

[

Pl — - p3

that sends
[Xo, X1] = [ X3, X2 X1, Xo X7, X7

The image is called a twisted cubic. In general, a twisted cubic is any set in
P3 that is projectively equivalent to this specific twisted cubic. Alternatively,
we can define a twisted cubic as the image of the map P' — P2 that maps

[X] — [FO(X)’Fl(X)vFZ(X)vF?)(X)]

where Fy, Fy, Fy, F3 form a basis for the vector space of homogenous cubic poly-
nomials on P!

Proposition 3.1. The twisted cubic is a projective variety.
Proof. The zero locus of the polynomials
ZoZy — 23, ZoZs — Z1Zy, Z1Zs — Zs

is the twisted cubic. O
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In fact, these three quadratic polynomials space the space of homogenous
quadratic polynomials in Zy, Z1, Z2, Z3 vanishing on the twisted cubic. How
would we prove that? Consider the linear map

{hom. quad. poly. in Zy, Z1, Z2, Z3} — {hom. septic poly. in Xy, X7}

defined by substituting Z; with Xg X { . We see that the first vector space has
dimension 10, while the second has dimension 7. The polynomials we want has
to be a basis for the kernel of the map, and thus we need three of quadratic
polynomials. In fact, if we select any two arbitrary polynomials and look at the
common zero locus, it will be a union of the twisted curve and a line.

We now generalize this to a rational normal curve.

Definition 3.2. A rational normal curve is defined to be a variety that is
projectively equivalent to the image of the map P! — P” that sends

[XO,XI] = [X6L7Xg_1X1a s 7XIL]a
or in other word,s the image of a map

X = [F(J(X)vFl(X)vaFn(X)]

3.2 Zariski topology

I'll come back to this later, but we're desperate in need of definitions.

Definition 3.3. Let X be any variety. The Zariski topology on X is the
topology whose closed subset are subvarieties of X.

)

Warning: this is not a “nice topology.” This is simply a language, and it
has nothing to do with the standard topology. We define it simply because we
want to talk about open and closed sets.

Example 3.4. For instance, take X = A!. Then the open sets are complements
of finite sets. This is really bad: any bijection from X to X is continuous.

3.3 Regular function

If we want to define regular functions, we at least want to include polynomials.
Also, we would want to take ratios.

Definition 3.5. Let X C A" be a affine variety, and let &/ C X be an open set.
A regular function on U is a function Y — K such that for any p € U, there
exists a neighborhood V C U of p such that

for any = € V, where g and h are polynomials on A™ and h(p) # 0.
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Today, the main thing we are going to do is to go through some more definitions.
You have to describe what the objects are, and also what the morphisms are.

4.1 Regular maps on affine varieties

Definition 4.1. A quasi-projective variety is an open subset of a projective
variety.

Observe that these include all affine variety via the inclusion A" <« P”.
Roughly you can think of it as requiring some equations to be zero and some to
be nonzero. So these are the object we are going to deal with.

We now define the maps between them.

Definition 4.2. For an affine variety X C A", we define
I(X) = {all polynomials f € K[z,...,2,]: f=0o0n X}.
Definition 4.3. We define the affine coordinate ring to be
AX) = Klz1,...,25)/I(X).

Definition 4.4. A regular function on X C A" is a function locally express-
ible as f = g/h, where g and h are polynomials with h # 0.

At the end of the day, we will see that the regular functions are simply the
polynomials in the affine coordinate ring.

Theorem 4.5 (Nullstellensatz). The ring of regular functions on an affine
variety X C A" is A(X).

By the way, I should have said this earlier, but the Zariski topology is a
topology. If we have two varieties, we can simply multiply the polynomials
and get the union of the two varieties and get a new variety. If we have many
varieties, we can take the union of the polynomials and get their intersection.

Definition 4.6. A regular map ¢: X — Y C A" is a map given by

p= (fi(p), ..., fu(p))

where f1,..., f, are regular function on X.

We can see that the composition of two regular maps are also regular from
the fact that the composition of two polynomials are also a polynomial. This
also gives the notion of isomorphisms.

We observe that once we have the Nullstellensatz, we can show that A(X)
is an invariant of X up to isomorphism. In fact, A(X) determines X up to
isomorphism.



Math 137 Notes 12

This gives rise to the following basic correspondence.

{affine varictics) {ﬁnitely generated nilpotent free rings}

over an algebraically closed field

When Grothendieck came along, he got rid of all the adjectives on the right side
and asked, ‘what geometric objects corresponds to rings?’ He answered this
question by introducing the language of schemes.

4.2 Regular maps on projective varieties

How can we define regular functions on a projective variety? Let X C P". We
may define it as a function that is regular on any affine subvariety of X.

Definition 4.7. A regular function on X is a function f such that f
regular, where X; = X N {Z; # 0}.

X; is

But this involves an arbitrary covering of X. That is why I prefer the
following equivalent definition.

Definition 4.8. A regular function on X C P" is a function f locally ex-
pressible as a ratio G(Z)/H(Z), where G and H are homogenous polynomials
of same degree and H(Z) # 0.

The basic idea is that although a polynomial does not give a well-defined
function on a projective variety, the ratio of homogenous polynomials of same
degree gives a function.

Definition 4.9. A map ¢ : X — Y C P™ is called regular if ¢ is given locally
by regular functions, i.e., if for each U; = {Z; # 0} =2 A™ C P™ such that
¢~ L (U;) — U; =2 A™ is given by an m-tuple (fi,..., fm) of regular functions.

It is a pain to write this down and also to check that the definition is inde-

pendent of coordinates. Equivalently, we have

Definition 4.10. A map ¢ : X — Y C P is called regular if ¢ is given locally
by an (m + 1)-tuple of homogenous polynomials of same degree

In the affine case, we had a correspondence between affine varieties X and
coordinate rings A(X). However, for projective varieties, we cannot do the
same thing. For a projective variety X C P™, we can think of the ideal I(X) of
homogenous polynomials vanishing on X. But then, the homogenous coordinate
ring S(X) = K[Zy,...,Z,]/I(X) is not a function. In fact, it is even not an
invariant of X under isomorphisms.

Example 4.11. Consider the map P! < P2 given by
[Xo, X1] = [X¢, Xo X1, X7].

This is an isomorphism between P! and the image curve C' = V(WoWy — W3),
but one can check that S(P') 2 S(C).
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5.1 More on regular maps

Recall the definition of regular functions and maps on a variety. For X C P™
and Y C P", a regular map ¢ : X — Y can be given locally by an (n + 1)-tuple
of homogeneous polynomials on P with no common zeroes. That is, we would
like to describe this map as

The condition “locally” is needed because sometimes only one choice of F;s
might not work.

Example 5.1. Consider C = V(X? +Y? — Z2) Cc P2. We look at the map
C — P! given by
[X’Y,Z] — [X7Y - Z]7

which is the stereographic projection. This is well-defined except for the point
p =1[0,1,1]. This can be resolved by observing that

(X, Y - Z|~[X(Y+2),Y? - 2’|~ [X(Y + 2),-X?| ~ [Y + Z, - X].

Then the map
[X7Y?Z] = [Y+Za _X]

agrees with the previous map except for the two points [0,1, 1] and [0, 1, —1],
where they were not well-defined.
5.2 Veronese maps

The next thing I want to introduce is the notion of Veronese maps. We first
choose n, and a degree d. We look at the map v, : P* — PV given by

(X] = [.., X1, ]

where I ranges over all homogenous indices of size d. The image is called a
Veronese variety. We see that N = (”::d) — 1. Note that the case n = 1 is
exactly the rational normal curve.

Example 5.2. The map v 5 is given by
[(X,Y,Z] — [X%, Y% 2%, XY, X Z,Y Z].

The image is called the Veronese surface, which is a misnomer because we
could have chosen any d.

Proposition 5.3. The image of va, is a subvariety of PN. In fact, it is the
zero locus of
(XIX7 - XEXF: T4+ J=K+L}.
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Let us just look at the case of n = d = 2. The proposition is saying that
image of v o is the zero locus of

W32 = W()Wl, W3W4 = WOWE))
W3Z =WoWa, W3Ws=W;Wy,
W52 =WiWs, WiWs=WoWj3.

There are two questions. First, are these all the quadratic polynomials? The
answer for this is yes, because we have the surjective map

{hom. quad. poly. in Wy,..., Ws}?*! - {hom. quartic poly. in X,Y, Z}'°.

The kernel would have dimension 6, and the polynomials we wrote above are
linearly independent. In fact, these quadratics generate the homogenous ideal
1(S), where S is the image. The second question is whether the zero locus is
exactly S. The answer is again S, and this we will show later.

5.3 Segre maps
We define the Segre map oy, ,, : P xP" — PO+ +1D)=1 he the map defined

by
(X, [Y]) = .., X5Y5,. ...

We denote the image of ¢, , by ¥y, ,, € PmHDnH+D-1,

Proposition 5.4. The image %, ,, is a variety. Again, it is the common zero
locus of
{Wi,jWk,l — Wk’jWiJ :0 S i,k S m,O S j,l S n}

Note that the domain P™ x P” is not a projective space. However, we can
view it as a variety through the Segre map.
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Today we are going to finish our discussion on Veronese and Segre maps, and
on Monday we are going to start chapter 3.
6.1 Veronese maps and varieties
The Veronese map vy, 4 : P* — S C PV is given by
(X]—[.., X1, ]

where T ranges over all monomials of degree d in [Xy,...,X,]. The image S is
called a Veronese variety. More generally, a Veronese map can be given as

[(X] = [Fo(X),..., Fn(X)]

where {Fp, ..., Fx} is a basis for the vector space of homogeneous polynomials
of degree d on P".
We make two observations:

i) The map v is an embedding, i.e., S = P", i.e., there is a regular map
¢ S — P" such that ¢ o v = id. For instance, when n = 1 the Veronese
map v is given by

[Xo, X1] = (X, X0 X0, Xo XX
and its inverse ¢ is given by
[(Zo, ..., Za) = [Zo, Z1]
away from [0,0,...,0,1] and
Zo,-.y Za—1] = [Za-1, Z4)
away from [1,0,...,0].

ii) If Z C P" is any variety then v(Z) C S C P is a sub variety of PV,
Given a polynomial on PV, we can always pull it back (substitute) to get
a polynomial on P". Thus we get a pullback map

v* : {hom. poly. of deg. m on PV} — {hom. poly. of deg. md on P"}.

If Z C P™ is any variety, then from some m, the variety Z is the zero
locus of polynomials G, of degree md. (This is because we can multiply
monomials to make the polynomials have degree as large as we want.)
Then we can take the polynomials whose pullbacks are G,.

Let us look at an example. We look at the map v 5 : P2 — P5 given by

[X,Y,Z] — [ X%, Y% Z% XY, X Z,Y Z].
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Let Z = V(X3 + Y3+ Z3) and we claim that v(Z) is a variety. Because
Z=V(X3+Y*+ 2%
=V(X*+ Y3 X + 22X, X3Y +Y* 4+ 23, X3 Z + Y3 Z 4+ Z%)
we can take the 6 quadratics that cut out .S, and throw in the polynomials
whose pullback is one of the three polynomials. Then we get 9 polynomials,
and their common zero locus will be exactly v(Z).
6.2 Segre maps and varieties
The Segre map o, ,, : P x P* — Pm+D(n+1)=1 — PN ig given by
(XL, Y]~ [.., XY, ...
The image is a variety in PV and it is called the Segre variety.
Example 6.1. The Segre map o : P! x P! — P? is given by
([Xo, X1], [Yo, Y1]) = [XoYo, XoY1, X1Y0, X1Y1],

and the image S = V(W W5 — W1 W3) is a quadric hypersurface. We also note
that the fibers of P! x P! are mapped to lines.

Definition 6.2. A subvariety of P™ x P" is a subvariety of the image ¥ ¢ PV.
What does a subvariety look like? We again have pullback map
o* : {hom. poly. of deg. d on PV}
— {bihomogeneous poly. of bidegree (d,d) on P x P"}.

So a subvareity of P™ x P" is the zero locus of a collection of bihomogenous
polynomials of bidegree (d,d) on P™ x P". We will show next time that it
can be described simply as the zero locus of any collection of bihomogeneous
polynomials.
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7.1 More on Segre maps

I want to finish the discussion on Segre maps. A Segre map is a map P x P"* —
¥ ¢ P41 given by

(XL,[YD = [... XY, =2Z;,...].

The image is
S=V(...,ZijZii — ZuZyj,...).

Example 7.1. If m = n = 1, then the map P! x P! — P3 is
([Xo, X1], [Yo, Y1]) = [XoY0, XoY1, X1Y0, X1Y1]
with images ¥ = V(2023 — Z175).

When I say “the variety P™ x P™,” actually I am actually referring to the
variety ¥. Nowadays we have the notion of abstract varieties, but for now, we
have to just look at ¥ instead of the product space.

The subvarieties of P™ x P" is by definition, a subvariety ¥ C PV. This will
be the zero locus of bihomogeneous polynomials.

Example 7.2. Let us look at the twisted cubic P! — P2 given by
tes [1,t,62,83].

Because ZyZ3 — Z1Z5 vanishes on the curve, we see that the cubic actually lies
on the the image of the Segre map.

P! P3

~N S

PlxPl=%

In P3, the twisted cubic is the zero locus of ZoZs — Z1Zy, ZoZy — Z3, and
Z1Z3 — Z2. If we pull back the second and third polynomials, we get

Xo X1 V¢ — X3YE = Xo(X1YE — XoY?),
XoX Y2 — X3YE = - X1 (X1 Y7 — XoYP).
This means that the twisted cubic is V(X1Y# — XoY;?) in P! x PL.
We present two useful observations. If X C P and Y C P”, then its product
XxYcCcP"xp®
is again a variety. Moreover, if f : X — Y is a regular map, then the graph
I'y={(z,f(z)):2€e X} CXxY

is a subvariety.
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7.2 Cones

Consider a hyperplane P*~1 C P", and a point p € P* \ P*~!. Suppose that a
some variety X lying in P"~!.

Definition 7.3. The cone X = p, X over X with vertex p is defined as

nX=Jpa
qgeX

Proposition 7.4. The cone X is a variety.

Proof. Applying a linear transformation, we can make P*~! = V(Z,,) and p =
[0,...,0,1]. Now if X =V (..., Fo(Zoy...,Zn—-1),...) then

X=V(.. F,,...)
where the last variable in Z,, is neglected. O

Similarly, suppose that P* P! C P" are complementary, or in other words,
Pk P! are disjoint and span the whole space P™. In this setting, we can again
define the cone X, P! over X C P*¥ with vertex P! as

X, Pl = | ] qP.
qeX

7.3 Quadrics
Recall that char(K) # 2. It is actually zero, but it is crucial that it not be 2.

Definition 7.5. A quadric X C P" = PV is the zero locus of a single homo-
geneous quadratic polynomial Q).

Higher degree polynomials are hard to describe by linear algebra, but quadratic
polynomials are in the scope. In fact, we have a correspondence

{homogeneous quadratic polynomials @ on V'}

+— {symmetric bilinear forms Qo : V x V — K},

given by Q(v) = Qo(v,v) and Qo(v, w) = H(Q(v + w) — Q(v) — Q(w)).
In our linear algebra course, we learned that any symmetric bilinear form
can be diagonalized, i.e., there exists coordinates on V such that

k
QXor-o o Xn) = S X2 = X2 4+ X7,
=0

We define the rank of @ as rank(Q) = k + 1.
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Example 7.6. We first look at P'. There can be quadrics of rank 1 and 2.

X5+ X¢ X3

For P2, there can be quadrics of rank 1,2, and 3.

VT o

X2+ X?+ X3 X2+ X3 X2

For IP3, there can be quadrics of rank 1,2, 3, and 4.
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Let’s get started because we’ve got some fun stuff today. Recall that a quadric
@ C P™ is the zero locus of a single homogeneous quadratic polynomial Q(X). A
quadratic is characterized by its rank. A rank 4 quadric in P2 is a hyperboloid,
which is isomorphic to P! x P!, a rank 3 quadric is a conic cone, a rank 2 quadric
is two planes, and a rank 1 quadric is a double plane.

Let us now look at rank 4 quadrics over R. There are three cases; if the
polynomial is X24+Y 24 Z24+WW? then it is the empty set; if it is X2 +Y 2+ 272 —W?2
then it is a sphere; if it is X2 + Y2 — Z2 — W? then it is a hyperbola of one
sheet. We can even try to classify the rank 4 quadrics over R in A3. Depending
on what plane we choose to be the infinity, the shape of the quadric changes.
The point I want to make is that our lives are much easier when we work in the
projective space, and over the complex numbers.

8.1 Projection map

Let H = P"~1 C P" be a hyperplane and let p € P* \ H be a point. We can
define a map m, : P"*\ {p} — H given by

g—qpnN H.

If we choose homogeneous coordinates Z on P" so that H = V(Z,,) and p =
[0,...,0,1], then we can describe the map in terms of coordinate as

Tp - [ZQ,...,Zn] — [Zo,...,anl].

Proposition 8.1. If X C P" is a projective variety and p ¢ X, then X =
mp(X) C P! is a projective variety.

Before we prove this, we look at a general result about polynomials.

8.2 Resultant
Let K be a field, and let
f(X):ame+...+a07 g(X):an"++bO

be polynomials in K[X]. When do f and ¢g have a common zero? Equivalently,
we can ask when do

F(X,Y)=amX" 4+ am 1 X" Y4+ +agY™, GX,Y)=0b, X"+ -+bY"

have a common zero in P'? The second formulation is more concrete, because
we consider the two polynomials to share a zero even if a,,, = b, = 0.

To restate the question, let P™ be the space of polynomials of degree m on
P!. Consider a subset ¥ C P™ x P” defined as

Y ={(f,g9) : f and g have a common zero}.
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We claim that ¥ is a subvariety of P™ x P™. The problem is to find the defining
equations of X C P™ x P,

Here is what I propose to do. To answer this, let V;, be the vector space of
polynomials of degree at most m. Consider the map ¢ : V,_1®& Vi1 = Vingn—1
given by

(A,B) — fA+¢gB.

If f and g both vanish at a point p, then at element of im ¢ also vanishes at
p. This means that ¢ cannot be an isomorphism. Conversely, if ¢ is not a
isomorphism, then it has nontrivial kernel and fA + ¢gB = 0 for some A and B.
Then gB has to vanish at all roots, and thus counting the degree, we see that
g has to vanish at least one root, which will be the common root of f and g.
Hence ¢ is an isomorphism if and only if f and g have no common zero.

Now, write out the matrix of the map ¢ in terms of bases given by powers
of . The matrix will be

apg a1 a2 am 0 0
0 a a - - - a,m 0 - - 0
0 0 0 a a am

bo b1 - . b, O 0
0 by by - b, O 0
0 . 0 by b . e by,

The conclusion is that f and g have a common zero if and only if the determinant
of the matrix is zero. The determinant is called the resultant.

Of course, in practice, we would use the Euclidean algorithm to see whether
f and g have a common zero, but we would not know the set is a zero locus of
a polynomial.

We look at one generalization of this fact. If F' and G are homogeneous
polynomials in Zy, ..., Z,, then we can view F' and G as polynomials in Z, with
coefficients in K[Zy,...,Z._1]. Then we can form the same matrix and the de-
terminant is called the resultant with repeat to Z, and is denoted Resz, (F, G).
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Today we are going to finish chapter 3. I want to first recall the basic definitions.

Definition 9.1. For two polynomials in one variables
f(@) = ana™ + am_12™ "+ +a,,  g(@) =bya™ + -+ by,

we define the resultant R(f,g) as the determinant of the (m +n) X (m + n)
matrix.

The polynomials f and g have a common zero if and only if R(f,g) = 0.
More generally, if f,g € K[x1,...,z,] = K[z1,...,2.—1][x,], we can look at the
coefficients of f and g, which will be in K[x1,...,z,-1] and define R, _(f,g).
9.1 Image of a projection

Let p € P, and let H = P®~! C P® be a hyperplane. One condition is that
p & H. Define the projection map m, : P*\ {p} — P~ ! as

qg—qpNH.
Without loss of generality, we can let p =[0,...,0,1Jand H = V(Z,) so that
Tp * [Z(),...,Za] — [Zo,...,Za_ﬂ.

Theorem 9.2. Let X C P be a projective variety and let p ¢ X. Then
m,(X) = X C P> is a projective variety.

Proof. Tt amounts to verifying that
X =V({Resz, (F,G)}reerx))-
For any t € P!, we see that

rem(X)e L=pTNX#0
< any pair F),G € I(X) have a common zero on L
< Res(F, G) vanishes on r for any pair F,G € I(X). O

Corollary 9.3. Let p € P" and X C P" be a projective variety, and let p & X.
Set

pnX=|Jp7
qeX

be the cone. Then p, X is again a variety.

Proof. We already know that the claim is true of X is contained in a hyperplane.
So we first choose an hyperplane H C P"~! C P and observe that

p7X:pa7Tp(X)' D
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Similarly, let Y be a projective variety and X C Y x P! be a projective
variety. Consider the projection map 7 : Y x P! =Y.

Proposition 9.4. The image 7(X) CY is a projective variety.

Proof. Take (F,G) € I(X) and take the resultant with respect to the P! factor.
O

More generally, let X C Y x P™ be a projective variety.
Proposition 9.5. 7(X) CY is again a projective variety.

Proof. We use induction on n. Choose p € P*, H =~ P"~! C P" with p ¢ H.
We let
m=idxm,: Y x (P"\ {p}) =Y x P"~ 1.

Then we see that 7(X) C Y x P"~1 is a projective variety.

But there is a glitch here. What if Y x {p} is not disjoint from X? Let
V={(qgeY :(¢,p) € X}. Then this V is a closed subset, i.e., a subvariety of
Y. Now X\ (V x {p}) is disjoint from Y x {p} and hence we can apply the same
argument to show that its projection m,(X \ (V' x {p})) is a projective variety.
Then

7(X) = T (X \ (V x {p})) UV

is a variety. O

9.2 Image of a regular map

Finally, we have the following major proposition.

Proposition 9.6. Let X C P™ and Y C P" be projective varieties, and let
f: X =Y be aregular map. Then f(X) is a projective variety in'Y.

Proof. Locally in X, the map f may be given by
[Zoy .y Zm] = [Fo(2),...,Fn(2)].

Then the graph of the map f : X — Y C X X Y is the zero locus of biho-
mogeneous polynomials W;F;(Z) — W;F;(Z), in other words, 'y C X xY C
P™ x P™ is a projective variety. Then we can simply project it and see that
f(X)=n(y) CY is a projective variety. O

If you want to compute things more efficiently, there is a thing called Grébner
basis. The idea is to choose the “right” basis so that we don’t have to look at
all pairs of polynomials.
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When we look at the set of manifolds isomorphic to S*, it is too big to be really
given a topology or whatever. But in algebraic geometry, the set of conics on a
plane is determined by six coefficients, up to a scalar.

10.1 Family of varieties

Definition 10.1. A family of varieties in P parametrized by a variety B is a
closed subvariety of B x P"™. The members of the family X C B x P" is the
fibers X, = m~1(b) C P" where m : X — B is the projection map.

Example 10.2. By a conic curve C' C P?, we mean the zero locus of a single
homogeneous quadratic polynomial on P2. The set of conics is PV = P5 where
V is the vector space of homogeneous quadratic polynomial on P2. These form
a family

C=V(aX?+bY?+cZ® +dXY +eXZ+ fYZ) CP), 5 xPiy

In the example, we can always replace the word “conic” by “zero locus of
degree d polynomial” and then get the family

c=v( > anXVIZV) P < PRy
i+j+k=d

More generally we can look at the hypersurfaces X C P of degree d, i.e., the
zero locus of a homogeneous polynomial F(Xy,...,X,) of degree d. They form
a family

x=V()_ arX") cPY x Pk

This is called the universal hypersurface of degree d in P". It is called
universal because it actually has the universal property. For any family of
hypersurfaces, it can be induced by the universal hypersurface.

Let us look at the special case d = 1. We have

H=V(aXo+ - +anX,) C P! xP%.

If P% = PV, then we can think P = PV* = P"*. It is useful to thing these as
different objects.

Given a X C B x P", there is a natural projection map 7 : X — B. We can
ask, does there exists a section, i.e., a map o : B — X such that 7 o o = id?
For instance, let us look at the case n = 1 and d = 2. The question is equivalent
to whether there exists polynomials X (a,b,c) and Y (a, b, ¢) such that

aX?+bXY +cY?2=0.

This is clearly false, because we know that

_ —b*xVb? —4dac
o 2a

X
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and this is not a polynomial.
Let me ask a now a more appealing question, which is for n = 2 and d = 2.
Does there exist polynomial functions X, Y, Z with variables a, ..., f such that

aX?+0Y? 4+ cZ2 +dXY +eXZ+ fYZ =0?

The answer is no. But this is not an obvious question and is instructive. If you
are interested, try to solve it using polynomial manipulations.
Let us look at some other examples.

e The families of k-planes in P" is called the Grassmannian

Gk+1,n+1)={A=PcP"}.

e Let us look at the set of twisted cubics in P2. We can describe the twisted
cubic as the zero locus of three quadratics, and so we can think of the
space of twisted cubics as lying inside the Grassmannian. The problem
is that three quadrics don’t generally cut out a twisted cubic, and so we
need extra work.

These are hard problems, and there are whole theories to address these issues.
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Let me recall the definition of a family of varieties.

Definition 11.1. A family of projective variety parametrized by a variety
B is closed subset X < B x P". The members of this family are the fibers
X, = 77 1(b) of the projection 7 : X — B.

Now I am going to introduce a ubiquitous terminology.

11.1 General member of a family

Definition 11.2. Given a family X C B x P™, we say that a general member
of the family has property P if

{b € B : X} has property P} C B
contains an open dense subset of B.

Example 11.3. Let us look at the statement “a general triple of points (p1, p2, ps)
in P2 are not collinear.” This implicitly uses the parameter space P? x P? x P2,
That is, we are using the family

X={((p,q.r),s) : s € {p.q,r}} C (P?)* x P*.

This is indeed a family, because X = 7, (A) U w5 (A) U w3, (A) where 7,5 is
the projection (P?)* — P? x P? with the ith and jth indices.
Now in this particular family, what our statement really means is that the
locus
{(p,q,7) € (P*)* : p,q,r are collinear}

is contained in a closed subset of (P?)3.
Now after ten minutes we know that this means. How do we prove this? A
triple of points
([Xo, X1, Xo], [Yo, Y1, Y2], [Zo, Z1, Zo))

are collinear if and only if the determinant is zero. So we have

X, Xi X,
{collinear triples} = V( Yo 1 Y, )
Zo v Z»

Note that the determinant is a tri-homogeneous polynomial. So this is indeed
a closed set.

Last time we saw that the plane conics form a family
V(aX?+bY? +¢Z% +dXY +eXY + fYZ) C P}, 4 xPlxy 4.

A conic, as we have seen, is characterized by its rank.
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Proposition 11.4. A general conic has rank 3.

Proof. We observe that the parameter space can be viewed as the projectiviza-
tion of the space of symmetric 3 x 3 matrices. This matrix has rank 3 if and
only if the conic has rank 3. Therefore we see that the set of conics rank at
most 2 is contained in the zero locus in the determinant. O

Proposition 11.5. Let n > 1. A general polynomial F(Xo,...,X,) that is
homogeneous of degree d is irreducible.

Proof. Let PN¢ be the space of polynomial homogeneous of degree d, so that
N = (d'zn) — 1. The set of reducible polynomials is the union of the image of
the multiplication map

PNe x PNe — pNa

for a + b = d. The map is regular, and hence the image is a closed subset of
N?. Thus we only need to show that the map is surjective. This can be checked
easily. O

11.2 Relation between ideals and varieties

Let f1,..., fx € K[z1,...,2,] and X C A™. Very often we hear people say that
a set of polynomials “cut out” a variety. There are two ways to interpret this.
The naive interpretation is that X is the common zero locus of fi,..., fi. The
other way is to think that fi,..., fx generate I(X).

Let me phrase this distention in another way. There is some kind of a
correspondence.

closed

‘ et 1 ideals
subvarities of p 7 ICKlxy,..., z,]
X C A" Y T

By definition, we have V o I = id. But the other way I o V' is not always the
identity, i.e., it is not a one-to-one correspondence. For instance, (z2) goes to
(). Indeed, if we let I = (f1,..., fx), then

I(V(I)={g € K[z1,...,2s] : g(x) = 0 for any x such that fi(z) =--- = fi(x)

Definition 11.6. Let I C R be any ideal. We define the radical of I as
r(I)={f e R: f" eI for some m}.

This is again an ideal.

Theorem 11.7 (Nullstellensatz). For any ideal I, I(V(I)) = ¢v(I).
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12.1 Varieties and Ideals

Recall that there is a kind of a correspondence
ideals
ICKlxy,..., o]

Theorem 12.1 (Nullstellensatz). For any ideal I C K[z1,...,2p],

I
subvarities of » = ’

closed {
X C A"

We remark that this gives a correspondence between the set of varieties and
radical ideals. But Grothendieck on the other hand enlarged the set of varieties
to schemes and made a correspondence between schemes and ideals.

Definition 12.2. We say that a collection of polynomials f1, ..., fr € K[x1,...,Z,]
cut out X set theoretically if V(fi,..., f) = X. On the other hand, we say
that that they cut out X scheme theoretically if (f1,..., fi) = I(X).

Things get a bit messier in the projective space. Let S = K[Xy, ..., X,],
and consider the subsets S;, consisting of homogeneous polynomials of degree
m. Then clearly S = ®,>05m.-

Definition 12.3. We say that I C S is a homogeneous ideal if [ is generated
by homogeneous polynomials.

we note that I C S if and only if I = &,,>0(L N Sp,).
We want something like

closed s homogeneous
subvarities of p ideals
X cp» v IC K[Xo,...,X,]

However, there are problems. For instance, (XY) and (X?2Y, XY?) have the
same vanishing locus.

Definition 12.4. For a homogeneous ideal I C S = K[Xj,...,X,], we define
the saturation of [ as

Sat(I) = {f : there exists d such that fg € I for all g € S with degg > d}.

We observe that if T is a homogeneous ideal, then Sat(]) is a homogeneous
ideal.

T did not attend class. The following is adapted from Aaron Landesman’s notes.
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Definition 12.5. Let f1,..., fr € S be homogeneous polynomials. We say that
f17 R fk

(1) cut out X C P" set theoretically if X =V (f1,..., fi)-
(2) cut out X C P" scheme theoretically if Sat(fi,..., fr) = I(X).
(3) generate the homogeneous ideal of X C P" if (f1,..., fx) = I(X).

The polynomials f1,..., fr generating the homogenous ideal of X implies
cutting out X scheme theoretically, and cutting out X scheme theoretically
implies cutting out X set theoretically.

12.2 Irreducibility

Consider a hypersurface X = V(f) with f € Klxq,...,2,]. We can factorize
finto f =TJ, f™ for f; irreducible, and then we have V(f) = J, V(f;). This
suggests that there might be a way to break a variety into irreducible parts.

Definition 12.6. A topological space is called irreducible if X cannot be writ-
ten as a union of proper closed subset. A topological space is called reducible
if it is not irreducible.

For instance, if f,g € S and neither f nor g divides the other, then X =
V(fg) =V (f)UV(g) is reducible. More generally, X is irreducible if and only
if I(X) is prime. We shall prove the following theorem next time.

Theorem 12.7. Any variety X C A" is uniquely expressible as a union of
finite collection of irreducible varieties. FEquivalently, any radical ideal I C
Klxy,...,x,] is uniquely expressible as an intersection of n prime ideals.

This theorem shows why ideals are called ideals. In some cases, like in
Dedekind domains, ideals behave more nicely than numbers. People originally
called ideals “ideal numbers.”
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Today we are going to talk about prime decomposition of radical ideals and
Nullstellensatz.

13.1 Noetherian rings

Definition 13.1. Let R be a commutative ring. R is called a Noetherian
ring if every increasing sequence of ideals

ap DOag DOag D -
terminates.

There is a geometric interpretation of this condition. The polynomial ring
K[zy,...,x,] being Noetherian is equivalent to the fact that any decreasing
sequence of subvarieties of A"

A"cXiycXoCX5C -

terminates.
Anyways, back to our discussion, there are equivalent definitions of a Noethe-
rian ring.

e every ideal of R is finitely generated.

e every submodule of a finitely generated R-module is finitely generated.
e any collection of ideals a C R has maximal elements.

The key fact is the Hilbert basis theorem.

Theorem 13.2 (Hilbert basis theorem). If R is Noetherian, then R[z] is also
Noetherian.

It follows that every polynomial ring R[z1,. .., x,] is Noetherian. It follows from
the definition that if R is Noetherian, then R/a is Noetherian. Therefore if R is
Noetherian, then every finitely generated R-algebra is Noetherian. Gaitsgory’s
Math 123 notes are a great reference to this material.

Proposition 13.3. Let I C Klz1,...,zy] is a radical ideal. Then there are
prime ideals p1,...,Pm such that

=1

Proof. Consider the set of radical ideals I C K|z, ...,z,] that are not express-
ible as a finite intersection of prime ideals. Suppose that this set is nonempty.
From the Noetherian condition, we can look at the maximal element of this
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collection, and let it be Iy. Clearly, I is not prime, and thus there are a,b €
K[zy,...,x,] such that a,b ¢ Iy but ab € I,.

Set I = t(Ip,a) 2 Iy and Iy = v(ly,b) 2 Iy be the radicals of some ring.
From the maximality assumption of Iy, we have decompositions

L = ﬂpi, I = ﬂCIj-

We claim that Iy NI = Iy. Consider any f € I; N I;. Then there has to be
g1, 92 € Iy and positive integers m and n such that

™ =g1+hia, f"=gs+hob.
Then the multiple of them is
™™ = g1gs + gihob + gohia + hihoab

is in Iy. This shows that Iy N Iy = I and thus I is also expressible as a finite
intersection of primes. O

13.2 Proof of the Nullstellensatz

Let us recall the Nullstellensatz.

Theorem 13.4 (Nullstellensatz). Let I C K(x1,...,z,] be any ideal. Then
I(V(I) =(I).

Theorem 13.5 (Weak Nullstellensatz). If I C Klz1,...,z,] has no common
root, then I = (1).

We first show that Weak Nullstellensatz implies the Nullstellensatz. This is
something called the trick of Rabinowitsch.

Proposition 13.6. The Weak Nullstellensatz implies the regular Nullstellen-
satz.

Proof. Consider any ideal I C K[x1,...,2,]. Let f € K[x1,...,2,] vanish on
V(I). We need to show that f™ € I for some m.
Consider the variety

Y ={(x1,...,z,) €A™ = AT XA;:yf(xh...,xn) =1}

Now because f =0 on V(I), we see that V(I,yf(z1,...,2,)—1) = 0. Then
by Weak Nullstellensatz, we can write

1=go(yf(x) = 1)+ hy'

for some gg € K[z1,...,Zn,y] and h; € I. In this expression, we substitute 1/ f
for y. Then 1 =31, hif~* and multiplying by f™, we get f™ € I. O
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We have five minutes left, so let me at least get started in the proof of the
Weak Nullstellensatz.

Proposition 13.7. Any mazimal ideal m C K[x1,...,x,] is of the form (1 —
a1,T2 — Q2,...,Tn _a’n)'

If we prove this fact, then every I C (1) will be contained in some maximal
ideal, which is in that form. Then V(1) # 0.
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Let X C A" be an affine variety, and let I(X) C Klxy,...,2,]. We know
that the coordinate ring A(X) = K[z1,...,2,]/I(X) gives regular functions on
X. It might be possible that some regular function is not globally given as a
polynomial and only locally given as polynomials. But the Nullstellensatz says
that this is not possible. That is, the ring of regular functions on X is simply
A(X).

Let K C L be a field extension. We say that L/K is algebraic if every
element of L satisfies a polynomial over K. Otherwise, say that L/K is tran-
scendental. We observe that if L/K is transcendental, then L is not a finitely
generated K-algebra.

Proposition 14.1. K(z) is not a finitely generated K -algebra.

Proof. Suppose that z1,..., 2z, € K(x) generated K(x) as a K-algebra. Write
z; = pi(x)/qi(z). Given any irreducible polynomial f(z) € KJz], we can write

1 . pi(@)

7 polynomial in (@)
When we clear the denominator, we see that f has to divide at least one of
the g;(xz). But then it follows that there are only finitely many irreducible
polynomial, and using the argument of Euclide, we see that this is not the
case. O

Proposition 14.2. Let K be an algebraically closed field. Every mazimal ideal
m C Klxy,...,2,] is of the form (x —ay,..., 2 — ay).

This, if proven, will imply the Weak Nullstellensatz. We have to use a
completely opaque lemma.

Lemma 14.3. Say R is a Noetherian ring and let S be any ring R C S C
Rlzy...,x,). If Rlxy,...,xy,] is finitely generated as an S-module, then S is
finitely generated as an R-algebra.

Proof. Say that y1,...,yx € R[z1,...,z,] generate R[x| as an S-module. Then
we can write

T = Zaijyj7 Tiwj = Zbijkyk
for aij,bijk €S.

Let Sy C S be a sub-algebra generated over R by {a;;, biar}. So far we have
R C Sy CSCRJxy,...,2T,]. Weknow that Sy is a finitely generated R-algebra,
and thus is Noetherian. Now R[x1, ..., x,] is finitely generated as an Sp-module
by y1,...,yr. But then S is finitely generated as an Sy-module, and we see that
S is finitely generated as an R-algebra. O

Proof of proposition[14.4 Let m be a maximal ideal. Then K[z1,...,z,]/misa
field extension of K. If the field is algebraic over K, then it is simply K because
K is algebraically closed. If it is not K, the it means that it is a transcendental
extension. This cannot be the case since K[x1,...,2,]/m is finitely generated
as a K-algebra. O
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14.1 Tensor products

Let V be a vector space of dimension n over K, and let PV be the set of
1-dimensional subspaces of V. We define the Grassmannian as

G(k,V) = {k-dimensional subspaces of V}.

This is so far a set. So the first order of business of to show that this has a
structure of a variety, i.e., give an inclusion G(k,v) < P such that the image
is a projective variety.

Let V and W be vector spaces of K, where K is a field of characteristic zero,
not necessarily algebraically closed. We define the tensor product V @ W.
There are three equivalent definitions.

(1) Choose bases v1,..., v, for V and wy,...,w, for W, and let V@ W be
the K-vector space with basis {v; ® w;}.

(2) We look at the vector space K{({v@w : v € V,w € W}) and define VW
as the quotient by the subspace spanned by {(Av)@w—A(v@w), v (Aw)—
Av@w), (vi+v2) QW — (V1 QW+ V2 @W), VR (w1 +w2) — (VOwW +VRwW2) }.

(3) We define V ® W as an universal object for bilinear maps.

Vx W bilinear U

3

l Lt .blinear

Veow

If you are into it, we can prove they are indeed equivalent definitions.
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Today and Wednesday, we are going to be looking at Grassmannians.
Let me make a remark. We recall problem 5 from the last homework.

Proposition 15.1. Let d > 1 and m < (’“2'2), A general collection of m
points pi,...,pm € P? impose independent conditions on the vector space of
polynomials of degree d on P2.

What does it mean for m points to impose independent conditions? It meant
that the evaluation at p1,...,pm

hom. poly. of m
{deg. donPQ}—)K

has full codimension. The parameter space is simply (P2)™. To prove the
proposition, we have to check three things.

o U = {(p1,...,pm) : pi impose independent conditions} C (P?)™ is open
(or is contained in an open set).

o U # 0.
e (P?)™ is irreducible.

The last thing is necessary, because an open set might not be dense if (P?)™
can be decomposed into multiple varieties.

15.1 Symmetric and exterior powers

We have looked at the tensor product last time. Let us look at the special case
V ®V. In this space, there are the symmetric tensors, spanned by v @ w+w v,
and the skew-symmetric tensors, spanned by v ® w — w ® v. We define

Sym?V =(v@w+wxv)=VeV/ (vew—weuv),
ANV=weaw-wev)=VeV/(vew+wcv).
More generally, we define Sym” V as the space of symmetric tensors in V®* and
AFV as the skew-symmetric tensors. We note that
Sym? V* = {symm. bilinear forms on V'},
A?V* = {alt. bilinear forms on V}.
Let us look again at the Grassmannian.

G(k,V) = {k-dimensional linear subspaces of V'}.

We want a set-inclusion G(k,V) < PV such that the image is the zero locus
of homogeneous polynomials in PY. This is equivalent to finding a parameter
space for the k-dimensional subspaces. The idea is, for each A C V choosing a
basis vy, ..., v for A and mapping

[A] = [v1 A -+~ Avg] € PAFV.

This gives a well-defined map.
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16.1 The Grassmannian

For a k-dimensional linear subspace A C V, we denote the corresponding point
by [A] € G(k, V). We defined a map ¢ : G(k, V) — PA*V by

[A] = [(v1, .., 0] = [vr A= Ayl

We note that this is well-defined. Also, it is injective, because then V' is the set
of vectors v such that v1 A--- Avp Av = 0.

We now claim that the image of this map ¢ is a projective variety in PAFV .
We use a lemma.

Lemma 16.1. Let n € A*V and v € V. Then
E=VAQ
for some ¢ € N1V if and only if e Av = 0.

Proof. One direction is clear because v Av = 0. For the other direction, express
7 in terms of a basis v =eq,...,e,. O

This lemma shows that 7 is totally decomposable if and only if dim ker ¢,, =
k, or equivalently, the rank of ¢, is at most n — k, where ¢, : V — ALY s
given by
G v VAT,
Now we have a map ¢ : A¥V — Hom(V, A**1V) given by  — ¢,. Then the

image of ¢ is the zero locus of the determinate of all (n —k+ 1) x (n — k+ 1)

minors of the n x (kil) matrices in Hom(V, A**1V). This shows that G(k, V)

can be given a structure of a projective variety. In fact, the Grassmannian is
cut out by quadratic polynomials, but it takes a little more work to see this.

16.2 Universal family of k-planes

The Grassmannian is a parameter space for linear subspaces in V', but more
interestingly it is also a parameter space for linear spaces in PV. That is,

G(k,V) = {k-dimensional subspaces A C V'}
= {(k — 1)-dimensional spaces in PV}.
If we want to interpret the Grassmannian as spaces in the projective space, we

shall write
Gk-1,n-1)=G(k-1,PV)=G(k,V)

for an n-dimensional vector space V.

2] missed class, and this is adopted from Aaron Landesman’s notes.
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Definition 16.2. We define the universal family of k-planes in P™
Y={(A,p):pe A} C G(k,n) x P".
Then we have natural projections:
b
G(k,n) I

To show that this is indeed a family, we need to check that X is a projective
variety.

Lemma 16.3. The universal family of k-planes X is indeed a variety in
G(k,n) x P* C P(AFT1E"T1) x P,
Proof. We can realize ¥ as the vanishing of wedge products; for
® = {([n], [v]) : 7 A v =0} CP(A"FTE"H) < P,
we have ¥ = (G(k,n) x P") N &. O

We can construct other interesting varieties using this universal family. For
instance, if ® C G(k,n) is a projective variety, then

Xo = U AcCP?
[A]le®

is a projective variety. This is because X = ma(m; '®). Also, if X C P" is any
projective variety,

{[A] € G(k,n) : AN X # 0} C G(k,n) = 71 (75 ' X)

is a projective variety.



Math 137 Notes 38

17 March 7, 2016

This week we will talk about rational functions and rational maps. This is not
an exact language, but we’ll see.

17.1 Rational functions
Let X C A™ be an irreducible variety.

“Definition”. A rational function on X is a function locally expressible as
a ratio f/g, where f and g are regular functions.

I put the definition in quotes, because f/g is not necessarily a function. Bear
this example in mind: the map h(z,y) = y/x : A2 — A! cannot be extended to
the whole plane.

Definition 17.1. Let I(X) be the ideal of X in K[zq,...,2,], and let A(X) =
Klzy,...,2,]/1(X). We define K(X) as the field of fractions of A(X), and call
it the function field of X. A rational function on X is simply an element
of K(X).

Note that we use the condition X being irreducible here; because X is ir-
reducible, A(X) is an integral domain and this is why we can take its field of
fractions. There is also something I just swept aside. By the Nullstellensatz we
can show that anything locally expressible as regular functions can be globally
expressible as polynomial. So we can get rid of the “locally expressible.”

We can also realize K(X) for X C P™ similarly. We can define it as the
function field of any open affine subset. Or, we can look at the fraction of S(X),
where S(X) = K[Xo,...,X,]/I(X). Note that because S(X) is a graded ring,
its field of fractions S(X) is a graded ring including those with negative degree.
Then we define K (X) be the 0th graded piece of S(X).

Now in presenting these definitions, I have left out a lot of loose ends. Let
me now give the right definitions.

Definition 17.2. A rational function on X is an equivalence class of pairs
(U, f) for U C X nonempty open and f regular on U, under the relation

U, f)~V,9) & [f=gonlUnNV.

Definition 17.3. A rational map f: X -+ Y is an equivalence class of pairs
(U, f) with f : U = Y regular.

Rational functions are not easily defined even sheaf theoretically. These ob-
jects were the most resistant in Grothendieck’s rewriting of the subject, because
they aren’t exactly maps.

We also remark that the definition can be easily extended to reducible va-
rieties. In this case, the functions on irreducible parts do not have to agree at
the intersection, because they are closed proper subsets.
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Definition 17.4. Say that X and Y are birational if there exists rational
maps f: X -»Y and ¢g: Y -+ X that are inverses to one another.

Definition 17.5. Say that X is rational if there is a birational map f : X —
A" or equivalently K(X) = K(z1,...,2Zp).

Example 17.6. Look at the quadric surface Q = V(XY — ZW) C P3 and for
p = [0,0,0,1] consider the projection map m, : Q - P? given by q — pg N P2
If we look at the lines L = V(X,Z) and M =V (Y, Z), we see that both L and
Z are mapped to points. But wp is birational and in fact we can construct its
inverse ¢ : P2 -5 Q as

(X,Y,Z)— [XZ,YZ, Z°XY].
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There is sometimes a huge different between how people think about things and
how they are defined. Of course I am talking about rational maps. How people
think about it is a map given by [fo,..., fn] for f; € K(z). But it i defined by
an equivalence class of pairs (U, f) where U C X open and dense and f : U — Y
regular.

There is a natural question: in each equivalence class, is there a maximal
(U, fo)? We will not prove this, but the answer is yes. The maximal U is called
the domain of f, and X \ U is called the indeterminacy locus.

Example 18.1. Let p € X = P? and L = V(Z) = P! C P2. The projection

map m, : P? -3 L that sends ¢ — pgN L is a rational map.

18.1 Rational maps as maps
Given a rational map X -+ P2, we want to define
e composition of rational maps,
e the image of f,
e the preimage f~1(Z) for any subvariety Z C P™,
e and the graph.
They are not hard to define, but we still have to specify what we mean.

Definition 18.2. For a rational map f, take (U, fo) in the equivalence class.
Since fy : U — P" is a regular map, we have a well-defined graph I'y, C U xP™ C
X x P". Then we define I'y as the closure of I'y, in X x P".

Now there is a natural projection:
'y ¢ XxPp»
VAN

X pr

Then we can define the image of f as 8(I'y), and then for any Z C X, we define
f(Z) = Ba™"(2)).

Likewise for W C P™, we define its preimage

I W) = a(87(2)).

You always have to careful, because the image of a point might not be a point!
For instance, in the projection map m,, the image of p is a whole line.
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Definition 18.3. Let f : X -» Y and g : Y -» Z be rational maps. Suppose
that there exist pairs (U, fy) and (V, go) withU C X,V C Y, and fo(U) ¢ Y\V.
Then we define the composite g o f to be the equivalence class containing the
pair

(5 (V). g0 0 fo).
Definition 18.4. We say that X and Y are birational if

e thereexist f: X -+ Y and g: Y -+ X such that fog and gox are defined
and are equal to the identity maps.

e there exist dense open subsets U C X, V C Y such that U =2 V.
e K(X)=2K(Y).
We say that X is rational if X is birational to P" for some n.

Example 18.5. Consider any quadric hypersurface Q C P"*! of rank n + 2,
and pick any point p € ). Let 7, : Q -» P™ be the projection map. Then this
is a rational map.

So, quadric hypersurfaces are rational. What about cubic hypersurfaces?
For n = 1, any smooth cubic curve in not rational; for example X3 +Y3+23 =0
is rational. This is proven in the early 19th century, and was a major groundwork
for many different fields. For n = 2, any smooth cubic surface is rational, and
for n = 3, any smooth cubic 3-fold is not rational. The n = 3 case was proved
in 1972 by Clemens-Griffiths by using Hodge theory.
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In the 18th century, people were frustrated, because they were able to calculate

dx
/ Va? -1
but not
dx
/ Vi =1
Why can we integrate the first integral? This is because the curve y? = 2% — 1

is rational. We can parameterize the curve as z = (1 +t2)/(1 — t?) and y =
2t/(1 — t?), and this makes our integral into

/ dyi - / R(t)dt

for some rational function R € C(t). However, the problem with vz3 —1 is
that the curve y? = 23 — 1.

In fact, the surface V(Y? — X2 + Z?) C P2 is topologically a sphere, but
V(Y2Z — X3 + Z3) is a torus. There is a fundamental difference between the
sphere and the torus; a line integral on a sphere can be well-defined once we
have the two endpoints, but a line integral on a torus is not well-defined. So
the integral is actually a doubly periodic function on the complex plane. That
is why we have to introduce the Weierstrass P function.

19.1 Blow-ups

Consider the map 7, : P? —» P! for p = [0,0,1] given by [X,Y, Z] — [X,Y].
Then we see that the graph I' of 7, is

I'={(¢q,r) €P? x L:p,q,r colinear} = {([X,Y, Z],[A,B]) : BX = AY'}.

There is a natural projection o : I' — P2, and let us look at the fiber of « over
an arbitrary ¢ € P2. Then we see that it is

single pt if ¢ #p

P? if g =p.
The graph I' along with the map I' — P2 is called the blow-up of P? at p. The
picture is that we take all the lines passing through p and make it disjoint.

Definition 19.1. Suppose we have closed subvarieties Z C X C P™. We

can find homogeneous polynomials Fy, ..., F, of the same degree d such that
Sat(Fy, ..., F,) =1(Z). Consider the rational map ¢ : X -+ P given by
@Y = [Fo,...,Fn].

Then the graph I' C X x P™ of ¢ with the projection map I' — X is called the
blow-up of X along Z. We note the fiber of I' — X for any point in X \ Z is
a single point. We denote this map as Blz(X) — X.
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I recommend looking up the definition in Hartshorne, and it has the unde-
niable virtue that it does not involve the choice of the polynomials.

Theorem 19.2. If ¢ : S -» T is any birational isomorphism between smooth
surfaces S, T, the ¢ factors into a sequence of blow-ups at points.

Let X, Y C P”™ be disjoint varieties. The the set

J= |J pa

peX,qeY

is a projective variety, because it is the image of the map X x Y — G(1,n)
given by (p,q) — pg. Now this works even if X and Y are not disjoint. Then
we have a map s : X x Y — G(1,n), and we can define the joint of X and Y

to be
J= U L
Leim(s)

In fact, we can take X =Y, and in this case we get the secant variety Sec(X).
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Now we have the vocabulary, and we are going to start proving theorems about
them.

20.1 Dimension

There are global and local invariant of a variety. The degree, hilbert polynomial
and hilbert function are all global attributes of X C P". The property of
smoothness, on the other hand, is a local property.

For the time being, X is going to be an irreducible projective variety. I
will tell you later what to do if it is not. So, how do we define the dimension?
This never occurred to the 19th and early 20th century mathematicians. Even
when there was no excuse, they defined a dimension d manifold as one having
oo? points! But it was clear what they were trying to convey: it locally has d
parameters.

Proposition 20.1. Let U C X be an open and dense subset, where X is a
manifold over C. Then U is a complexr manifold.

Then we can define dim X as the dimension of U as a complex manifold. But this
will not do for us, because we do not want to invoke all the complex geometry
into this.

First, we all agree that dim(P*) has to be k. Let us look at this definition.

“def”. Say X has dimension k if there exists a finite (having finite fibers)
surjective regular map f : X — P*.

One objection is that there might not be such an f. But in fact, it is not hard
to construct one f. If X C P” is projective variety, then we choose a p ¢ X
and look at the projection m, : X — P"~!. Then this has finite fiber, and the
image is again a projective variety. So we can repeat until the map is surjective.
Another objection is that there might be several k such that f exists.

Let me describe this in another way. Given X C P we can find (for some
k) an (n — k — 1)-plane A C P™ such that AN X = () and the projection map
mp : X — PF regular. Then 7, being surjective is equivalent to every (n — k)-
plane I' O A meeting X.

In other words, we can say dim X = k if there exists a (n — k — 1)-plane
A C P™ such that ANX = () but every (n—k)-plane T’ O A does meet X. Because
the (n—k —1)-planes meeting X form a closed subvariety in the Grassmannian,
we have the following:

Proposition 20.2. If X C P" has dimension k, a general (n — k — 1)-plane is
disjoint from X but every (n — k)-plane meets X.

An algebraic characterization of the dimension is that if f : X — P is finite
and surjective, then this induces a map f* : K(P¥) = K(x1,...,71) = K(X)
which is a finite algebraic extensions.
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Definition 20.3. An irreducible projective variety X has dimension k if the
function field K(X) have transcendence degree k over K.

We will focus more on the geometric interpretation of the dimension, but
this will be our standard definition.

Also, if Y C X is a closed subvariety, then dimY < dimX. f Y = HN X
for H~P" ! CcP® and H # X then dimY = dim X — 1.

Definition 20.4. If X is a irreducible quasi-projective variety then dim X =
dimX. If X = X; U---UX, for irreducible X;, then dim X = max(dim X;).
For p € X, the local dimension is defined as dim, X = max{dim X, : X; > p}.

Example 20.5. If X = V(F) C P" and F has degree d > 1 then dim X = n—1.
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I recommend thinking about this problem:

Problem 21.1. Let F(X,Y,Z, W) be a general homogeneous polynomial of
degree d and S = V(F) C P? the corresponding surface. Does S contain a line?

21.1 The basic theorem on the dimension

Let X be a projective irreducible variety, and f : X — Y = f(X) C P" be a
surjective regular map. Then Y is projective and irreducible. For any ¢ € Y,
let A(q) = dim f~1(q) C X.

Theorem 21.2. )\ is upper semicontinuous in the Zariski topology, and if \g =
min A(g) then dim X = dimY + Ag.

We have encountered an example of a surjective regular map with fibers of
varying dimension.

Example 21.3. Let X = Bl, P" — P". We know that
X ={(q,7) € P" x P""!: p q,r collinear}.

Then the fiber over g # p is a single point of dimension 0, and the fiber over p
is P*~1, which has dimension n — 1.

Corollary 21.4. Let X be a projective variety, and let f : X — Y be a sur-
jection to a irreducible projective variety Y. If every fiber of f is irreducible of
dimension k, then X is irreducible of dimension dim X =dimY + k.

Proof. Say that X = |J X;, each of X; being irreducible. Consider the restric-
tions f; = f|x, and \;(¢) = dim f; ' (¢) € X;. Then k = A(q) = max(\;i(q)).
Because the dimension is upper semicontinuous, there is a 7 such that X\;(q) = &
on an open subset of Y. Then because Y is irreducible, A\;(¢) = k. This means
that fi_l(q) = f~1(q) for every ¢, and there fore X; = X. O

Example 21.5. Consider the Grassmannian G(k,n). Choose I' & K"~k Cc V
and consider the set

Ur ={A € G(k,n) : ANT =0}

Choose a basis ey, ..., e, for V such that T' = (eg41,...,€,). Then any A € Up
can be represented as a row space of the matrix of form

(e [ A)

where A is a k x (n — k) matrix. This shows that Up = AF*=F) Tt follows that
G(k,n) is irreducible of dimension k(n — k).
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Example 21.6. Let us look at the example of the universal k-plane over G(k,n)
S ={(A,p) € G(k,n) x P*:pe A} C G(k,n) x P"™.

Then because the projection w1 : 3 — G(k, n) are k-planes, we see that dim X =
dim G(k,n) +k = (k+1)(n — k) + k. If we look at the projection my : & — P,
then for every p € P" the inverse image is

75 (p) = {A € G(k,n): A>p} =G(k—1,n—1).

Example 21.7. Let X C P" be an irreducible variety of dimension ¢, and
consider the set

¢x ={A € G(k,n): AN X #0}.

We know this is a closed subvariety because Cx = m1(m, 1(X)). We use the
same setting to calculate the dimension. Because m,'(X) — X has fibers
G(k — 1,n — 1), we see that m, ' (X) is an irreducible variety with dimension
L+ k(n— k).

Now we observe that if k 4+ £ < n, a general fiber of 7 : 75 (X)) — G(k,n)
is finite, i.e., for a general k-plane A such that A # X, A N X is finite.

I also recommend thinking about this problem.

Problem 21.8. For any closed subvariety X C P, Then {L € G(1,n) : L C
X} C G(1,n) is a closed subvariety of G(1,n).
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Let me put our basic theorem on our board. I still owe you a proof.

Theorem 22.1. Let XY be irreducible projective varieties and let f : X —Y
be a surjective regular map. For q € Y, let N(q) = dim f~1(q). then X is
upper-semicontinuous and if A\g = min \(q) then dim X = dimY.

Last time we saw that dim(G(k,n)) = k(n — k). But how do we see that
it is irreducible? Because PGL,, acts on G(k,n), if we fix Ag C K™, then we
get a map PGL,, — G(k,n) given by A — A(Ag). From this we see that the
Grassmannian is irreducible, and it is a nice exercise to calculate the dimension
using this.

22.1 Planes inside a variety
The universal k-plane is given by
& ={(A,p):pe A} C G(k,n) x P".

There are projection maps 71 : ® — G(k,n) and 7p : & — P". It follow from
the maps that dim® = (k+ 1)(n — k) + k= k(n — k) + n.
If X C P™ is irreducible of dimension [, with k& + [ < n, then

Cx = {A €G(k,n) : ANX # 0} = 7y (7, H(X)) C G(k,n).

Lemma 22.2. Ifk+1 < n, then a general k-plane A meeting X meets X in
finitely many pints.

I think the is a good point leading into the problem I posed last time.

Problem 22.3. Let S C P? be a general surface of degree d. Does S contain a
line?

Let
Fp(X)={A € G(k,n): AC X} CG(k,n).

This is a closed subvariety of G(k,n), because if we look at the map « :
75 H(X) = G(k,n), then Fx(X) = {A:dima~*(A) > k}.

Solution. Let us first introduce
PV = {homogeneous polynomial of degree d in P?} /scalar.
Then we have a family
U ={(S,L): LcS}cP xG(1,3)
and projection maps
v
VAN
PN G(1,3

9 )'
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We observe that the fibers of 8 are PV~4=1. Hence ¥ is irreducible and the
dimensionis N —d—1+4=N —d+ 3.

An immediate consequence is that if d > 4, then there are no lines on a
general S. If d = 1,2, then there exist lines, because planes and rank 3 quadrics
contain lines. The problem is d = 3. If we show that there exists a cubic surface
S C P? with finitely many lines, then a general S will contain lines. This
is because we can use the upper-semicontinuity theorem. In fact, the surface
X3 4+Y3+ 723+ W3 = 0 contains finitely many lines. I will leave this as a
challenge. U

One more problem: what happens in d = 47 The quartic surfaces that do
contain a line form a hypersurface in P3*. Then we can ask what the degree
of the polynomial that cut out the hypersurface has. This is well beyond the
scope of what I would consider appropriate material, but the answer is 320.
However, by looking at the family, we change this highly linear problem into a
linear condition.
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I owe you one proof of the fundamental theorem on dimension. But I will
continue to only use it.

23.1 Secant varieties

Let X C P™ be an irreducible projective variety. Suppose that X is non-
degenerate (not contained in a hyperplane) and has dimension k. We want
to take the union of all secant lines to X.

We have a rational map o : X x X -» G(1,n) given by

(P, q) = Pq.
(When k = 1, this map o will be regular if and only if X is a smooth curve.)

Definition 23.1. We define the variety of secant lines to X as
L(X) =Im(o) C G(1,n)
and define the secant variety as

Sx)=Jtcrm
les

To set up, introduce
Y={({,p) e S xP" :pect}.

There are projection maps ¥ — S(X) and ¥ — .(X).

The general fiber of X x X — .¥ has dimension 0, because of the general
fiber has dimension > 0, it means that X contains the line going any two points
of X, which means that X is a linear subspace. This is impossible, and hence
dim.# = 2k. Then because each fiber of ¥ — #(X) is P!, it follows that
dimY =2k + 1.

Now what is the dimension of S(X)? Clearly dimS(X) < dim¥ = 2k +1
and dim S(X) < n, and so dim S(X) < min(n,2k + 1). But things get more
interesting. Say X is deficient if dim S(X) < min(n,2k + 1). To give some
facts, no curve is deficient, and there exists a unique deficient surface.

Example 23.2. Consider the Veronese surface X = v5(P?) C P° given as the
image of the map

[X,Y,Z] — [ X%, Y% 2% XY, X Z,Y Z].

This map sends any line L C P? to a plane conic curve C' C A = P2, Suppose
r € S(X) is a general point, and let r € v(p),v(q) for some p,q € P2. Then the
image of v(p, q) is a plane conic curve, and therefore there is a one-dimensional
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family of lines passing through r that meets X at at least two points. Then the
general fibers of 75 : ¥ — S(X) has dimension 1, and hence dim S(X) = 4.
There is another way to look at this. We note that

Wo W3 Wy
X =([W]:rank | W5 W; W;5| <1
Wy Ws Wy

Then because any two rank 1 matrices add up to a rank at most 2 matrix, we
see that S(X) is the space of symmetric rank 2 matrices. Then S(X) is a cubic
hypersurface in P°.

Let us look at 3 x 3 matrices of rank < 2. How do we know that this is
irreducible? We introduces

® = {([v],[A]) € P> x P® : v € ker A}.

Because the projection ® — P2 has fibers P°, the variety ® is irreducible of
dimension 7. Then X also will be irreducible of dimension 7.
Let me end by proposing a problem:

Problem 23.3. Let M = P™"~! be the projectivization of the space of m x n
matrices, and let My, = {matrices of rank < k}. What is the dimension of My, ?
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Today we are going to do some more dimension counting.

24.1 More dimension counting

Let
M = {m x n matrices} /scalars = P™"~! = P(Hom(V, W)),

where V' and W are m and n dimensional vector spaces. For any 1 < k <
min(m, n), the set

M ={¢:V = W :rank(y) < k}

is a closed subvariety. We can ask the dimension of M, and whether it is
irreducible.

Let us look at the special case kK = 1. In this case, M; is the Segre variety
Pm—1 x P*~1 which is irreducible and of dimension m 4+ n — 2. If m = n and
k = m—1, then M,,_, will be the set of singular matrices, and thus is irreducible
of dimension m? — 2.

Because we suck in dealing with higher degree polynomials, we change the
problem into a linear problem. Introduce

o ={(A,P) eGim—Fk,V)xM:pA)=0}

— O\

G(m —k,m) My,

The point is that we know exactly the fibers of ® — G(m — k,m). They are
isomorphic to P(Hom(V/A,W)) = P =1 Then @ is irreducible of dimension
k(m — k) + nk — 1. Also, a general fiber of the projection map ® — M, is 0
dimensional, because the fiber of a rank k£ matrix is a single point. Therefore
M, is irreducible of dimension k(m+n—k)—1, or of codimension (m—k)(n—k).

Example 24.1. The first nontrivial example is m =2, n =3, and k = 1.

Fix n and d. When is a general homogeneous polynomial of degree d in n
variables expressible as the determinant of a d x d matrix of linear forms? Let
us look at n = 3 first.

{d x d matrices of linear forms in X,Y, Z}/scalar = P3d°~1

I
I
~

p(“4%)-1

What is the general fiber? At least it must contain PGLg x PGL4 because
multiplying scalar matrices on the left and right does not change the determi-
nant. This shows that the dimension of the space of such polynomials is at most
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3d?> — 1 —2(d? — 1) = d® + 1. But this is actually pretty much useless, because
(d;Z) —1<d?+1. Let us look at the case with more variables. If n = 4, then
the dimension is at most 4d? — 1 —2(d? — 1) = 2d? + 1, where the dimension of
the space of polynomials is (df’) — 1. Therefore we see that if n =4 and d > 4,
then a general polynomial is not expressible as a determinant.

Here is a challenge problem:

Problem 24.2. Suppose S C P? is a quartic surface. Show that S is determi-
nantal if and only if S contains a twisted cubic curve.
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25.1 Proof of the main theorem

Theorem 25.1. Let X and Y be irreducible varieties and let f : X — Y
be a surjective map. For q € Y, let \(q) = dim f=1(q). Then X is upper-
semicontinuous. Further, if Ao = mingey A(q), then dim X =dimY + X.

To do so, we will first prove the local version of this theorem and use it to
prove our theorem.

Definition 25.2. Let p € X be a point on a vareity. We define the local
dimension of X at p to be

dim,(X) = min{dim U : U is an open set contianing p}.

Theorem 25.3. Let X be a quasi-projective variety and f : X — P™ be a reqular
map; let Y be the closure of the image. For any p € X, let X, = f~*(f(p)),
and let p(p) = dim,(X,) be the local dimension of X, at p. Then u(p) is an
upper-semicontinuous function of p, in the Zariski topology on X. Moreover, if
Xo C X is any irreducible component, Yo C Y the closure of its image and pg
the minimum valeu of u(p) on Xo, then

Proof of theorem [25.1 'We need to show that {g € Y : A(¢) > m} C Y is closed.
But because A(q) = pu(p) for any p € f~1(q),

{eeY Mg >2m} = f({p € X : ulp) >m}).

By theorem [25.3) {p € X : u(p) > m} is a closed set, and hence the image is also
closed because f is regular. The dimension identity follows immediately. O

Proof of theorem [25.3. Because the statement is completely local, we may as-
sume that both X and Y are affine vareities. Let X C A" and Y C A", and let
f: X — Y be given by

(1, xm) = (fi(x),..., fu(x)).

Because we are not good at dealing with arbitrary regular maps, we use a trick
to make f into a projection map. We first identify X with the vareity

{(f1($)7f2(-75)7 N '7fn(x)a$17 cee 7-Tm)} C Am+n'

Then f: X — Y becomes a projection map and factors into
AT ATl AL AT

It now suffices to prove the following:

3 Again, from Aaron Landesman’s notes.
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Lemma 25.4. Theorem [25.3 holds for the map w of the form

Al ™ Alfl

[

X —Y

Proof. For such a map 7, the corresonding function 7(p) is given by

0 otherwise.

() = {1 if 7 (w(p)) € X

Tt suffies to show that {p € X : u(p) = 1} is a closed subset of X.
Let X = V(g,) where

ga(zh .. '7Zl) = Zaa,i(zla .- ~,2171)le'~

Then the locus on which u(p) = 1 is precisely V(aq,;) and hence is a closed
subset of X. 0

Therefore theorem [25.3] holds for any map f: X — Y. O

25.2 Parameter space of twisted cubics

Problem 25.5. Does a general surface S C P3 of degree d contain a line?
Here is another quesiton along the same lines.

Problem 25.6. Does a general surface S C P? of degree d contain any twisted
cubics?

It is difficult to interpret this question because we don’t have a paramater
space for twisted cubics. We need a variety ¢ so that hte points of 5 correpond
bijectively to twisted cubic curves, and we further need a map

C — H x P3
|
H

for which the fibers consist of twisted cubic curves. This variety H is called a
Hilbert scheme. For today, we will assume that this exists and do dimension
counts.

What is the dimension of the space of twisted cubics? We will give two
explanations. (We haven’t defined parameter spaces yet.)

Lemma 25.7. The parameter space for twisted cubics is irreudicible and 12-
dimensional.
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First explanation. Recall that a twisted cubic curve is defined to be a curve
projectively equivalent to the map f : P' — P3 given by

[X(th] — [XS),X(?XDXOX%»XS]

Define Cy = im f. Then we have amap ¢ : PGL4(K) — A given by A — A(C).
Because PG Ly consists of nonsigular matrics modulo scalars, is has dimension
15. Also, because two twisted cubics agree if and only if they are related by
precomposing with an automorphism of P!, the fibers have dimension 3. This
implies dim 7 = 12. O

Second explanation. We use the fact that for any pi,pa,...,ps € P? in general
linear position, there exists a unqiue twisted cubic passing thorugh p, ..., ps-
So we have an incidence correspondence

U ={(p1,...,p6,C) €U X H :p1,...,p6 € C}

where U is the open subset of (P?)° consisting of points in general linear position.
We have projection maps

v
R4 (]}»3)6
Because o has zero-dimensional fibers, dim¥ = 18. Also, because 7 has
fibers isomorphic to an open set C® which has dimenison 6, it follows that
dim 57 = 12. O

Let us go back to our problem about a general surface containing a twisted
cubic. Given a C' = ¢(P') C P3, it induces a pullback map

{polynomials of deg. d on P*} — {polynomials of deg. 3d on P'}.

This maps an (N + 1)-dimensional vector space to a (3d+ 1)-dimensional vector
space. Then we have an incidence correspondence

2N
PN H
Beause % has dimension 12 and the fibers are isomorphic to PV =34=1 So &

is irreducible of dimneion N — 3d — 1 4+ 12. Because this is larger than N for
d > 4, a general surface of degree > 4 cannot contain a twisted cubic.
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26.1 Hilbert functions

Given a projective variety X C P™, we want to know how many homogeneous
polynomials of a given degree m vanish on X. That is, what is the dimension
of the mth graded piece of the ideal ring? Because we don’t know what this is,
we define this quantity.

Definition 26.1. We define the Hilbert function hx as

m-+mn

hx(m) = dim A(X), = ( ) — dim I(X)m.

n
where A(X) = S/I(X).
Example 26.2. Consider X = {p1,pa,p3} C P2. Clearly hx(0) = 1, and

hx(1) = 3 if p; are not colinear
R DT p; are colinear.

Then hx(2) = 3 for any such X because the evaluation map S(P?)y — K3 is
surjective. Even if d > 3, this map is surjective and hence hx(d) = 3.

In general, if X = {p1,...,pa} C P", by the same logic, hx(m) = d for
m > d — 1. this is becasue S(P"),, — K% is surjective. This is because given
a point pg, we can find a polynomial F' of degree m such that F'(p;) = 0 for
i # k and F(py) # 0. If p1,...,pq is general, then the map S(P"),, — K% has
maximal rank. That is, hx(m) = max{ (mzn),d}.

Example 26.3. Let as consider the twisted cubic X C P3 given as the image of
the map [Fo, Fl, FQ, F3], e.g., [Xg, XgXl, X0X12, Xﬂ = [Zo, Zl, ZQ, Zg] I want
to know how many degree m polynomials vanish on X. We have a map

SP*) = S(PY3m
and I claim that this map is surjective for any m. Then hx(m) = 3m + 1.

Example 26.4. We can generalize this to rational normal curves X C P?. The
map

S(P), — S(PY) am
is surjective and hence hx(m) = dm + 1.
Example 26.5. If I have a Veronese vareity vg : P* — X C PV, then we again
have a surjective pullback map S(PV),, — S(P™)q and thus hx (m) = ("%™).

n

You might have noticed that in most of the cases, hx is in fact a polynomial.
Even in the case with three colinear points, hx eventually becomes a polynomial.
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For instance, let X = V(F) C P? where F is a homogeneous polynomial
of degree d without repeated factors. Then clearly I(X) = (F) and there is a
short exact sequence

0 —— S(P?),, ¢ = 1(X),, — SP?),, —— A(X),;, — 0.

Then for m > d,

m+2 m—d+2 d? +3d
hx(m):< ) )—( 5 ):dm— 5

Likewise for a hypersurface X = V(F') C P", we have I(X) = F and hence

m+n m—d+mn
o =("0)= (")
n n
for large enough m. This is a degree n — 1 polynomial in m.
Next time, we will prove that this is indeed a polynomial for large m.
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Today we will finish Hilbert polynomials.

27.1 Hilbert polynomials

Let X C P™ be a projective variety and define
hx(m) = dim A(X),

where A(X)y, is the mth graded piece of A(X) = S(P™)/I(X). This is the
Hilbert function, and we have observed that in many cases this eventually be-
comes a polynomial.

Theorem 27.1. For any projective variety X C P", there exists an mg and a
polynomial px such that
hx(m) = px(m)

for all m > mqg. Moreover, dim X = degpx.

We define the polynomial px the Hilbert polynomial of X. For instance,
if X is d disjoint points, then hx(m) = d for all m > d and hence px = m.

Lemma 27.2. Let X C P" be a projective vareity. For a general hyperplane
H = Pr=1 C P, the intersection Y = H N X satisfies

hy(m) = hx(m) — hx(m — 1)
for sufficiently large m.

If we have this lemma, then we would be able to use induction on n to get
the theorem

Proof of lemma[27.34 We use the following facts:

Lemma 27.3. Let H = V(L) be a hyperplane where L is a linear form. If H
does not contain any irreducible components of X, then L is not a zero divisor
in A(X).

Proof. If L is a zero divisor, then there must be a nonzero polynomial M not
in I(X) such that its product with L is in I(X). This means that the union of
HnNX and V(M) N X is the whole vareity X but H N X does not contain any
irreducible componenet of X. Then V(M) must contain X, and this contradicts
that M is not I(X). O

Proposition 27.4. FOr a linear form L for which V(L) does not contain any ir-
reducible componenet of X, the ideal of XNV (L) is I(XNV (L)) = Sat(I(X), L).
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We shall prove this later when we know about tangent spaces and transver-
saility.
Onece we have the two statements, we can construct a short exact sequence

0 —— AX) o1 —5 AX)y —— AY )y —— 0

for sufficeintly large m. To check exactness, we use the proposition and the fact
that Sat(I) = Sat(J) implies I,,, = J,, for sufficiently large m. (This will be on
the homework.) Therefore we get the statement about the dimension. O

27.2 The Hilbert syzygy theroem

Definition 27.5. A graded module M over a graded ring S = @Sk is a
module of the form M = @; M, satisfying Sy M; C M;1,. A morphism between
graded modules M and N over S is a map ¢ : M — N such that ¢(M;) C N;.

Definition 27.6. Givne a graded module M over a graded ring S, we define
M (k) to be the “shifted” graded module given by

M (k) = My,

This is isomophic to M as an S-module, but not as a graded S-module. So
for example, if F' € S = S(P") is a homogeneous polynomial of degree d, then
it induces a map S(—d) — S given by

G FG.

Theorem 27.7 (Hilbert syzygy theorem). Let X be a projective variety. Let
I(X) = (Fy,...,F) with deg Fa = d,. Then there is a surjective (and clearly
not injective) homomogphism of graded modules

B, S(—da) —225 I(X) —— 0.

Let My = ker ¢g. Since S is Noetherian, this must also be a finitely generated
module. Let g1,...,gm be the generators of My, where g; € (Ml)dl,i- Then we
can do the same thing and extend it to

D S(—dip) —2 B, S(—doa) —2+ § —— A(X) — 0.

When we repeat this process, it terminates after at most n steps, where S =
Klzo,. .., 2n).

We will not prove this theorem in this course, but using it we can get theo-

rem quickly.

Alternative proof of theorem[27.1, There is an exact sequence

00— PS(—dny) — -+ — PS(—dig) = 5 — AX) — 0.
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Since this is an exact sequence of finite length, for sufficiently large m,
hx(m) = dim A(X),, = Y (~1)" dim (@ S(~di)),,
i1 (m+n—d;
:Z(—n dim Sy, i :Z(—n ( . ﬂ>‘ O
1,] ]

As an exercise, try to write out the resolution for the twisted cubic.
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28.1 Free resolution of a twisted cubic

Let me look at one example of a free resolution. Consider the twisted cubic
P! — C C P3 given by

[Xo, X1] = [X§, X5 X1, Xo X7, X7).
Then C is cut out be Q1, @2, @3, where
Q1= 207y — 27, Qo= ZoZs— 212>, Qs=72173—Z3.
Then we can start the resolution by letting

Qi)

s(—2)e3 (9, g A(C) 0.

By dimension counting, we see that dim I(C)s = 3 and dim I(C)3 = 10. When
we look at the 3rd graded piece of S(—2)¥3 — S| it is the multplication map
I(C)Q ® S| — I(C)g

The first one is 12-dimensional and the second one is 10-dimensional. So the
kernel must have dimension 2. The two relations we get is

ZoQ1 — Z1Q2 + ZpQ3 =0
Z3Q1 — Z2Q2 + Z1Z3 = 0.

And actually these two are all the relations. In other words, finally have a
resolution

0 —— S(-3)%2 —— §(-2)® —— § —— A(C) —— 0

where the S(—3)%2 — S(—2)%3 is given by

Zo 71 Zo\ "
Zs —Zy Z1)
Then we can calculate the Hilbert polynomial.

hc(m) =dim A(C),, = dim S,,, — 3dim Sp,—2 + 2dim S, —3 = 3m + 1.

28.2 Tangent spaces

Many of the notions that we define algebraically has its origin in simpler cat-
egories, such as manifolds. So let us look at a manifold X C R™ and a point
p € X. Locally around p, X is the zero locus of C* functions f,(x1,...,Zy).
Then when we look at the matrix (0f,/2;), we define the tangent space as T, X,
in the manifold case.

Let me just go straight to the definition now.
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Definition 28.1. Let Ox ), be the ring of germs of regular functions at p.
That is, it is the equivalence class of pairs (U, f) where U is an open neighbor-
hood of p € X and they are equivalent if and only if they agree along an open
neighborhood of p. Let m,, be the ideal of functions that vanish on p. We define
the Zariski cotangent space of X at p as T; = mp/mg, and the tangent
space as T), = (m,/m?2)*.

Something to bear in mind is that the cotangent and tangent spaces are
always vector spaces.

Definition 28.2. We say that X is smooth at p if dim7, X = dim X.

Also, one observation is that if f : X — Y maps p — ¢, then there is
a pullback map f* : Oy, — Ox,p, and this clearly maps m; — m,. The
conclusion is, there is a map
;Y - T, X

the transpose of this map is
T,X = 1T,Y.

This is the derivative df of f. Next week, we are going to look at a bunch of
examples.
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Let X be any variety and let p € X. We have defined the Zariski tangnet space.

There is another extrinsic way to define the tangent space. Let X C A",
(just look at the open affine subset) and let I(X) = (f1,..., fr). Then for the
Jacobian matrix

ofir ... Of

Oz Oy,
MP = . ’

Ofe ... Of

oz Oxy

we can define T, X as the kernel of M,,, or more simply,

TP = Ann{dfl(p), AR dfk(p)>

The intrinsic definition is T}, = (m,/m?)*.

29.1 Smooth and singular points

Observe that always dim, X < dim7,X. If equality holds, we say that X is
smooth at p and if strict inequality holds, we say that X is singular at p.

Proposition 29.1. Let us define
Xsing = {singular pts of X} C X,
Xem = X \ Xsing~

Then Xging 15 a closed subset and Xqy, is an open subset.

This will be the homework. You can just reduce into the case of hypersurfaces
and to things.

Proposition 29.2. If X has irreducible decomposition X =] X;, then

Xsing = U(Xi)sing U U X; N Xj.
it
Example 29.3. Consider the variety V (y? —2*) = V(y —2?) UV (y +2?). The

tangent space at the origin is not a line. It is the whole plane. Likewise, the
tangent space of V(x2? + y? — z%) at the origin is the whole space.

29.2 The Gauss map and tangential varieties

Sometimes, people refer to a different object by the word tangent space. Suppose
that X C A™ and let I(X) = (f1,..., fr). We can look at the naive “tangent
space” that is literally tangent to X at p. We can define the affine tangent
space of X at p=(z1,...,2,) as

{(wl,...,wn) : Z gj;(j =0 for all a}.
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Likewise, we can define the projective tangent space as

« OF,
29z,

TpX = {[Wo,..., W] (n)W; =0},

where I(X) = (F1,...,Fx) and p = [Zy, ..., Z,]. This is a linear space in the
ambient projective space.

Let X C P™ be an smooth irreducible variety of dimension k. Then we can
define the Gauss map

Y : X — G(k,n)
— TpX.

Even if X is singular, we get a rational map

4. X -»G(k,n)
because X, is open in X.
Definition 29.4. We define the locus of tangent k-planes

7(X) =1m(¥9) C G(k,n).

Likewise, we define tangential variety as

T(X)= |J AcP
AeT(X)
If we do the same thing we did for secant varieties, i.e, define

U ={(p,q):peP qeT,X},

then W has dimension 2k and hence dim T X < 2dim X. This leads to a bunch
of other questions: when does the equality hold? is the T'X itself singular? Try
these for the twisted cubic curve in P3.

Definition 29.5. Let X be an irreducible (smooth) dimension k variety, and
let H = P"~! C P" by an hyperplane. Say that H is tangent to X at p € X if
H>oT,X.

Proposition 29.6. The set of tangent hyperplanes to X in P™ is a projective
variety.

Proof. We look at
&={(p,H): HDOT,X}CX xP",

Because each fiber of ® — X has fiber P?~*~!  the variety ® has dimension n—1.
Then the set of tangent hyperplanes is the image of the projeciton & — P™*. [J
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Recall that for a projective irreducible vareity of dimension k, then the Gauss
map ¢ : X -+ G(k,n) given by

p— TpX.

This map is regular if and only if X is regular.

30.1 Dual varieties

Let X be a smooth surface. We define its dual variety as
X*={HeP"™:HDTpX for some p € X}.

If we consider
b={(p,H)e X xP"™:HDOTpX}

then because each fiber of ® — X is P»~*~1 it follows that ® is is irreudible
of dimension k 4+ (n — k — 1) = n — 1. Hence either X* is a hypersurface, or a
general fiber of & — P™* has positive dimension.

Now, the key result is:

Theorem 30.1. For an irreducible nondegenerate variety X C P™,
(XM =X.

Idea of proof. Tt suffices to show that for any p, ¥x-(9x(p)) = p. Let us look
at the case of plane curves.

For a point g near p, the tangent line Txq approaches Txp, and then the
intersection of T xp and T x ¢ approaches p. Because the dual of this point is the
line connecting ¥x (p) and ¥x(q), this line will aproach Tx~(¥x (p)). It follows

30.2 Nash blow-ups

Question. Given a variety X, does there always exist a smooth vareity X with
a map 7 : X — X that is generically one-to-one?

Hironaka in 1960 showed that the answer is yes for characteristic 0. But it is
still open in characteristic p.

In the case of plane curves, singular points are isolated, and so the recipe
for getting X is to blow up whenever you see a singular point. But if you
have a higher dimensional variety, then there are many choices, and Hironaka’s
theorem does not give a nice algorithm.

Example 30.2. Let us look at the rational cubic plane curve that has a double
point, namely V(Y2 — X2(X + 1)). We can blow-up at the double point and
get a resolution.
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But we might do something like this.

Definition 30.3. Given a k-dimensional X C P", we define the Nash blow-up
of X as the graph of ¢ projecting to X.

Taking the Nash blow-ups resolve singularities to some extent because, for
instance, if there is a curve with double points, then the Gauss map can distin-
guish them.

Question. Do iterated Nash blow-ups always resolve singularities?

If true, this will give an algorithm for finding the resolution.
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31.1 Bertini’s theorem

Theorem 31.1 (Bertini). If X C P™ is a smooth quasi-projective variety, then
for a general hyperplane H = P"~1 C P, the intersection X N H is smooth.

Before proving the theroem, let me list some corollaries.
Corollary 31.2. If X C P" is quasi-projective, then for a general hyperplane,
(X N H)sing C Xging N H.
Proof. Replace X by Xgn and apply theorem [31.1 O

Corollary 31.3. If X C P" is smooth and quasi-projective, and Y C P" is a
general hypersurface of degree d, then X N'Y is smooth.

Proof. We map X into a larger projective space by the Veronese map as

124

X —— Pr 21, PV,

where N = (”:d) — 1. Then hyperplane sections pull back to intersections with
degree d hypersurfaces. O

We now prove Bertini’s theorem.

Proof of theroem |31.1] Let X C P™ be of dimension k. We see that H N X is
singular if and only if T, X C H for some p € X.
Set up the incidence correspondence

= {(pH)CP"xP":pec X, T,X CH}.

Then the fibers of m : ® — X are isomorphic to P*~*~! and hence ® has
dimension n — 1. This means that the image of the projection 7y : & — P*™
has dimension at most n — 1. This shows that a general hyperplane has smooth
intersecton. O

31.2 The Lefschetz principle

There is another proof of the Bertini theorem using a geometric property of
varieties over C. If our base field is C, then saying that something is a smoth
variety is the same as saying that it is a smooth manifold.

We use the folloing result, which is the weakest form of Sard’s theorem.

Theorem 31.4 (Sard’s theorem). Let f : M — N be a differentible map be-
tween smooth manifolds. Then there is a p € N such that f~1(p) C M is a
smooth submanifold.

4 Again, from Aaron Landesman’s notes.



Math 137 Notes 69

We shall not prove this here, but rather use it to obtain another proof of
Bertini’s theorem over C.

Alternative proof of theroem|[31.1] over C. Consider the set
Q={(H,p) eP"xP":pec HNX}.

The fibers of  — X are P!, and it follows that € is smooth. The fibers of
Q) — P*™ are the hyperplane sections, and by Sard’s theorem, there is at least
one p such that the fiber over p is smooth. It follows that a general fiber is
smooth. O

Now there is something called the Lefschetz principle.

Lefschetz principle. Any theorem that is true over C is true over any alge-
braically closed field of characteristic 0.

There is a question of what “any theorem” means. This is thought as an asser-
tion on the existence or nonexistence of a solution to a collection of polynomail
equations. We are going to use this to prove Bertini’s theorem in the general
case.

Theorem 31.5 (Proof of theorem . Let K be an arbitrary algebraically
closed field of characteristic 0. By definition, this is defined as the common zero
locus of a finite number of polynomials, which will have finitely many coefficients.
That is X =V ({fa}) where each fq has coefficeints {cq,1} C K. We know that
the field L = Q(cq,1) is embedded in C and hence the general Bertini’s theorem
follows from the C case.

The first proof is still preferable because it directly shows that the theo-
rem holds over arbitrary fields, but this is a good illustration of the Lefschetz
principle.

31.3 Degree of a variety

Let X = V(f) be a hypersurface. Then we define its degree as deg X = deg f.
On the other hand, if X is a set of points, i.e., O-dimensional, then we define its
degree just as the number of points. These two definitions agree at least in P,
when X is a set of points on a line.

We now want to extend this notion. Let X be k-dimensional and irreducible,
and let T', A, and Q be general P*~%=2 P"~*~1 and P"~* embedded in P™.
Then in general Q N X will be a finite number of points, whereas A N X = ().
We can define the degree as the size of QN X, or we can define it as the degree
of

WF‘X X - X C Pk+1,

becuase X will be a hypersurface in PF+1,

Definition 31.6. Let X C P" be an irreducible projective variety of dimension
k.
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(1) Let ' be a general n — k — 2 plane. We define the degree of X to be
deg(mr(X) C PH+1),
(2) Let © be a general n — k plane. We define the degree of X to be the
number of points in X N Q.

(3) Let mp : X — P be the projection map, where A is a general n — k — 1
plane. This map induces a map between function fields

i K(P* - K(X).
We define the degree as the degree of the field extension [K(X) : K (P¥)].

We can even give na interpretation of the degree using the Hilbert polyno-
mial, when X is irreducible.

Lemma 31.7. Let X C P" be an irreducible projective variety of dimension k.
Let px(m) = aym® 4 ... be its Hilbert polynomial. Then deg X = kla;.

Proof. Let dim X =k, and Hy,..., Hy be k general hyperplanes. If we define
X, =XNnH N ---NH,;,
then we immediately have
px;(m) = px,_,(m) —px,_,(m —1).

Because X = X N has d points, we see that px, = d. Hence the leading
coefficient of X must be d/k!. O

Example 31.8. Recall that the twisted cubic has Hilbert polynomial hx (m) =
3m + 1. Hence it has degree 3.
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32 April 18, 20167
Recall that the degree of an irreducible projective variety is defined as

(1) a degree of the image of X under the projection map 7r : X — X C Pk—1,
where I' 22 P*~%=2 {5 a general space,

(2) a size of a general fiber of the projection map my : X — P*, where
A =2 P?~*~1 i a general subspace,

(3) the size #(Q2 N X), where Q =2 P"~* is a general subspace,
(4) the leading coefficient of the Hilbert polynomial px times k!.

In general, if X = |J; X;, where X; are the irreducible components, then

Also, recall the following result, which is in chapter 7 of our book. The proof
is similar to the proof of theorem [25.1

Proposition 32.1. Let f : X — Y be a finite surjective map of irreducible
projective varieties. Then there exists an open U C Y on which the size of
f~1(q) is equal to deg[K(X) : K(Y)].

Idea of proof. Consider the case in which Y = AF and X is affine. The map
f X — Y can be factored into projections. We focus on the last projection
X C A1 Y = AF. In this case, X will be a hypersurface, and thus we can
write X = V(g) where g = > ga(®1,...,71)2f,,. We can construct a proper
open set on which the number of roots in the last variable is equal to g. O

32.1 Bezout’s theorem 1

Definition 32.2. Let X, Y C P" be subvarieties of dimension k& and [. Let
p € XNY. We say that X and Y intersect transversely at p if

dim(T,X NT,Y) =k +1—n.

If X and Y intersect transversely at each point in X NY, then we say that X
and Y intersect transversely, or simply that X NY is transverse.

It can be shown that if X and Y intersect p transversely, then X and Y
must both be at least smooth at p.

Definition 32.3. We say that X and Y intersect generically transversely
if XNY # (0 and X NY is transverse at a general point of any irreducible
component of X NY. If X and Y intersect generically transversely, we say that
X NY is generically transverse.

5Again, shamefully from Aaron Landesman’s notes.



Math 137 Notes 72

Note that X and Y can intersect generically transversely only when k+1 > n.

Theorem 32.4 (Bezout’s theorem). Say X, Y C P" are irreducible projective
varieties of dimension k,l with k+1 > n. If X NY is generically transverse,
then

deg X NY =deg X -deg?.

We will prove this theorem later in class.

32.2 Degree of the Veronese

Example 32.5. Let X C P” be any k-dimensional subvariety and Y = P~ C
P™ be a linear subspace. Then Bezout’s theroem tells us that

#(X NP"F) = deg X

whenever X NP"~* is transverse. In particular, for a curve C' C P? of degree d,
the intersection of C and a line fails to be d points only when the line is tangent
to C or intersects C at a singular point.

Example 32.6. Consider the Veronese variety given as the image of v4 : P* —
X c PN, where N = (";d) — 1. What is its degree deg X7 There are two ways
to compute this.

The first way is to use Bezout’s theorem. Let A =2 PN~—" c PV be a general
subspace. Then we have

deg X =#(XNA)=#XnNH N---NH,)
=W H)N---NvTHH)).
Because v~ !(H;) is a general hypersurface, and they generally are generically
transverse to each other, (a stronger version of Bertini’s theorem) we see by

Bezout’s theorem that the number of intersections is d".
Alternatively, we can use Hilbert polynomials. Because the map is surjective,

{hom. poly. of deg. m in P"} — {hom. poly. of deg. dm in P"},

the Hilbert polynomial must be

hx(m) = (

n -+ dm) dr
m
n

Hence the degree is d”.

Example 32.7. Like in the previous example, consider the Veronese map vy :
P" — X C PV, and this time, look at the image of an irreducible Z C P" under
the map. That is,

P PN

| l

Z —— W =u(2)
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What is the degree of W7
Again, there are two ways. First, we see that

degW =#WNH,---0Hy)=#Znv ' (H)N---Nv  (Hy)) = deg W - d".

We can also look at the Hilbert functions. In fact, at the level of Hilbert
functions, we have the identity hw (m) = hz(md). It follows that degW =
dF - deg Z.
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33.1 Degree of the Segre

Consider the map P" x P™ < PV given by
([Z(),...,Zn],[Wo,...,Wm]) — [,ZzWJ,]

The image is the Segre variety ¥,, . What is the Hilbert function of ¥£? We
have a exact sequence

hom. poly. of deg. bihom. poly. of bideg.
OHI(Z)’“H{ k on PN (k,k)on P x P [ 0

and thus

n m nlm!

hs(k) = (n N k) (m N k) B O@km+n=1),

Therefore the degree of the Segre is dim ¥ = ("';m)

There is another method of computing the degree in terms of the cohomology
ring, and it is in the text, but it is beyond the scope of this course. Moreover,
if you want to compute the degree of the image of some variety, then you need
a more finer invariant, which is actually the cohomology ring.

33.2 Cones, projections, and joins
For a X¥ c P" — P"*! and a point p € P"+! \ P, we have defined the cone
pX = m
qex
If we denote by T' = P*~% C P"*! a general (n — k)-plane, we can compute
deg(pX) = #(pX NT) = #(X Nm,l) = deg X.

Similarly we can project a variety X* C P*"*! from a point p ¢ X and look
at the projection m,(X)* C P". Then

deg(my (X)) = #(AN (1,X)) = #(pA N X) = deg(X).

But the equality between the second and third term hold only if 7 is generically
one-to-one. If 7 is generically multiple-to-one, then

deg(mp(X)) = deg(X)/(degree of the projection map).

Let X* V! <5 P" and assume that X NY = (). The join of X and Y is
defined by
J=JXY)= |J
zeX,yeY
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There is a regular map X xY — _# C G(1,n) given by (z,y) — Ty, and the
join is simply
J=|]Jtcrm
te g

Because dim ¢ = k 4 £, if a general point of J lies only on finite many lines,
then dim J = k + ¢. That is, we need an additional assumption. Now that we
know what the dimension is, what is the degree deg J7

Before answering this, let us consider a simpler situation. Consider P = PV
and look at

A =P — = P(VaV)xPpintl

/

Ay =P7

then these two linear subspaces are far apart. Now we can embed X and Y in
Ay and A, and get X =im(X) <= A; and Y = im(Y) < A,. Then these two
X and Y will also be far apart But how do we relate X and Y to the original
ones? Define I' = P(A) = P™ be another subspace disjoint from both A; and
As. Then the projection map 7r is defined outside I' and in particular on X
and Y. Then we can project stuff from A and get something in P" again.

So let us set J = J(X,Y) C P21, The homogeneous polynomial ring can
be described as

S(P>"Y = K[ Zo, ..., Zons1] = K[ Zo, ..., Zp) @k K[ Zny1,- -+, Zonsi)-
This ring is bi-graded and can be decomposed into
Si,; = {poly. F(Zy, ..., Zopt1) bihom. bideg. (¢,7) in (Zo, ..., Zn), (Zns1,--- Zont1)}-
For any F € K|[Zy, ..., Zan+1] of degree m, we can write
F=Go++Gm,

where G; is bihomogeneous of bidegree (i,m — i), and F € I(J) if and only if
G; © I(J) for all 4. It follows that

A (J) = Bigjmm A (X) @ A;(Y)
after you think about it. So we can compute a Hilbert function as
Z hx (@) - hy (y).
i+j=m
I don’t have enough time, and I'll just write down the binomial identity we will

' z_: <a;—i><b—(ﬁ)—j>:<a+b—:nm+l>.

i+j=m
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There are only three classes left, and I want to wrap up Bezout’s theorem.
Because (“T7) = (—1)1(7%7),

7

> (0 -2 000 e

i+j=m i+j=m
mf—a—b—2 a+b+1+m
()=
m m

34.1 Join of varieties and Bezout’s theorem

Going back to joins, let X, Y C P" be of dimension k,l and degree d,e re-
spectively. The trick is to embed P" in P2"+! in two different ways. Let
A1, Ay =2 P C P2"*! be two disjoint subspaces, namely

Ay :V(Zn+17~-~722n+1), AQZV(ZO,...,Z”).

Also, consider the diagonal I' = V(Zy — Zp41,...,Zn — Zant1). Then there
is a rational projection map 7 : P2"*+! —» P” that will send A, Ay — P”,
X, Y - X,Y,and J = J(X,Y) = J = J(X,Y).

We can decompose the ring of homogeneous polynomial as

S(p*t),, = @ S(A1)i ® S(A2);-

i+j=m

Then we see that a polynomial vanishes if and only if each component vanishes
on X and Y respectively, i.e.,

Sm= P (SX)i@SY))= P (S(X);®S8(Y);).

i+j=m i+j=m

Then the Hilbert function of .J can be expressed in terms of the Hilbert functions
of X and Y, namely

i* 3t
hitm) = 3 hx(@h() = 3 (a5 +06) (e +00 )
i+j=m i+j=m . !

— de (m + kﬁj b 1) +O(mFH).

Hence we conclude that deg.J = de.

Soif 7rp : J — J is generically 1-1, i.e., if a general p € J lies on a unique line,
then deg J = de. If this condition is not met, then the degree can be different
and even the dimension can be different.

Now observe that this construction can be carried out even if X and Y do
intersect. Then we see that JNT is set-theoretically equal to X NY". It can also
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be checked that the generic transversality X M, Y can be translated to J Mg T
Because the I is then a linear space generically transverse to J, we have

deg(X NY) = deg(JNT) = deg J = deg(X) deg(Y).

So we get Bezout’s theorem.

34.2 Bezout’s theorem II

Example 34.1. Let C, D C P? be plane curves, and let C = V(F), D = V(G),
where F' and G have degree d and e. Bezout’s theorem says if C' M D, then
#(C' N D) = de is the number of common solutions to F' = G = 0. This can be
considered as a 2-variable version of the fundamental theorem of algebra.

There is another proof of Bezout’s theorem in the plane curve case focusing
on that perspective. Let us write

F(X,Y,Z) ZAXY G(X,Y,Z) ZB (X,Y)Z

These polynomials have a common zero if and only if R(X,Y) = 0, where R is
the resultant. It is not hard to check that the resultant is homogeneous in X,Y
and is of degree de. What about transversality? It is not trivial, but also not
impossible to check that C M D at p if and only if R has a simple zero at p.
This approaches even gives a notion of multiplicity. If we denote by m,(C, D)
the multiplicity at p, then we can say something like m,(C, D) = 1 if and only
if C'h D at p. Also, we would have ) m,(C, D) = de whenever #(C'ND) < oo.
This motivates the strong form of Bezout’s theorem.

Theorem 34.2. We can assign, to any component Z of a proper intersection
XNY C P" such that dim(XNY) = dim X +dim Y —n, a multiplicity mz(X,Y)
such that

> mz(X,Y)deg Z = deg X deg.

People struggled to find this right definition of multiplicity literally for cen-
turies. The right answer came in the 1950s, defined by Serre as the rank of the
Tor functor. This is the reason I didn’t really tell you.
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Today we are going to go back to what I mentioned in the beginning of this
course.

35.1 Real plane curves and Harnack’s theorem

Question. Given a polynomial f(z,y) € Rlz,y] of degree d, describe the zero
locus in R. In particular, how many connected component:ﬂ are there?

In the case d = 2, there are three types of curve aside from the emptyset:
there is the hyperbola, the parabola, and the ellipse. In the projective plane
PZ, they are all the same thing with the line of infinity passing, tangent, and
not meeting the curve. For d = 3, things get more complicated, and there is the
elliptic curve with two components and the elliptic curve with one component.

In any case, things are complicated over R and so we pass from R? to ]P’(QC to
answer our question as we did at the beginning of our course. If we homogenize
the polynomial and write it as F(X,Y,Z) = 0, then the zero locus will be a
compact, connected, oriented 2-manifold. This will be topologically described
by its genus g.

Now what is g? The key observation is that this g only depends on the
degree d of F. Why is this? Consider the universal family

Gy C€={(C,p):peC}cP¥ xP?

where €7 is the universal family over the open subset U C P of smooth curves.
Because the complement of U has real codimension 2 (the dimension of C), the
open set U must be connected. Now %y is a fiber bundle over U, and because
each fiber is a smooth manifold, we see that each fiber is homeomorphic.

So what is g in terms of d? For d = 2, the answer is g = 0, and for d = 3,
the answer is g = 1, as we saw in the case of the integration of special functions.
To exactly compute g, we start with a union of d “lines” in P4. Then we add
an ¢ factor in to make in smooth. When we add e, what happens is we smooth
out all the transverse inversections of each pairs of lines (spehres) and replace
it by a cylinder. This is in some sense doing surgery on the spheres.

Let Xo = V(]]¥4;) and let X1 = V(][] ¢;+€). Because X is the identification
of (‘21) pairs of points from d unions of spheres, we have

=3 (%)

Then we replace the disjoint unions of discs by cylinders, and each process
decreases the Euler characteristic by 1, because a contractible space has FEuler
characteristic 1 and the cylinder has 0. So

2 929 = x(Xy) = 2d <Z) - (g) - —dd-3), g- <d21>.

619th century geometers called this “ovals”.
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Going back to the question of real plane curves, how many connected com-
ponents are there in a real curve Cgr? We now the case of the complex curve,
and there is a continuous involution 7 : C¢ — C¢ given by

[X,Y,Z] ~ [X.Y,Z],

that is orientation-reversing. The fixed point set will be Cg.

The question then becomes what’s the quotient C¢ /77 This will be a 2-
manifold with boundary Cg, and if Cg has d connected components, then we
can complete Cc/7 to a compact manifold C' by adding § discs. We know that
Xx(Cc) = —d(d —3) and thus x(Cc \ Cr) = —d(d —3). When we quotient by the
the involution, we get

and thus

It follows that

This is known as Harnack’s theorem.



Math 137 Notes 80

36 April 27, 2016

By the way, as everyone comes, there is something I would like to add about
real plane curves. We showed that for a plane curve C C P% of degree d, the
number of connected components is at most (dgl) + 1, and this is sharp. There
was a whole problem of constructing such varieties, and it is challenging. For
example, if d = 4, then you take two conics that meet at four points, and add a
constant. If you add the constant in the right sign, you will get 4 components.

Also, if we look at curves in AD%, then we can take out the line at infinity.

36.1 Parameter spaces

We wish to construct parameter spaces for varieties in P. If we have this, it
will be easy to get stuff like “parameter spaces for regular maps” from here.
So, for now, our goal is given a class € = {X C P"} of projective varieties, a
bijection between %€ and the points of a variety . We also want a incidence
correspondence

&= {([X],p):p€ X} C A xP".

Example 36.1. Let ¢ = {hypersurfaces of degree d in P"}. Then we have an
inclusion

¢ — U C PV = {hom. poly. of deg. d on P"}/scalar.

But what about other classes of varieties? For instance let us look at the set
of twisted cubics.

Example 36.2. Let ¥ = {twisted cubic C' C P3}. You can try to consider it
as the image of a map P' < P3. But then, we would have to take the quotient
by PGL(K) (which is the automorphism group of P!), and taking quotient by
algebraic groups of high dimension is a tricky business that we don’t want to
involve in.

So alternatively, we try to reduce the class of twisted cubics to some class of
hypersurfaces. Let C' C P? be a twisted cubic and consider the incidence variety

®={(l,p):pelnC}CcG(1,3)xC

N

G(1,3) D D¢ C.

and projections

More generally, we can consider

U = {(Hy,Hy,p):p€ HHNHyNC} CP¥* x P3* x C
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and projection maps

v

RN

P3* x P3* 5 To C.

Then I'¢ is a hypersurface in P3* x P3*, and it can be checked that I'¢ is the
zero locus of a bihomogeneous polynomial of bidegree (3,3) on P3* x P3*. Then
we can associate to each C' a polynomial

C + [F] € P(bihom. poly. of bideg. (3,3) on P** x P3*),
where I'c = V(F'). Then we get a injection
{twisted cubics} «— P399,

This was Chow’s construction of the parameter space, and this was the only
way to parameter varieties, before Grothendieck came along.

36.2 Hilbert schemes

Now we have looked at the twisted cubic as the variety cut out by three linearly
independent quadratic polynomials. But instead of looking at the basis, we look
at the vector space generated by it.

Example 36.3. Again, we look at twisted cubics. Associate to each C' a vector
space
C — I(C)y C S(P?),.
Then we immediately get and injection
{twisted cubics} — G(3, 10).
To see that this is a closed variety, we can look at the incidence correspondence

® = {(A,p) inG(3,10) x P*: Q(p) = 0 for all Q € A} — G(3,10)

The general fiber of the map is eight points, by Bezout’s theorem. So we have
to consider only points with positive fiber dimension, and this will be a closed
variety by our basic theorem.

In general, consider ¥ = {X C P" with Hilb. poly. p}. For each X € €, we
associate

X 5 (I(X)m C S(P™)) € G((m;r ”) — hx(m), (m: ">)
We need two things. We need to show that given a p, there exists a mg such
that for any m > mg and a subvariety X C P™ with Hilbert polynomial p, the
Hilbert function is hx(m) = px(m). Ounly after then, we can construct the
Hilbert scheme. This is the basic lemma proved by Matsusaka in the 1950s. If
you get to learn more about schemes, you will appreciate how well this Hilbert
scheme behaves.
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