Math 230br - Advanced Differential Geometry

Taught by Karsten Gimre
Notes by Dongryul Kim

Spring 2018

This course was taught by Karsten Gimre, on Tuesdays and Thursdays from
1 to 2:30pm. The class was based on a series of papers, with Brendle’s Ricci
Flow and the Sphere Theorem as a main reference.
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1 January 23, 2018

I'm going to be talking about geometric flows, in particular Ricci flows. Let M
be a compact smooth manifold, let g; be a one-parameter family of Riemannian
metrics on M, where the parameter ¢ € [ is in some open connected interval.

Definition 1.1. The family g; is called a Ricci flow if

gt .
W = -2 RICgt .

More pedantically, for every p € M and v,w € T, M,

d .
a(gt(va w)) = -2 RICgt (U, w)

Theorem 1.2 (classical analysis). (1) If g: and g+ are Ricci flows on I and
gr = §r for some T € I, then g, = g for allt € I.
(2) If g is a Riemannian metric, then there exists an € > 0 and a Ricci flow
gt for t € (0,¢) with lim;_,o g = g.
(8) If gi is another such Ricci flow in (2), then g: = ¢ for all t € (0,¢€).
So the space of Ricci flows in the space of Riemannian metrics is a foliation
by parametrized (directed) 1-dimensional curves. The vague idea is that the

topology of the foliation reflects the topology of M.
Here are some successes of this idea:

e uniformization theorem for surfaces

e “sphere theorems” for higher-dimensional manifolds (e.g., the space of
positive Ricci curvature metrics on S® has a natural fiber bundle structure
over the space of constant curvature metrics)

e Poincaré conjecture: if dim M = 3 and 71(M) = 0 then M = 3

e Geometrization conjecture: uniformization theorem for 3-manifolds

e Generalized Smale conjecture (e.g., if (M3, g) is has curvature —1, then
Isom (M3, g) < Diff(M?) is a homotopy equivalence)

There are some adjacent open problems as well. Let M and N be manifolds
with M compact, Fy : M — N be a one parameter family of immersions. Call
F; a mean curvature flow if

dF; -
—(p) = H(p).
5 ) =H(p)

Then we have a similar “classical analysis” theorem, and here are the open
problems:
e “sphere theorems” in this setting: the hope is that we should be able to
construct “special Lagrangians” in “Calabi—Yau manifolds”
e structure of diffeomorphism and symplectomorphism groups. Ex) if n, m >
2 and f:S™ — S™ is area-decreasing on every tangent 2-plan,e then f is
homotopy to a constant. Take the graph in S™ x S™ and deform it.

e Bridgeland stability of the derived Fukaya category
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1.1 Riemannian geometry

Fix a Riemannian manifold (M, g).

Theorem 1.3. There exists a unique connection V on T M that is torsion-free
(VxY =VyX =[XY]) and Vg =0 (X(9(Y,Z)) = 9(VxY,Z) +g(Y,VxZ)).

Concretely, take local coordinates x!, ..., z™. Define

9ij 29(%7 %» 97 = (gi;)~"

and then

1 9gj1  Ogu  0gij
kL k(9951 _ 994
Ly = 2 (8ajj dg; Ozt )

Then the connection is given by

9Y7 9 o d
Y= X' -+ X'YITk .
Vx axXi 9X7 i Gk

Note that VxY depends algebraically on X, and on Oth and 1st derivatives of
Y.

Definition 1.4. The Riemann curvature tensor is defined as
R(X,Y)Z =VxVyZ —-VyVxZ— Vix,y1Z-

From the formula it looks as if R(X,Y)Z depend on 1st derivatives of X
and 2nd derivatives of Z, but actually all derivatives cancel and depends alge-
braically on all three. In particular, you can calculate

o 0
_ Ly k
R(X,Y)Z = Rijk X'Y'Z W
as .
ar‘jk _ arik

I I p I p
R, o Ow + ik = Typlige:

Here, Réjk is a dependent on g, g, 9%g.
Definition 1.5. The Ricci tensor is defined as
Ric(Y,Z) =tr(X — R(X,Y)Z).

You can also define

n

Ric(Y,Z) = > _ g(R(ei,Y)Z, ¢;)

i=1

for eq,...,e, a local orthonormal basis of vector fields. Or you can write
IZ{I(Z(YV7 Z) = RjijZk where Rjk = Rijkz.
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Definition 1.6. We define the scalar curvature as
R= Z Ric(e;, e;)
i=1

or R= gijjk.

Let me introduce one convenient notation. We are going to denote lowing
and raising indices with the metric implicitly. For instance, R;? denotes

R = ¢’"Ryy,.
Likewise, R;’*; denotes gjpgkqngRiqu.
Here are the basic properties of the Riemann curvature tensor:
o Rijui = —Rjiy = —Rijie = Ry
® Rijii + Rjkit + Riiji =0
[ ] Rij = Rj’
o ViRjrp+ VRiip + ViR, =0
[ ] QVZ-Rji = VJR

Definition 1.7. For P C T),M a 2-dimensional plane, the sectional curvature
is

K(p) = g(R(e1,e2)ez,e1)

for eq, eo an orthonormal basis of P.
Definition 1.8. ¢ has positive Ricci curvature if Ric(X, X) > 0 for X # 0.

Theorem 1.9 (Hamilton 1982). Let M be a compact 3-manifold, and go a
metric with positive Ricci curvature. Let g; be the Ricci flow with lim;_,o = go,
and mazimally extend it so that € is as large as possible (denoted by T'). Then
necessarily T < oo and
1

lim ——

o 4T — )"
18 a metric of constant sectional curvature 1, where the convergence is in C'*°
as locally defined matriz-valued functions.
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2 January 25, 2018

Today we’re talking about the maximum principle. Let (M, g) be a compact
smooth manifold, with a Riemannian metric. Let v : M x [0,7) — R be a
1-parameter family satisfying
2 Au
ot '
Here, Au is defined in the following way. V is the connection on T'M, and

Vu is the vector field g% g;‘,- %. We also have du a 1-form g; dz?, and then

ij Ou Ou
Ox' OxJ”

|Vu|*> = du(Vu) = g

The Hessian Hessu = VVu = V(du) is a 2-tensor. If « is a k-tensor, we can
define Vo as a k + 1-tensor in general. So

V(du)(X,Y) = X (du(Y)) — du(VxY) = X(Y(u)) — (VxY)u.

IN locally coordinates, we will have

o 0 0%u e Ou
Hessu( 0 507) = gaiger ~ Doigar

This is the simplest modification of 8%u to get a tensor.

Definition 2.1. If « is a k-tensor, we define A« as a k-tensor as

Aa = tr13(VVa) = g9V o V 5 _a.
ox? ozl
So 52 5
y U U
pu= gt (20 s 0y
=9\ Ozion Y Oxk
For every p, there exist normal coordinates z!,...,z™ such that 9ij(p) = 0ij
and dkgij(p) = 0. Then I'f;(p) = 0 and so
" 0%u
Aup) =), 55(p).
i=1 i

2.1 Maximum principle

Theorem 2.2 (Maximum principle). Assume that % = Au. Ifsup,; u(—,0) <
C, then supy; u(—,t) < C for allt € (0,T).

Proof. Suppose that there exist x,¢ such that u(x,t) > C. Let tmin be the
minimal such ¢. Let @i, be the point such that u(@min,tmin) = C. Then
u(z,t) < C for all x € M and t < tym. Because u(x,tmin) < C, we have
Vu(Zmin, tmin) < 0. So by the PDE, we get %(xmin,tmin) <0.
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If we had < 0, then we would have gotten a contradiction. To get around
this problem, we replace u by uc(z,t) = u(x,t) — et. Then we have a different
PDE

Ou,
= Au, — €.
ot ‘
Then we have a strict inequality, so we have sup,; ue(—,t) < C and let € —
0. O

There are many generalizations of this. We can have more complicated
equations like

0

8—1: = Au+ |Vul* —u?,
but it would not work for equations like

0

8—1: = Vu + |Vul* + u*.

Theorem 2.3 (Hamilton, JDG 1986). Let Q C R* be an open subset, and let
K CQ a closed convex subset. Take a smooth function F : Q — R¥ (which can
be thought of as a vector field). If for every k € K, the solution of

d
d% = F(2), 2(0) =k
has 2(t) € K for allt > 0, then any u: M x [0,T) — R¥ with

ou
E—AU—FF(UJ)

with u(p,0) € K for all p € M will satisfy u(p,t) € K for allp € M.

The intuition is that, at the first point moving outside of K, both Vu and
F(u) point back into K.

Definition 2.4. A function ¢ is called a support function for K at k € K if
(i) ¢:R* — R is linear with |d¢| = 1,
(ii) (k) > £(z) for all z € K.

In this case, we say ¢ € S K.

Proof. Suppose that K is compact. Denote di (z) = dist(z, K), and also define
d(t) = supy; di (u(—,t)). We are given that d(0) = 0, and we want to show
that d(t) = 0. The key claim is that

di(xz) = sup sup max{{(x —k),0}.
k€DK LSy K

Then it is easy to feed a linear function into a PDE. It follows that

2(t) < sup D-t(u(p,t) — k).
p7k-,[ 8t
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The PDE tells us that

d
5 P t) = k) = L(Au(p, 1)) + L(F (u(p, 1)) = Al(ulp, 1) + E(F (u(p, 1))).
At supremum points, p maximizes d(u(p,t), K), k is the closest point in K to
p, and V/{ is in the direction u(p,t) — k.

Now /(u) maximized at (p,t) shows that A(¢(u))(p,t) < 0. Because the
ODE starting at k stays in K, we have F(k) points into K, i.e., {(F(k)) < 0.
Now

UF (u(p.1)) < U(F(u(p, 1)) — (F (k) < |Flulp,t) — F(R)|
< Clu(p,t) - k| = Cd(t)

for some uniform constant C, because we’re assuming that K is compact and F'
is smooth, so it is uniformly Lipschitz. This all shows that d'(t) < Cd(¢), and
d(0) = 0 together with this inequality implies that d(¢) = 0.

Let us now suppose that K is noncompact. Suppose that there exists a
counterexample. Because M is compact, the image of u is contained a compact
region in € up until the first time that u leaves K. Now use a cutoff function
to modify outside this compact region. Then we also get a counterexample to
the compact K setting. O

2.2 Applications of the maximum principle

Let me give some context to this. If % = —2R;; then
0g" |
=2RY,
ot
9 k k k
EF” = -V, R;" - V,;R;" + V' R;;,
0
aRijkl = ARijii + 2(Bijri — Bijit + Birji — Bijk)
— R’ Rpjii — Rj" Ript — Ri” Rijpi — RiP Rijkp,
0
&Rij‘ = ARU + 2Rp7;qupq — 2RipRpj,
OR .
— = AR+ 2RYR;;,
ot + i
where Bjjiu = —RpijqRRPri?. The last three equations give nice contexts for

maximal principles. We would need to modify the tatment for vector bundles,
but this should not be hard.

Theorem 2.5 (Hamilton—Ivey, 1995-1993). Let M be a compact 3-manifold
and g¢ be a Ricci flow (with t € [0,T)). Then there exists a constant C' = C(go)
such that

>\1+>\2+>\3) >0

1
> 2 -1
MAde+dg > =50 M +Cf ( -
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where f(z) = xlogx — x and A1 < Ay < A3 are the eigenvalues of

TM — TM; v+ Rv—2R';v 881..
X

(This can be said to be the eigenvalues of Rg — 2 Ric.)

It can be checked that A1 < Ay < A3 are eigenvalues of v — Rv—?Rijvi% if
and only if ’\1;’\2 < )‘1;’\3 < ’\2;)‘3 are eigenvalues of v — Rijvi%. Hamilton—
Ivey can then be rearranged as

Ao+ A3 A1 A1
> —— —
2 2 log C

Soif Ay - —occ ast — T, then L‘g)“" — oo ast — T, at a faster rate. Changing
the scale to normalize ,\2;)\3 at a point will make the manifold locally look
nonnegatively curved. If we can change the scale and pass to some kind of

limit, then the limit will have nonnegative curvature.
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3 January 30, 2018

9,

Recall that if <52 = —2R;; then

0
&Rijkl = AR;jri + 2(Bijri — Bijik + Bikji — Bitjk)
— R’ Rpjii — B;* Riprt — Ri” Rijpr — RiP Rijkyp

where Bijkl = —Rpiqupqu.

3.1 Shi estimates
Theorem 3.1. Schematically,

OR
Ttm =ARm+g¢g ' gt -Rm-Rm.

L.g7' Rm - Rm is written as Rm * Rm.

Here, g~
As an exercise, show that

ViViThim — ViViThim = —Riji" Tpim — Rikt® — Rijm" Thip-

Proposition 3.2. g(VRm) = A(VRm)+ Rm x VRm.

ot
Proof. We can compute
0 0
0 or 0
- 8(§Rm> — 5 Rm =T (1)
0 or
= V(5 Bm) — S-Bm

= V(ARm + Rm % Rm) — Rm * VRm = VARm + Rm * VRm.
Then we need to check that VARm = AVRm + Rm * VRm. This can be

computed as
ViARm = V,VPV,Rm
= VPV;V,Rm + Rm x VRm
= VPV,V,;Rm + VP?(Rm * Rm) + Rm x« VRm
= AV,;Rm + Rm x VRm.

This proves the claim. O
Theorem 3.3 (Shi). If M is compact and g; a Ricci flow, fort € [0, 7], if

1
Sulemgt ‘gt <=
M T
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for all t, then
c

S}\J/IPWngt lg: < i

for allt. (¢ depends on dim M.)

Proof. From ag—;j = 2R% and %Rm = VRm+ R,, * Rm, we get

0 g
g\RmF = Rm * Rm * Rm + 2R* (VR;;1; + Rm x Rm).
So

A|Rm|* = 2R™AR; 1 + 2|V Rm|?
= A|Rm|* — 2|[VRm|* + Rm * Rm * Rm
< A|Rm|? — 2|VRm|? + 763

by some Cauchy—Schwartz. In the same way, we compute

%|VRm|2 = Rm * VRm * VRm + 2V RI*'"™(AV, Rjp1m + Rm x VRm)
= A|VRm|? — 2|VVRm|* + Rm x VRm x VRm
< A[VRm|? + g\VRmF.
We want to do something about |VRm|. Write
F = t*|VRm|* + ct|Rm|*.

and take the time-derivative. Then

oF 0 0
— 9 2 2 2 / 2y 2
5 [VRm|* + 8t|VRm\ + C'|[Rm|* + ¢ 8t|Rm|
2 Ot 2 / 2 2 ct?
< AF + 2t|VRm|” + 7\VRm| —2ct|lVRm|® + ¢'|Rm|* + e
~,2 /
—VF + (2t + 20't> IV Rm? + | Rm)? + 2.
T T

Choosing ¢’ = 1(¢+ 3) gives a negative constant for [VRm|?.
The upshot of all this is

0 d edt c
—F < AF+ — <VF+ —.
ot~ + T2 + T = + T2
By the maximum principle, we have
d

C
*Fmax t S R
dt ®) T2

and t2|VRm|? < FLax(t) finishes the proof. O
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With the same proof with induction, we get the following real Shi estimates.

Theorem 3.4 (Shi). If

1
Sulemgt ‘gt S —_
M T

ont € [0,7], then
c
sup|V"Rm| < ——
NF\ < 7
for allt € (0,7], where ¢ = c(m,dim M).
The slogan is that the control of |Rm/| on some closed parameter interval
extends to the control of all deriatives of Rm. Also, for t € [%, 7], we can say

Cn,m

Tits

sup| V" Rm/|,, <
M

3.2 When Ricci flow fails

This was obtained before Shi’s estimate, but it is a nice corollary.

Corollary 3.5 (Hamilton, 1982). Let M be a compact manifold, and g, be a
Ricci flow for t € [0,T). If T cannot be raised (and T < cc), then

lim sup sup|Rm/| = oc.
t—=T M

Proof. Suppose not, so that |[Rm/| < C for all p and ¢. Then by the Shi estimates,
we have uniform estimates on |V Rm|. Fix a tangent vector v. Then

d
+—gi(v,v) = F2Ricy, (v,v) < 2|Ricly, g (v, v).

dt
So we get
d
pn loggt(v’v)’ < 2|Ric|g, .
Then we get
log g- (v, v) / / d / .
oggs )| |, ! dt) < [ =1 ]< 2|Riclg,dt < C
log gg(v,v) p 0g gt (v, v)dt| < , | dt og gi(v,v)| < , |Ric|y,dt <
for0 <7t <T.

From this, we get the estimate ége < g < Cgp. Then there exists a C°-
convergent subsequence ¢;, — gr for some t; * T'. Then by the estimate above,
we get C%-convergence g; — g7 ast — T.

Now we can go back to the beginning and do the same argument with
V9%g, replacing g;. (We need a fixed connection.) Using the first Shi esti-
mate |VRm| < C instead of [VRm| < C. Then we get C'-convergence g; — gr
as t — T. Repeat the argument to get C'°°-convergence g; — gy as t — T.

Local existence theorem shows that there exists a Ricci flow g, on t € [T, T+
€) with gr = ¢g;. Then putting g; and g; together gives a longer Ricci flow. O
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It is typical that T < oco. Recall that 2% = AR + 2|Ric|?>. Then some linear
algebra gives |Ric|? > 1 R?. So

OR 2
—>A ZR?
5 = R+nR

Applying the maximal principle gives

dRmin > ng )
dt —n

and solving this differential equation gives

. no
mj\/lInR( )z n — 2at
for a = miny; R(—,0). The conclusion is that if a > 0, then 7' < 3% < oo.

As we’ll see, in many cases (“sphere theorems”) we have not just |Rm| —
oo somewhere but actually |[Rm| — oo uniformly. In other examples, e.g.,
“neckpinching” on S3, the blowup of |Rm/| will only happen on an equatorial
S2. Next time we will apply the vector bundle version of Hamilton’s maximal
principle to the evolution equation.
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4 February 1, 2018

Today we are going to looking at applications of Hamilton’s full maximum
principle.

4.1 Hamilton’s maximum principle

Theorem 4.1 (Hamilton maximum principle). Let M be a compact manifold
and V' — M be a vector bundle, with a metric h on V', h-compatible connections
Ay on'V, and g, on M. Let K CV be a closed, invariant under A;-parallel
transport, fiberwise conver set. Let F be a vector field on V, tangent to the
fibers. If the solutions of % = F(z) preserves K for z € K, then if

ou
EfAquF(u)

and u(—,0) € K then u(—,t) € K fort > 0. (Here, Au = gij(Vf‘Vfu -
Vi ,g,1)-)
We want to apply this to
ng:ARm+~-~ .
ot

The technical problem is that we need a fixed metric. So there is something

called a “Uhlenbeck trick”. We take a 1-parameter family f; : TM — T M by
d .. 0
el — Ry
dtft(v) Rilv Oxd

and fi(v) = v.

Proposition 4.2. g:(f:(v), fr(w)) = go(v, w).

Proof. We check that % of the left hand side is 0. This is because %g =

—2Ric. O

A cool observation is that if we pull back the Riemann tensor, we get
0 ORm )
angt(ft(’U)’ fe(w), fe(w), fi(x)) = W(‘) + RicxRm.

Then the four terms we had in this %Rm cancels out with this Ric xRms we
have. That is, pulling by f; not only makes the theorem applicable, but also
simplifies the equation. I don’t know of a deep reason this happens.

Let us define

Q(Rm)ijrt = 2(Bijiu — (k< D)+ (G < k) — (1 = 1=k —j)),
with Bijkl = ijququ. Also define

{ multilinear R : R” x R®" x R" x R®" — R }

Cp(R") = . . i .
with the algebraic symmetries of the Riemann tensor

This is the “algebraic space of curvature tensors”.
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Definition 4.3. For Rm € Cp(R"), we define

QRm)(X,Y,Z,W) = —R(ep, X,Y, eq)R(epZ, W, e,)
p,q
+ R(ep7X7 Y7 eq)R(etha Qa eq) -t

for an orthonormal basis ey, ..., e, of R™.
Lemma 4.4. For Rm € Cp(R"™), we have Q(Rm) € Cp(R™).

Theorem 4.5. Let K C Cp(R™) be a closed, convex subset that is invariant
under the natural O(n)-action. Also assume that K is preserved by the ODE
%Rm = Q(Rm). If g; is a Ricci flow on a compact M and Rmgy, € K, then
Rmg, € K as well.

Here, Rmg, € K should be interpreted by taking a linear isometry between
R™ and (T,M, gp).

4.2 Applications in the 3-dimensional case

Lemma 4.6. In 3-dimensions, we can write

1
Rijit = Rugjr — Rjkgj — Rugik + Rijkgu — i(gilgjk — Yir9ji)-

Proof. You can check that the difference has the symmetries of a curvature
tensor, and you can check that it is traceless. Then you can use this condition
3 times to show that it is 0. O

Corollary 4.7. The equation %Rm = Q(Rm) is equivalent to

d
dt
Because the matrix R;; is symmetric and we are working up to O(3), the

three eigenvalues contain all the information. If a; < as < agz are the three
eigenvalues, we get
d

%al = —40@ +3(a1 + as + az)ag + Q(a% + a% + ag) — (a1 +az+ a3)2

Ri; = —AR}; + 3RR;; + 2|Ric[*6;; — R*6;;.

= a3+ a3 + ajag + ajaz — 2903 = (g — az)® + ag (a2 + az).
This becomes more pleasant if we make a change of variables

oo + a3 a1 + a3 o] + ag
D T R P e
1 ) ) 2 9 ) 3 9

Then we get

d d d

— A=A X3, A = A2 N3, A3 = A2 A

P 11T A2As, pra 2 T A1As, TR 31+ A1A2

We want to find subsets of this eigenvalue space that is preserved under this

system. Note that A\; < Ay < A3.
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Example 4.8. The subset {\;, A2, A3 > 0} is preserved. This is saying that
nonnegative sectional curvature is preserved under the Ricci flow.

Example 4.9. For all 6 € [0, 1], the subset {\; + Ay > 203} is preserved. To
see this, note that at Ay + Ao — 26A3 =0,

%()\1 + A2 —20X3) = - = A2+ A2 — 26)\ o

Example 4.10. For all § € [0,1] and ¢ > 0, the intersection
{)\1 + Ay > 26)\3} n {(/\3 — )\1)1+6 < C()\l + )\2)}

is preserved. To see this, we compute

d A4 A A — A2 — X

ﬁl()g()\S_)\l): - 1)\;7>\1 223 —As+ A — Ao < A,
d A2+ 22 AL+ A
ﬁlog()\ﬁ-)@):)\i+/\z+)\32%2)\32(1+6))\3.

This is an extremely a good thing to have, because if A3 is blowing up, Ao also
has to be blowing up at the same rate, and then A\; has to be very close to As.
Then after a rescaling, the metric is going to look more and more like a sphere.

The missing thing is that we need a uniform blowing up at all points. This
isn’t going to be too hard given what we have.
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5 February 6, 2018

By the end of today, we should have our first main theorem, which is Hamilton’s
original theorem.

5.1 Hamilton’s theorem

Definition 5.1. A subset FF C Cp(R™) of algebraic curvature tensors is a
pinching set if it is

(1) closed, convex, O(n)-invariant,
(2) invariant under % Rm = Q(Rm),
(3) for all 6 € (0,1), the set {Rm € FRm not weakly §-pinched} is bounded.
Definition 5.2. Rm € Cp(R") is weakly J-pinched if
0 S 5K(771) S K(ﬂ'g)
for all 2-planes 7,3 C R™.

So M is weakly 1-pinched is equivalent to M has constant curvature.

Theorem 5.3 (Hamilton, 1986). Let M be a compact manifold of dimension
> 3, and g; be a Ricci flow for t € [0,T) (where T is mazimally defined).
Suppose in addition that gy has positive scalar curvature, and there exists some
pinching set F' C C5(R™) such that Rmg,(p) € F for allp € M. Then there
exists a c(t) such that

c(t)gr — metric with constant sectional curvature

inC>® ast—T.
The condition R > 0 is preserved by the Ricci flow because

aa—lf = AR+ 2[Ric|* > AR

and then you can apply the maximal principle.

Proof. The third condition on the pinching set F' shows that we have, for each
6 €(0,1),

Kmin(pv t) Z 5Kmax(pa t) - C5
for some large enough Cs. We know that the Riemann tensor should be blowing
up somewhere, and this shows that

lim sup K pax(t) = oo.
t—T

Now I want to say that Kpmin(t)/Kmax(t) > 1ast — T.
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We necessarily need to compare sectional curvatures at different points of
M. The idea is to have estimates of [VR| < (---) and then integrate this
estimate along geodesics. We calculate the evolution equation for the traceless
Ricci tensors

% Ric® = ARic® +Rm * Ric® .
This is going to give the Shi-type estimate

sup|v9(t) Ricz(t)|2§0n( sup \Rm|q(t)> sup |RiCZ(t)|'
M M x(0,t) Mx(0,t)

Couple this with [VR| < 2|V Ric®|, and we get the estimate
sup| VR, |* < C( sup |Rm> ( sup |Ric°|)
M M x(0,t) M x(0,t)

We now have to do something about the terms on the right hand side.
We note that the traceless Ric is going to be something about the differences
between the eigenvalues of Ric. Then we get this bound in terms of the sectional
curvatures. This, along with Ky > 0K max(p, t) — Cs, we get

sup|Ric® |y < 0K max(t) + Ce
M

for all ¢.
We need to choose a good curve to integrate this over. Choose (p¢,tr) to
approximately maximize curvature, that is,

1
Kmax(tk) Z - sup Kmax(t)u
2 Mx[0,t4]

and the choose pr, € M such that Kupax(Pk,tk) = Kmax(tx). Then we see that

sup  |Ric®| € 2eKmax(tr) + Ce.
MX(07tk)

If we feed this into the scalar curvature estimate, we get

Sup|V Ry (1) |* < CKonax (tr) (2K max (ti) + Ce)?.
M
Integrating the estimation on |V R| along geodesics emanating from p; gives

inf{ By, (p) 2 € B rspi) } > Ry (1) =27/ C (26K (1) +C).

Because the scalar curvature is the sum of the sectional curvatures, we can
replace

inf{Kmax(p, ty):p€ B;’f/’“)ﬁm(tk)(pk)} > Kunin(Pk, th) =27V C (26K nax (t) +-C).
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On the left hand side, we can apply the estimate

Kmin(pvtk) C/
1—c¢ + 1—¢€’

Kmax(p; tr) <
and on right hand side, we can apply
Kuin Pk, th) > (1 — €) Kax (tr) — C”.
Putting them together gives

lim inf 1nf{Kmin(p7 tk) AS ( B )}

> — )2 _ o).
Koo Koo (tr) > (1-¢€)? —20v/C26(1 — €)

As € — 0, we get that the right hand side goes to 1.

Now let us improve what we have. We first claim that lim infy o0 Kmin(tx)/Kmax(tr) =
1. If not, we have just showed that the ball centered at p; with radius 27/+/ Kmax (tr)
is not the entire M. But we have

w2 1
i mein *7t <7:7Kmax t

for a minimizing geodesic v, and this is clearly false.

From this we say what we wanted to say. Suppose not, so that there exists
a 7, — T such that

Kmin
lim inf J

< 1.
k—o0 Kmax(Tk)

Choose t;, € [0,7] to maximize curvature at Kpax(tx) = SUD[0, 7, ] Kmax(t). By
the exactly same argument, we get

Krnin
lim inf A

>
k—00 max(tk) -

—_

But because R is increasing, we have Kax(7k) > Knin(tx) and so

1 1
KmaX(Tk) > Kmin(tk) > 7Kmax(tk) = 7 sup Kmax(t)~
2 2 [0,77]

This shows that the previous lemma is applicable to 7, and so

K.
lim inf 7““(776)

> 1.
k—o00 Kmax(Tk) -

Now the following lemma can use used to finish the proof. O

Lemma 5.4. (1) (7 —t)sup Ry — %
M

. n
(2) (7 —t)inf Ry = =
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(3) For a fived o < L,

s&p\Ricz(t) 2 < O(r —t)22

and then by the Shi estimates, for all m > 1,

sup| V"™ Ricy 4 2 < O(r —t)2m=2,
M

1 2
< O(T —1)%*72,

(4) S}\}P Ricyp —m =

Proof. These lemmas can be proved in a similar way, and is uninteresting. You
can read Lemmas 5.18-23 in Brendle’s book. O

Now using this lemma, we can mimic to proof of Hamilton’s corollary to

construct the limit

1 ~
20— 1)(T - I

This limit g; has constant scalar curvature n(n — 1) and (1) of the lemma, and
constant curvature by the previous lemma. This finishes the proof of Hamilton’s
theorem.

Corollary 5.5. A compact 3-manifold M with some metric gy of Ric > 0, then
the corresponding Ricci flow g; has

1
AT —t)

g+ — constant curv. 1

Proof. We claim that if K C Cp(R?) is compact and is in the cone of Ric > 0,
then there exists a pinching set F' C Cp(R3) with K C F. This will prove the
corollary.

This can be shown in the following way. We know that

K C {RmECB(RB) A+ Ao ZO}

where A\; < Ay < A3 are the eigenvalues of %Rg — Ric. Because K is compact,
there exist d, C' such that

K C {4+ X2 > 0,M + X2 >20)3, (A3 — M) < C(M + \2)}
You can check that this is a legitimate pinching set. O

Corollary 5.6. If a 3-manifold has a metric with Ric > 0, then also has metric
with constant curvature.

For instance, if 7, = 0 then M 22 S3. It would be interesting to construct a
metric of Ric > 0 just from m; = 0.
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You might be interested in reading Hamilton’s JDG 82 and 86 papers, Huisken’s
JDG 84, and Gage-Hamilton JDG 86, Grayson JDG 87 papers.

Proposition 6.1. In dimension 3, nonegative sectional curvature is preserved
by the Ricci flow.

Proof. The relevant set is {\; > 0} where \; < Ay < A3 are the eigenvalues of
RS — 2Ric. The set is convex, obviously closed, O(3)-invariant, and preserved

by the ODE %% = A2 + A\p\3 > 0. O

Here, the eigenvalues of RJ — 2 Ric is also the sectional curvatures in dimen-
sion 3.

6.1 The Bohm—Walking paper

Unfortunately, the Ricci flow does not preserve positive sectional curvature in
higher dimensions. The Ricci flow cannot converge generally in this setting to
constant curvature, since there are manifolds like CP™ with a positive sectional
curvature metric but no constant curvature metric.

The reference is Bohm—Walking 2008 Annals paper. The difficulty is to
produce sets in C'g(R™) invariant under %Rm = Q(Rm), if we want to apply
the pinching set criterion.

Definition 6.2. Define the curvature operator Rm : N*T,M — A?T,M
given by
(Rm(X NY),Z ANW) = 29(Rm(X, Y)W, Z).

The curvature is well-defined, and is self-adjoint. Because this is self-adjoint,
there exist eigenvalues A\; < --+ < Ay, we say that this is a positive curvature
operator if Ay > 0.

Definition 6.3. For s € [0,1), consider C(s) a continuous family of closed
convex O(n)-invariant cones in Cg(R™). Call this a pinching family if

(1) any Rm € C(s) \ {0} has positive scalar cuvature,
(2) 4 Rm = Q(Rm) moves boundary points “inside” (into the interior)
(3) C(s) = {k(dud;r — dirdj1)} as s — 1 in the Hausdorff topology.

Here is the basic picture. If there exists a pinching family, and if gg of the
Ricci flow has Rmyg, (p) € C(0) for all o, then you can move C(s) along with g;.
Then gr sill have Rmy, (p) a constant sectional curvature. By Schur’s lemma,
gr sill have constant curvature.

Now the question is of how to construct a pinching family. Take numbers
a,b > 0 and define a linear transformation ¢, ; : Cg(R™) — Cg(R") given by

a—>b
Cap(RM)ijr1 = Rijkl-i-b(Riz(Sjk—Riwjz—Rjz5m+Rjk5iz)+—n R(26;10%—20:101)-
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This is a natural thing to say, because for any Rm € Cp,

1

fim=2"3

(R705k — R0 — R50ik + Rjj.0ir)

R
+ m(éﬂéjk — 0ixd;1) + [Rm — last two terms]
then the inner product of any two of these three terms is zero. That is, this
is the orthogonal decomposition of the tensor. (This is said to be related to
the representation theory of SO(n).) So £, is just moves around 2 of the
components.

Proposition 6.4 (Bohm-Walking). €, o Q o £ay(Rm) = Q(Rm) + Dgy(Rm)
where Dq ,(Rm) depends only on Ric.

If we already have the preserved condition C' and ¢, ;(C) to be preserved
too, this is equivalent to saying that E;}) 0 Q oLy p(Rm) points into C' at any
boundary point as well. Because we alréady know that Q points back into C,
we just need D, ,(Rm) to point back in as well.

Proposition 6.5. Let C C Cp(R™) be some closed conver O(n)-invariant, Q-
invariant cone. Assume that nonnegative curvature operators are in C but C
18 contained in nonnegative sectional curvatures. For 0 < b < % and 2a =

2b+(n—2)b2
%, th@ set

{€as(Rm) : Rm € C,Ric > £Rd}
is strictly preserved by the Q-ODE.

Proof. We need strict invariance at the boundary. So we first need to show that
Q(Rm) = D, ,(Rm) points inside C' and also

Ric(Q(Rm) + Dy (Rm))(v,v) > %R(Q(Rm) + D,y (Rm)).

For the first part, take e; be an orthonormal eigenbasis of Ric. Then after
scaling R = n, we can write Ric as a diagonal matrix with entries 1 + \;, with
> ;Ai = 0. Then e; A e; becomes an eigenbasis of D, ,(Rm). The eigenvalues
are

Da,b(Rm)(ei,ej,ej,ei) = > - Z/\l
[

with the coefficient being positive. So D, ,(Rm) is strictly positive. Because C
contains nonnegative curvature operators, the strictly positive D, ;,(Rm) points
strictly inwards.

For the second part, we use the same setup. Here

Ric(Q(R)) =2 g(R(e;, v)v, e;) Ric(e;, €;) > 20 Ric(v, v) = 20
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and
R(Q(Rm)) = 2|Ric|* = 2n + 2|Ric°|?
implies
: d 2 :0)2
Ric(Q(R))(v,v) — ER(Q(Rm)) > —-2§(1—-9)— 55|R10 |.
Then you can check using arithmetic. O

Proposition 6.6. Under the setting b = % and a > % and 6 =1 — we

have the same conclusion.

4
n—2+8a’

We need a good choice of closed convex O(n)-invariant cone C. Then we are
going to define

C(s) = {ga(s),b(s) (Rm) : Rm € C, Ric > ?R(;}

for a specific choice of a(s), b(s), and 4(s):

254( _2)(2 L 1
= W 0<s< 3, bis) = 45 0<s<i,
" (={% 0=
S $>%7 5 S>§’
L 1
5(3)_{11+(n_2>sz 0<s<s3,
4 1
1_m 5> 3.

Then as s — oo, we would get

. 1 1
lm ——Ly(s),6(5) (RM) = 53(51‘15% — 0ik0j1).

$—00 a(s)

So the difficulty is the first step of choosing C'.
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The basic problem we faced at the very end was knowing whether we know a
cone. What are the algebraic conditions on curvature preserved by the Ricci
flow in dimension > 37 There are 3 basic answers.

e nonnegative curvature Rm : A2 — A2
e 2-nonnegative Rm : A2 = A%, meaning A\; + Ao >0

e nonnegative isotropic curvature

The third one is due to Brendle-Schoen (JAMS 2009). The proof of each is
analyzing the ODE £ Rm = Q(Rm) on Cp(R™).
7.1 Complexification

Definition 7.1. The complexification of the tangent space is T;,CM =T, M®r
C. There is a natural inner product

(v1 + dvg,ug + dug) = (v1,u1) — (va, us) + i({v1, us) + (va, ur)).

(This is not nonnegative.) Call z € T;C(MO isotropic if (z,z) = 0. This is
equivalent to, where z = x + 1y,

(z,2) =(y,y), (z,y)=0.

Call a complex subspace P C TfM isotropic if if all points in P are isotropic.
For instance, a 2-dimensional space P is isotropic if it has basis e +ies, e3 +iey
with eq, €2, e3,e4 are orthonormal. We can extend Rm : A*T,M — A*T,M to
Rm : N°T,M @r C — N*T,M @g C by

Rm(wy + iwe) = Rm(w1) + iRm(wa).

Definition 7.2. Let P C T;CM be a complex subspace with dim¢g = 2. We
define complex sectional curvature of P as

(Rm(v1 Avs),v1 Avg)

for vy, v an orthonormal basis for P. Say M has nonnegative complex sec-
tional curvature if complex sectional curvature of any 2-dimensional P C
T;(EM is nonnegative. Say M has nonnegative isotropic sectional curva-
ture if complex sectional curvature of any isotropic 2-plane P C Tf(M ) is
nonnegative.

This really hasn’t to much with the manifold.
Proposition 7.3. Nonnegativity of isotropic curvature is equivalent to
Ri331 + Riga1 + Rasse + Rogao > 2R1934

for all orthonormal eq, ez, e3,e4 € T, M.
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7.2 Construction of a (-invariant cone

Theorem 7.4. The ODE 4 = Q(Rm) on Cp(R") preserves

(1) nonnegative complex sectional curvature and

(2) nonnegative isotropic curvature.

Let’s just recall
Q(Rm)ijrr = —2Rpijq R 11" + 2Rpijq R 18" — 2Rpikg R” j1* + 2Rpirg R 1"
Note that the first two terms combine to
RiP"Rpga = Rmo Rm : A* — N2

So this is nonnegative, so it is mostly sufficient to only look at the last 2 terms
in Q.

Proof. (1) Suppose Rm € Cg(R"™) has nonnegative complex sectional curvature
with zero somewhere, i.e., z,y € R" @ C with

'y g7 Riji = 0.
Define x; = x + tw and y; = y + tz for some w, z € R” @g C. If we define
h(t) = wjyl g2 Rijr

then the assumptions give h(0) = 0 and A’'(0) = 0 and A”(0) > 0. If we do this,
we get

0< %h"(()) = (Wi gFo’ + (w'z! + 2 @") (2 gF + yTZ7) + 2720 25 Ry
Likewise, if you ‘w and iz instead of w and z, we get
0< %h”(o) = (Wi gFa' + (iw'E — ixtw") (27 gF — iy Z2F) + 2 2 2P Ry
If we add them, we get
0 < 2wy g o’ + 2' 2 ghwt + wiyl 28 E - 2T 2R EY Ry

We can view this inequality as having an nonnegative hermitian (z,y, R)-
dependent inner product on (z,w). To apply the next lemma, we set

Apg = xileipqh Cpg = ngkijqka Bpg = _mjgkRiqu
and then we get
2P yF Rip RiP1y, = tr(AC) > tr(BB) = 2 7*#7y' Ripg R;7.

This just says that 2°y7 4"z times the last two terms of Q(Rm);jx; is nonnega-
tive.
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(2) Suppose Rm € Cg(R™) has some nonnegative isotropic curvature, zero
on some isotropic 2-plane. Take a basis u = e; + vV —1leg and v = ez + v/—1ley
with eq, es, ez, e4 orthonormal. Take a basis

U, Uy V,V, €5, ...,Ep

of R” ®r C that is orthonormal with the hermitian inner product. For z,y €
spamn,,. 4 €y, define the quadratic deformation

t2 t2 t2
w =t e <z,x>a_ <§7y>@’ v = vty — (z,y)

_ ty,y)
2 2

0.

Then wu, v, stay isotropic as t > 0. As before, define h(¢) in the same way, and
we will get
0= h(0)=2R(Rm(z,v,v,a) + Rm(u,y,v,a)).

But we can multiply them with ¢ can get the same thing for imaginary parts,
and so
Rm(x,v,v,4) = Rm(u,y,v,a) = 0.

We can also do the computation of A”(0). Then
0 < Rm(v,z,Z,v) + Rm(u,y,y,a) + Rm(v, x,y,a) + Rm(u,y,T,?).
If we again apply the lemma, we get
Z Rm(u, ep, eq,0)Rm(v, ep, eq,0) — Rm(u, ep, eq,9)Rm(v, ep, eq, @) > 0.
P,q>4

This almost what we need except for that we need Zp’ o instead of Zp’ g>4- But
all other terms vanish because of the vanishing condition h(0) = h’'(0) = 0. At
the end, you are left with

(Rm(u,w,v,u) + Rm(v, 0,0, 4))(Rm(u,v,,v) + Rm(u,v,q,u)).

Go through the h(t) again with u; = v+t and v; = v — ¢t with A’(0) = 0 and
with the ¢ factor. Then the first factor is 0. O
Lemma 7.5. If ( g‘f g) is nonnegative Hermitian on C*", then

tr(AC) > tr(BB).

Definition 7.6. If Rm € Cp(R"), define Rm x RF € Cg(R™ x RF) by the
trivial extension to all of R¥, i.e.,

(Rm x R¥)((v1,u1), ..., (va,us)) = Rm(vy,. .., v4).
This can be thought of as the Riemann tensor on M x RF.

Corollary 7.7. Fix k > 0. The ODE %Rm = Q(Rm) preserves

{Rm € C(R™) : Rm x R* has nonnegative isotropic curvature}.
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Here is the crucial proposition:

(1) Rm : A? — A? nonnegative implies Rm x R? has nonnegative isotropic
curvature.

(2) Rm x R? has nonnegative isotropic curvature implies Rm has nonnegative
sectional curvature.

This allows us to apply the Bohm-Walking theorem.
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Definition 8.1. (M, g) has nonnegative isotropic curvature if
Ris31 + Riaa1 + Rosso + Roaas > 2R1934

for any orthonormal ey, ez, e3, €4.

Proposition 8.2. The nonnegative isotropic curvature condition implies non-
negative scalar.

Proof. Sum over all 4, j, k, | and you get that (n —3)R > 0. O

Proposition 8.3. Rm x R nonnegative isotropic curvature implies Ric > 0.
Also, Rm : A2 = A2 being 2-nonnegative implies Rm x R nonnegative isotropic
curvature.

Proof. We use the fact that Rm xR nonnegative isotropic curvature is equivalent
to
Riss1 + A’ Riaar + Rassz + A’ Rosso > 2ARia34

for all orthonormal ej,...,e4 and A € [0,1]. This is because we can use
(e1,0), (e2,0), (e3,0), (Aeq, V1 — A2) in one direction. If (v1,x1),..., (v, T4)
are orthonormal on R” x R, you can show that ¢ = v; A v3 + v4 A v and
¥ = v1 A vg + va A vy can be represented as ¢ = aje; A es + aseq A e and
1 = brer Aeyg + baes A es.

If we take A = 0 and sum over i, j, then we get 2(n — 1) Ricgx > 0. The
2-nonnegativity condition can be equivalently desribed as

(Rm(p), ) + (Rm(¥),¢) = 0
for p,1 € A2 and |p|? = 1|2 and (p,9) = 0. We use
p=e Nes+AdesNey, PY=2>XejNes+ezNes
and get what we want. O
Similarly, we have the following.

Proposition 8.4. Rm xR? having nonnegative isotropic curvature implies non-
negative sectional curvature. Rm : N> — A% nonnegative implies Rm x R?
nonnegative isotropic curvature.

Proof. Here, the lemma is that Rm x R? nonnegative isotropic curvature is
equivalent to

Rizsi + N Rygar + p? Rogsa + N p? Rogas > 20 1R1934

for orthonormal e, s, €3,e4 and A, p € [0, 1]. O
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So here is the summary:

Rm : \?> — A? Rm : \?> — A?
nonnegative 2-nonnegative

| |

Rm x R? NIC === Rm x R NIC == Rm NIC

! ! !

sec >0 ——— Ric>0 ———= R>0

8.1 Existence of a pinching set
Lemma 8.5. The set {Rm : Rm x R? NIC} is convex in Cg(R").
Proof. This is obvious because it is a linear condition. O

Define
C(5) = {la(s)n(s)(Rm) : Rm x R? NIC, Ric > %) gy}
where a(s) and §(s) and b(s) is as defined before.

Proposition 8.6. C(s) C Cp(R™) is closed, convex, O(n)-invariant, and strictly
invariant under the Q-ODE.

The basic construction is
F =C(s0) N[ \{Rm : Rm + 2'h(8ud;x — 6ix651) € C(s:)}
i=1

for some h and s; — oo we will choose. So you are pulling the cones back as
the cones get thinner and thinner.

The hard thing is to verify ODE-invariance. Let K be a compact set in
int(C(0)). Take sg > 0 such that K C C(sg), and take

h = m}z?x[scalar curvature].

We need to control the ODE under translations.

Proposition 8.7. There exist N(5) > 1 such that if s € [so,5] and Rm €
0C(s) and scal(Rm) > N(5) then Q(Rm) points into C(s) at Rm as long as
|Rm — Rm| < 2|5il5jk — 6ik(sjl|-

Proof. This is trivial by compactness, because Q(Rm) points strictly into C(s)
and @ is homogeneous quadratic. O

Lemma 8.8. There exists a decreasing §(8) such that if s € [so,8] and Rm +
(6% 0) € C(s) and scal(Rm) < N(3) then Rm + 2(6 xd) € C(s+ 4(3)).
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Now we are going to set s; = sj41 + 0(sj—1). Define F; to be the jth
intersection in the definition of F'.

Proposition 8.9. F; only changes for larger scalar curvature:
Fjv1N{R < 2/N(sj)h} = F; N {R < 2/ N(s;)h}.

Proof. If Rm is in the right hand side then Rm + 27h(5 x 6) € C(s;) and so
R < 2/N(s;)h. Then 2% 4+ 5«6 € C(s;) and 55 < N(s;). The lemma implies
that 12%]”; + 26 % J € (s;41 and then rescaling gives that Rm is in the left hand
side. O

By the definition of h, we have
K C C(sp)N{scal <h} =FnN{scal <h} CF.
Proposition 8.10. F is invariant under the Q-ODE.

Proof. We have Rm € OF implies Rm € 0C(sg) or Rm € 0{Rm : Rm + 2'h(8 *
§) € C(s;)}. This necessarily implies scal > 2i='N(s;)h. If we set

Rm + 2'h(§ % 0) -, Rm
fom' = = Em =5
we can see that Q(R~m/) points into C(s;). So we can rescale. O

Proposition 8.11. F is a pinching set.

Proof. We claim that Rm’ € C(s) and s > % implies that Rm/ is weakly 252;?;;—
pinched. This is enough.
If Rm' € C(s) then

1
Rm' =/{, 1 (Rm) = Rm+ %Ric(/\)& + = (s — %R(S(/\)é,
4 o

and so Rm/(ey,es9,€9,e1) > %(s — %)R by Rm having nonnegative sectional

curvature. On the other hand,
Ric(eq, e2) + Ric(ea, e2) n Ric(e, e1) + Ric(ea, e2)
2 2
1 1 1 1
+o(s—5)R<R+—(s—3)R
n 2 n 2
This finishes the proof. O

Rm/(ela €2, €2, 61) S

Theorem 8.12 (Brendle-Schoen). If M is compact and dim > 4, and g; is a
Ricci flow on [0,T) and go is such that M x R? has positive isotropic curvature,

then
1

2(n — 1) (T — )t

c> .
metric of cons. curv.
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Theorem 9.1 (Brendle-Schoen, JAMS 2009). If M is compact with dim M >
4, and g; is a Ricci flow for t € [0,T) with go such that M x R? having positive
isotropic curvature, then

L o tant ture 1
constant curvature 1.
2n — )T — )"

Now there is an observation by Berger that if k < x(P) < & for all 2-
dimensional P C T,,M, then

R(€17€2,€3764) < g(ﬁ—ﬁ)

for all orthonormal eq, es, e3,e4. This can be done by polarization, which ex-
presses Rm in terms of the sectional curvatures.

Corollary 9.2. If forallpe M, 0 < ifi(Pl) < k(Py) for all 2-planes Py, Py C
T,M, then Rm,xR? has positive isotropic curvature for all p and so the theorem
applies. That is, if (M,g) is ‘%—pmched” then M s diffeomorphic to a space
form.

The constant i is optimal because CP™ with the Fubini-Study metric has

0 < 1k(Py) < K(P2). Also, 1-pinching is not preserved by the Ricci flow.

9.1 Brendle’s theorem
Brendle proved a strengthening of this theorem, one year before.

Theorem 9.3 (Brendle, DMJ 2008). Everything is the same, except that dim M >
3, and “M xR has positive isotropic curvature” instead of “M x R? has positive
isotropic curvature”.

In the 3-dimensional case, this reduces exactly to Hamilton’s 1982 theorem.
When proving this, we cannot directly apply ¢, Bohn—-Walking, since {Rm :
Rm x R NIC} is not contained in nonnegative sectional curvature. The way to
get around this is a new condition.

Definition 9.4. For Rm € Cg(R"), define Rm x S? € Cp(R™ x R?) by

RmxS*((vi,51), -+, (va,9a)) = Rm(vy, ..., va)+(y1, ya) (Y2, y3)— (Y1, ys) (Y2, ya)-
Proposition 9.5. Rm x S? has nonnegative isotropic curvature if and only if
Rizs1 + N Ruan + p° Rogso + A Roaas — 2\ + Rioga + (1 — A?) (1 — p?) > 0.
for all orthonormal ey, ..., eq and A\, p € [0,1].

Corollary 9.6. Rm x R? has nonnegative isotropic curvature implies Rm x S?
has nonnegative isotropic curvature implies Rm x R has nonnegative isotropic
curvature.
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Proposition 9.7. {Rm : Rm x S? NIC} is preserved under % Rm = Q(Rm).
Proposition 9.8. If0<b < 7%?27)2072 and a="b+ anbQ then

{a.s(Rm) : Rm x S* NIC}

is strictly preserved by %Rm = Q(Rm).

Proof. a and b defined ensure that the coefficients in D, ,(Rm) are either 0 or
> 0. We have that Rm x S2? nonnegative isotropic curvature implies Rm x R
nonnegative isotropic curvature implies Ric > 0. So if we look at the eigenvec-
torses, ..., e, of Ric, then e; Ae; are eigenvectors of D, (Rm). It is then easy to
check that eigenvalues are positive. Now use that {Rm > 0} C {Rm x S? NIC}.

We are trying to show that % Rm = Q(Rm) + D, ,(Rm) preserves {Rm :
Rm x S? NIC}. We know that Q) is inward-pointing, and we just showed that

D, strictly pointed inwards. O
Define
%Za(s),b(s){Rm : Rm x 52 NIC} 0<s<1
A(s) = S L1y 1y {Rm : Rm x R? NIC} s=1

C(s —1) N Ly py{Rm : Rm x R? NIC} s> 1,
with C(s) from last time. Then you can show that A(s) is continuous in s,
A(s) = {Rm : Rm x R? NIC}
as s — 0, and
A(s) = {k(0udjk — 0ikdj1) : K > 0}

as s — o0o. The claim is now that A(s) is strictly preserved by %Rm =
Q(Rm). Then there exists a pinching set containing any choice of compact
K Cint(A(0)). If A(s) are not cones, we can just use (5o AA(s) as a strictly
preserved cone.

Two references for what we have been doing are

e Brendle, chapters 1-3, 5-8,
e Andrews—Hopper, chapters 1-2, 4-8, 12-15.

9.2 Ricci flow without curvature restriction

What can expect if we have negativity of curvature?

Theorem 9.9 (Gromov—Thurston, 1987). For any § > 0 and any dim > 4,
there exist compact (M, g) with —1 < sec < —1 4§ but M does not admit a
metric of constant curvature.
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So you can’t possibly hope for these sphere theorems in the negative curva-
ture case. Even to this day, the Ricci flow is not well understood in the negative
curvature case. There are two exceptions, in dim = 2 which we will talk about
later, and in dim = 3 when the compact manifold of sec < 0.

Another related question is about pinching around zero curvature.

Theorem 9.10 (Gromov 1978). Let (M, g) be a compact manifold with —k <
sec < k and diameter D. If

kD? < exp(— exp(exp(exp(- - - (exp(n))))))
where there are 200 exponentials, then M 1is finitely covered by a nilmanifold.

Definition 9.11. A manifold is a nilmanifold if there exists a transitive action
by a nilpotent Lie group. A nilpotent Lie group is a Lie group with a nilpotent
Lie algebra.

Our new goal is to understand Ricci flow without curvature restrictions.

Theorem 9.12 (Hamilton-Ivey). Let M be a compact manifold of dim = 3.
Let A > p < v be the eigenvalues of Rm : N2 — A2. Let g; be a Ricci flow, and
suppose that R|i—g > —1. Then

v+ A+ p+r) >0
for f(z) = xlogx — x.

Note that R|;—o > —1 can be arranged by constant scaling, and also R > —1
is preserved by the Ricci flow because

aa—]f = AR + 2|Ric|?.

Also, R=A+pu+v.

Theorem 9.13 (Hamilton compactness, 1995). Let pr, € My, be a sequence of
manifolds (with same dimension) and a sequence of points. Let gi(t) be complete
Ricci flows on My, with t € (Ty,T] 2 0. Assume that

(1) for any radius r > 0, there exist c(r), k(r) > 0 such that
[Bm(gr(t)|gi () < e(r)

for all k > k(r) on Bg,f(o)(r) and the entire time interval,
(2) the injectivity radii inj(My, pr, gx(0)) > 0 are uniformly bounded below.
Then there exists a sequence r, — oo and a subsequence of (Bg:(o)(rk), gx(t), pk)

converging in Cr2. to (M, goo(t), Poo) for some M™ 3 ps, some smooth man-
ifold with g (t) a complete Ricci flow on the entire time interval.
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Here, locally C'°°-convergence means that there is a sequence p,, € Uy C
Uy C -+ with U;’il U; = M, and the diffeomorphisms are uniformly on com-
pact subsets of Mo, x (T1, Ts]. For (1), we often just use |[Rm|; < C everywhere.

So here is the basic picture. Let M3 be compact, and let g; be a Ricci
flow on [0,T). Suppose that T is maximal and assume T° < oco. We then
know that limsup,_,, sup,,|Rm| = co. Choose z, € M and ¢, T such that
|Rm(x,tx)| — co. Then define

§k (E) _ g(tk + Gi{)

i
1
[Rm(zk,tr)|
If we apply the Compactness theorem (we will be more careful later), we get a
limit (Moo, goo(t), Poo). Here, changing g — §* changes

T—t

fort e [—t—é, >k ) for € = . You can check that §k are Ricci flows.
€k €k

Rm

A2 2 TR +. )|
(Bm: N\ =N — |Rm(w, t)|

Because |[Rm| — oo, either A — oo or ¥ — —oo. But Hamilton-Ivey tells us
that if v -+ —oo then A — oco. We can then rearrange the inequality to

v < M
~ log(—v)
and then
v < A p 1

VN 22 T N2 2 2 log(—v)
In both case v — —o0 and v /4 —oo, we get the left hand side going to 0. Either
way, we see that g.. has nonnegative Rm : A? — A2
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Today we are going to make a short digression and talk about Yau’s estimates.

Theorem 10.1 (Laplacian comparison theorem). (M™, g) be a complete, Ric >
—(n—1)kg and let p € M be p(q) = dy(p,q). If p is smooth at q, then

-1
§9p < "7(1 +VEp).
Let us take this for granted.

10.1 Yau’s estimate

Theorem 10.2 (Yau, CPAM, 1975). Let (M",g) be a complete Riemannian
metric with Ric > —(n — 1)kg, and let u : Bo(p) — (0,00) such that Au = 0.
Then
[Vl
u

<o ()
on By, 2(p).
Proof. We can compute
AlVul? = 2|VVul? + 2(Vu, AVu)
= 2|VVul? + 2(Vu, VAu) + 2 Ric(Vu, Vu).

Because
AlVul? = 2|Vu|d|Vul + 2|V|Vul|?,

we can also rewrite this in terms of |Vu/| as
|Vu|A|Vau| = |VVul? — |VVul? + Ric(Vu, Vu).
Then we can write this in terms of @ as

|Vu|  |[VVul|? — |[V|Vu|?>  Ric(Vu,Vu) _Vu _|Vul
A = + —2— - V——.
u u|Vul u|Vul u u

The first numerator is nonnegative by the Schwartz inequality (this is also
called the “Kato inequality”). But the key observation is that

thvw?zivvqﬂ
n—1

for a harmonic function u. If we use this, and the inequality

VIVul - Vu _ |V|Vul[|Vul _ }(|V\Vu||2 N |Vu\3)
u? - u? — 2\ u|Vul us /)’
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then we get

— Vo +
Uu n—1

for p = ¥.
Now define on B, (p),

F(z) = (a® = o(2)*)¢(x)

so that F has interior maximum point on zg, so that VF(z¢) = 0 and AF(xg) <
0. Then the conditions can be written as

2|Vl
(a® = p*)Vp = oVp®,  (a® = p*)Ap — L_pQ —pAp* <0.
If we use |Vp| =1 and

Ap® =2pAp+2|Vpl* <2(n— 1)1+ Vkp) +2,

then we get
2 \WVu V 2 Cn(1 k 8p?
0> -1k (2- 2T Ve, g Gl ko) 87
n—1/ u ¢ n-1 a? — p? (a? — p?)?
Also,
2 2 2
(2_ )@.@:(g_i)@.w <op P
n—1/ u © n—1/ u a p? a? — p?
Replacing ¢ by aQLipz, and using p < a, we get

F? 2 2
0> 172(2771Fa707’1a2(1+\/ga) .
—

The quadratic formula then shows that F' < C”a(1++/ka). Then use sup By <
F(x0) to get the theorem. O

Proposition 10.3. For Au =0, we have
1
VVul? = [V|Vul* > —[V|Vul”
n—

Proof. Take pim M and normal coordinates at p, so that g;;(p) = J;; and
Okgij(p) = 0, and also assume Viu(p) = |Vu|(p) and Vau(p) = --- = Vyu(p) =

0. We also locally have
|Vu| =4/¢¥V,uVju.

So we can take the derivative

akgijv,;uvju + 24¢% 0y, (Viu)V, u

Vil Vul = 2|V

= Vkvlu
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by our choice of coordinates.
Now the left hand side is

D (ViViu(p)® =Y (ViViu(p))* = Y (VaViu(p)® + Y (ViViu(p))®
0 % i1 il
! > (VaViu(p))® + — > (ViViu(p))®

1
n—14% n—1+4
i#1 i#1

Y

= - i . Z(Vlviu(p))Q.

So we get the desired inequality. O
Yau proves this theorem using an “approximate maximum principle”.

Corollary 10.4. If (M,g) is complete with Ric > 0, then every positive har-
monic function is constant.

Corollary 10.5 (Harnack inequality). If (M, g) is complete and Ric > —(n —
1)kg, then u : By(p) — (0,00) is harmonic, then

sup 4 < Ch ok inf wu.
Ba/2 B“/Q

Proof. The theorem gives W—u"l < Ch .k in By. Now take p,q € B3 such that
infp, ,, u and u(q) = sup Bujs Take the minimal geodesic from p to ¢, and we

get
log X9 < / Vul .
u(p) — Jy u
O

This gives a new proof of the Harnack inequalities by a gradient inequality
proved by the maximum principle. This is somewhat weaker version of the De
Giorgi-Nash—Moser Harnack inequality for quasilinear scalar elliptic equations.

10.2 Minimal surface in R™!

Theorem 10.6 (Cheng—Yau, Annals, 1976). Any complete closed hypersurface
in R™ with mean curvature 0 (assuming the induced metric is Riemannian) is
a linear plane.

Actually, completeness is redundant. Also, this is not true with R™! replaced
by R™.

Proof. The Gauss equation gives

Rijri = —hahji + hichji,
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and then R, = hikhij is nonnegative. Also, we have
1 , A
§A|h|2 =|Vh]® + (h, VVH) + |h|* — Hh h;j*h' = |Vh|* + |n|*.

If we define

on B,(p), g has some interior minimum x,. Exactly as before, we have Vg = 0
and Ag > 0. Then

Vu  2pV Au  |[Vul?  2a(1 +pA 4ap?
Vu, 20V _, _Au | 2| n (2 pr)Jr dap”
u a?—p U u a?—p (a? — p?)

So

Au _ dala+1) n 2a(1 + pAr)
u ~ (a2 - p2)? a2 — p2
and the Laplacian comparison equation gives pAp < n — 1. Also, the Simons

equation gives SA[h|? > ||, and so

(4% = )25 < (40® + da)? = 2a(a® — p?)n.
Take o = 2 and we get
n%ax(a2 — p2)2g < 24p? + 4a’n”.

As a — oo we get u = 0. The second fundamental form vanishes, so it should
be a plane. 0O
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Today we are going to look at parabolic estimates. Recall

Theorem 11.1 (Cheng—Yau, 1975). If (M",g) is complete with Ric > —(n —
1)kg, and if u : Bs(p) — (0,00) is harmonic, then

|Vul < cn(l +;L\/E)

u
on B2 (p).

11.1 Parabolic estimate
Theorem 11.2 (Li—Yau, Acta 1986). If (M™,g) is complete and Ric > —kg,
and if u > 0 has %7; = Au on some Bag(p), then

2 2

|Vul? U cpal? ( o na?k no
— ot < e+ RVE) o B
u? YU R a2—1+ vk +2(a—1)+ 2t

on Bgr(p), for all a > 1.

The proof is similar to Cheng—Yau we saw last time.

Proof. First write the PDE for F' = t(|Vf|? — af;) for f = logu. Then we have

o
(& - A)F <2(Vf,VF) + g + 2kt|V f]? — %(IW\2 — fo)%.

In the simple case o = 1, we will have something like

0 _F 2
(E_A>F7? 2[VVfI? =26V f, AV f).

The trace inequality gives —2¢|VV f| < 2L(Af)?. Then we have
—2t(Vf,AVf) = =2t(Vf,VASf) = 2tRic(V [,V [)

and then we can use the estimate on Ricci.

Now we take 1) € C°(R) a cutoff function so that 0 < <1 and ¢ =1 on
[0,1] and ¥ = 0 on [2,00), |¢'| <0, ¥" > —¢y, % < cg. Take p =9 o & for p
a distance function to p.

Then F has a maximum on Bag(p) x [0,T]. If this is nonpositive, we have
a 0 on the right hand side of the theorem, and we are done. If it is positive,
then at an interior point we have 0 = V(pF') and A(pF') < 0 and %(@F) > 0.
The last two implies that (% — A)(pF) > 0. Use V(pF) = 0 to replace all
VF terms by F,p, Vy. Put the PDE into %(@F) > 0 and use the Laplacian
comparison theorem for the Ap term. As for Cheng—Yau, we want extra terms
as quadratics for F. If we look at the PDE, we have

2V, VE) + (VS (VI i)
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E

as quadratic in |V f|2—af;. Againuse 0 = V(¢F) to replace VF and v
to get an estimate.

&
D?J

Here is the simpler more advertisable theorem.

Theorem 11.3. Let M be a compact (or complete) manifold with Ric > 0 and
u >0 and % = Au. Then

Vul? _w o n
u? u ~ 2t

Proof. Take R — oo and @ — 1. Or we can apply the maximal principle to
0<772F—:£(%—F). O

n t2 nt

Corollary 11.4 (Harnack). Suppose (M, g) has Ric > 0 and u > 0 solve ‘?}—t =
Au, then

u(x2,t2) S (tﬁ)*a exp(_d(ml’xz)z)_

u(:cl,tl) - tl 4(t2 — tl)

Proof. Choose a geodesic v from z; to zo, and then we write

u(x2,t2) " d 9 dy
log N212) [ 4 £),8)dt = 1 Vlogul
ot . @ ogu(y(t),t) .o ogu+Vlegu—
t2 d L | d’y 2
1 2—— 1 —7>/ _nos
/t1 |V log u| +V ogu— T o

n tz 1d(l’17$2)2

2% 1 -1

O

Of course, there is a more complicated version for Ric 22 —kg. Also, note
that the basic solution of 2% = Au on R™ is (4mt)~"/2e~=I"/4¢,

Proposition 11.5. Take a compact 2-dimensional Ricci flow with positive cur-
vature. (Here R;; = %Rgij and %—If = AR+ R?.) Define

1
Q= —logR |Vlog R|* + T
Then Q = Alog R+ R+ + and

(% —A)Q > 2(Vlog R, Vlog Q) +Q(Q— 7)

Then the maximal principle gives Q@ > 0, and integrating gives

m—m <_/‘ )

Proof. Exercise. Hamilton did this in two hours. O
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We need R > 0, and this implies that distances are decreasing. So in the
exponential term, we can just take the distance with dg,).

Theorem 11.6 (Hamilton, JDG 1993). Let M™ be compact and g be a Ricci
flow with Rm : N> — A? nonnegative. Define

1 R
Pkij = V}.ﬂRij — ViRjk, Mz‘j = ARij - 5V¢VjR—‘r QRpiqupq - RipRpj + th

For any choice of a 2-form U and a 1-form W, define
Z(U,W) = MWW 4+ 2P ;UMW + Ry, UPIU.
Then Z(U,W) >0 for all U, W.

Note that Z can be considered as a quadratic form on A! @ A2. This holds
even if M is noncompact but g; has bounded nonnegative curavature.

Theorem 11.7 (Brendle, JDG 2009). This holds if Rm x R? has NIC.
Corollary 11.8. %—If + % + 2V, R + 2 Ric(v,v) > 0 for every vector field v.

Proof. Take U;; = %(inj —vjw;) and trace over w. Then the M term is going
to be %%—If + 2%, the P term is V, R, and the Rm term is Ric(v,v). O

We can also integrate this.
Corollary 11.9. Under the same hypothesis,

R(ws,ts) | t2 (M)

—eX
R(l’l,tl) - tl P 2(t2 — tQ)

for all x1,z5 and 0 < ty < to.

Proof. We can use Rm > 0 implies Ric > 0 implies distances nonincreasing.
Also, Ric > 0 implies Ric < Rg. Then

OR R
0< =+ + 2V, R+ 2Rv|?

—R(gl (tR) — 2|V Iog(tR)? + 2|v + 11 RQ)
= R g lo8(tR) — 5[ Vlog et gVics ’ '

So we can choose v = —éVlogR and then integrate as before. O

Corollary 11.10. Under the same hypotheses, tR is mondecreasing at every
point.

el 0
Proof. Take v =0, and then 0 < 28 4+ & = 1.0 (4R), O
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Recall that

Prij = Vi Ri; — ViR,
1 Ri
Mij = ARZ‘]‘ — §V1V]R + 2Rpiqupq — Riquj + th,
Z(U,W) = MWW 4 2P ;UMW + R, ,UPIU

for U € A> and W € A.

Theorem 12.1. Let (M, g;) be a compact or complete with bounded curvature.
(1) (Hamilton) If Rm : N> — A? is positive, then Z(U,W) >0 for all U,W.
(2) If Rm x R? is NIC, then

OR R
— 4+ — +2V,R+ 2Ric(v,v) >0
ot t
for all vector field v.
Corollary 12.2. tR s nondecreasing everywhere.

Corollary 12.3. If the Ricci flow is on t € (—00,0) then R is nondecreasing
everywhere.

Proof. If we take v = 0, then ¢R is nondecreasing. Also, if we take v = 0 and
t = 0 arbitrarily large (after translating time) then we get R nondecreasing. [

Definition 12.4. A Ricci flow on t € (—o0,0) is called ancient.
Let (M3, g;) be a compact Ricci flow on ¢ € [0,7). Define

) () — 44L4ﬁ

500 = | BmGew, o (tn+ e
for t € [—|Rm(z, ty)|tr, | Rm(zk, tx)|(T — tx)). Then for some t;, /T and x
such that |Rm(xy,t)| — 0o, we can see that the g*) is a Ricci flow, with left
endpoint of t-interval going to —oo.

But what happens to the right endpoint? Also, how can we apply compact-

ness? Can we get bounded curvature of the limit? If all is good, then there
exists a limit with sec > 0 by Hamilton-Iveys and %—f > 0.

12.1 Chow—Chu construction

Here is Hamilton’s crucial observation: A?T}, M has a natural Lie algebra struc-
ture. There is a map

N*T,M — so(T,M)
sending e; A e; to the linear map that projects to e; A e; and then rotates 90°
in the 2-plane. This is an isomorphism. Then A>T, M & T, M has a Lie algebra
structure given by

[(u1,v1), (u2,v2)] = ([u1, ual, u1(v2, =) — ua(vi, —)).
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Definition 12.5. If V is a Lie algebra which has inner product (—, —), define
for T : V — V the Lie algebra square T# : V — V by

1

(T#(v),0) = 5 > ([T (ea) Tlep)] v){[eas es)s v)
a,B
for e, orthonormal.
Lemma 12.6. (% - A) Rm = Rm? + Rm™ after the Uhlenbeck trick.
Lemma 12.7. (% — A)Z =724+ Z% viewing Z : N2 @& A\ — A2 @ AL

Here, the inner product on A2 @ Al is

((u1,v1), (u2,v2)) = (u1,uz).

Definition 12.8 (Chow-Chu, MRL 1995). Let (M™, g;) be a Ricci flow on

t € I, and take M = I x M. Define G* on M by
il =9 ®), §¥=3§"=g"=0
(We are going to denote the ¢ component by 0, and 1 < 4,5,... < n and
0 <a,b,...<n.) We can define a connection on TM by
1
R 271/_7

1
Ai'cj = ]_—‘k Afo = A]Sz = —Rik, AISO = _ikaa AgO =

and all other components zero. Let us write Vg, 0, = A

Lemma 12.9. V§ = 0.

gbac-
Proof. You can compute this. You are going to need Afj = I‘fj and AF = Ak =
—R;*, and vanishing of some components. O

We can formally define Rm as a (3, 1)-tensor formally, and also define Rij
formally.

Proposition 12.10. We have

0 ~a ~acx~ D,
5:0" = 20"G" Rea
and 5
En ¢ = —3“UVaRpa + VoRaa — VaRap.

That is, G,V formally satisfies the Ricci flow.

Proof. We can just compute

1/0R R 1
o 5(7 + 7) §VkR
Ric < YR Ry ) O

For W € A' and U € A? (considered as U;?), consider T' = ( _%, %'). Then
3" Ry T.“Ti" = Z(U, W),

and Ric(v+ 2, v+ &) is the trance Harnack.
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12.2 Perelman’s construction

Definition 12.11 (Perelman, 2002). Let (M™, g;) be a Ricci flow with ¢t € T C
(—00,0). On M x I x SN take the metric

g 0 0
gn =0 R(g)—% 0
0 0 tgon

Proposition 12.12. If f is a function constant on each {p} x {t} x SN, then

tﬂz+2%—§}g 1 &*f  3(VRV/)
(R—5)2lot  R- 1 ot R-5

T2

NAf=Af— |1+

Note that limy_oc VAf = Af — %L and this is a meaningful limit since f

is constant on S™ fibers. So % = Af on M is saying something like NAf =0

modulo % The first equation is parabolic while the second equation is elliptic.

Nglf) = Aer%fR. Here, this

N

= NA((-1)
A+ % — R is the conjugate heat operator:

//(aa—{ - Af)gdutdt = //f(—% — Ag +Rg>dutdt.

Let us write 4, j, ... for the M coordinates, and a, 3, ... for the S¥ coordi-
nates.

Proposition 12.13. lim (—t)
n—oo

N
Rijri = Rijr
N
Riort = Py

Lemma 12.14. ngnoo N Rios = My = SRR,y and others goes to 0.
NRaB“/tS = RLS;;?S
Lemma 12.15. ™ Ric = ! ~ (=) + ! 5 (—)-
- 2(R — X)2

Corollary 12.16. limy_, N Ric = 0.

As N — oo, the heat equation becomes something like the Laplace equation,
and the Ricci flow becomes Ric = 0. The moral is that a parabolic equation can
be thought of as an infinite-dimensional elliptic problem.

Theorem 12.17 (Bishop—Gromov volume comparison). Let (M™,g) be com-
plete, and Ric > (n — 1)kg, and let vip(R) be the volume of Br(x) in the simply
connected manifold of constant curvature k. Then for all p € M,

vol Br(p)
vk (R)

decreases as R increases.

Perelman’s idea is to use this.
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Recall that we had (M, g:) a Ricci flow with t € T C (—00,0) and we defined

N I s
(p,q,t) = tgg™ N
Ry(9(t) — 3%

Then on M x SV x I, we had limy_, o Ric(Vg) = 0.

13.1 Volumes in Vg
Given a geodesic ball around (p, s,0), the length of (v(t),o(¢),t) is

0
length = / \/H(t)@(t) + tz\ﬁ(t)‘isN +R—- %dt

/ \/ 2t\/1_ (R4 15(t)2 +tlo(t)[2)dt
N /_T \/: L= SR+ FOP +tls()P) + OV 2))di

=V2N +—/ V=t(R+ [7())? + t|a()|?)dt + O(N~3/2).

Now define 0
L(g,s',T) = inf/ V(- )dt
-T

for all (y(t),o(t),t) from (p,s,0) to (q,s',T).
If (q,s',T) is on the boundary of radius V2NT, then we would get

VT =T+ %L(q, S, T) + O(N"?).

So as N — oo the boundary almost looks like {T"= T}. Then we can heuristi-
cally say that

vol(boundary) zﬁ/ vol(thSN)dug(T)(p)
M
= CNNN/Z/ t;yV/zd/u’g(T) (p)
M
~ OuNY2 [ (VT = JeLip. =) + O )™ 2dityry o).

M

for (p, —,t,) on the boundary. On the other hand, we have

vol(boundary of B ;7 in RN — (2NT) 5 AN -
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So by the Bishop—Gromov comparison, we will get

vol(boundary) / i ~L(qg,—,T)
~C T n/2 ) d o
vol(boudary C Rr+N+1 N M exp( T ) Hg(T)

So let us actually make the definitions.

Definition 13.1. Let (M, g,) be a backwards Ricci flow (%g; = 2Ric) for
7 €1[0,T). For 7 : [r1, 2] = M, define length

£0) = [ VAR () + O

Definition 13.2. In the same context, fix p € M. Define L : M x [0,T) — R
by L(g,7) = inf L(7y) over all v : [0,7] — M from p to q.

Also define

L(g, 7 1 —t(g,r
Hour) = 502 V)= [ et 0

Theorem 13.3 (Perelman, 2002). If (M, g;) is a backwards Ricci flow, with M
compact or complete with bounded curvature, then V(1) is nonincreasing in 7.

13.2 Perelman’s Li—Yau inequality
Let (M, g-) be a backwards Ricci flow. Define

E(f) :2Af—|Vf|2+R+£

n

for f € C°°(M), and denote

1

— —f
¢ = (47”_)"/2 € d.ug(f)~

Proposition 13.4 (Li-Yau type). If 3%@ = A® then

4 e 9
E(TE(f)(I)) =A(TE(f)®) — 27|Ric?""’ 4+ Hess?\" f — o .

Proof. Exercise. O

Corollary 13.5. If 11 < 179 and E(f) < 0 att < 7 and g—f = AD, then
E(f)<0att=rs.

Proof. This is the maximal principle. O
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If E(f) <0, then we can subtract 3 FE(f) off of the previous identity. Then
we have

of 1 s R f
<= —_ L
or — 2|Vf| + 2 27
Then if we integrate along v(7), we have
d _of dry
Ef(”Y(T)aT) =3, T V- =

and so
d dy 2
= VTI((r), ) < (298 L= VP + R)VF
dr dt
B dy|12 dy|?
- <_‘Vf_ dt’ +‘dt‘ +R)\E'
Corollary 13.6. With the same setup, for any vy : [11,72] = M from p; to pa,

272 f (p272) — 2/ f(prom) < / " VERGE) + )P

Note that £ was motivated as length in the space whose Rm recovered
Hamilton’s Harnack expression. Also, £ is the Li—Yau distance for its own
Li—Yau inequality.

By the “standard theory” for parabolic equations, for any @@ € M there

exists a unique solution to g—f = A® such that ®(7) — dg as 7 — 0. This is

called the “fundamental solution”.

Theorem 13.7. Let ¢ € M and ®, be the fundamental solution based at q.
Then the corresponding f, has E(f,) <O0.

Proof. See Lei Ni’s paper in Comm. Anal. Geom. 2016. O
Corollary 13.8. f,(p,7) < {(p,7) for £ defined relative to q.

Theorem 13.9 (Li-Yau, 1986). Let (M™,g) be complete with Ric > 0. For q €
C?(M), assume that Aq < 6. The fundamental solution H of(%fA+q)(u) =0

has
1 no
> —t] = —
H(z,y,t) > @ty 2 eXp( 05 p(fcvy,t)),

where
1t '
plav.t) =int (35 [ i1+t [ ataeas)
is the infimum over all v : [0,1] = M from x to y.

Proof. The idea is to redo Riemannian geometry for p. The first variational
formula gives a geodesic equation

VxX =2t*Vq.
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Along a geodesic, we are going to have
d,. . .
1117 =2V59,9) = 2623, Va)

and so |¥(s)|? — 4t%q(v(s)) is constant in s. If we pick a path o(7) through y
and minimizing geodesics 7. from z to o(7), then we get

7(1)

\% LY, t) = ——=.
vp(z,y,t) = =,

If we take derivative with ¢, we also get

B) R
&p(%y,t) = —@Iv(l)l +q(y)-

In particular,
dp 2

— + |V = .
¢ TIVurl” =a)

If we look at the second variation formula, we get
2p 1 1 1 1
e / (R(x,v)x,v) + (Vyv,z)|o —|—/ V0 +t/ Hess (v, v)dt
otz 2t \ J, 0 0

for v the variation field. The index form I(v,v) is going to be the same thing
without (V,v,x}|o. The Jacobi field equation is

V. Vax = 2t°V,(Vq).
Also, you can compute the Hessian as

Hessy P(z,y,t) (Ua U) = I(f)’ {})’
for © Jacobi fields along the minimal geodesic 9(0) = 0 and 9(1) = v,,. There is
also going to be an index form lemma I(v,v) < I(w,w) for all vector fields v, w
along a minimal geodesic, with v(0) = w(0) and v(1) = w(1) with v a Jacobi
field.
If e1,...,e, are orthonormal at (1), we can extend it along 7 by parallel
transport. If we write w;(s) = s%¢;(s), then

n 1 1 1 1
AYp(x,y,t) < Zl(wi,wi) =5 (/ —5%* Ric(z, r) —|—/ na252a_2> —|—t/ 2 Aq
0 0 0

=1
< no? n ot
~2t(2a—1) 2a+41

Choosing « to minimize the right hand side, we get

>

n T
AY < — =
plx,y,t) < 5 TV 3

~~

Now we compute

(249 s 5 0)) =385 (oot <0

Then we can use the maximal principle. O
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Let (M, g¢) be a backwards Ricci flow with 7 € [0,T). For v : [11,72] = M, we
defined

T2
_ r
£ = | VARLD + Bl
For fixed p € M, we had L : M x [0,T) — R by
L(g,7) = inf £]3].

over all paths v : [0,7] — M from p to ¢g. Then we define reduced length and

volume as
_ L(g,7) _ 1 —u-m
f(an) - 2\/7*_ ’ V(T) - /M (47TT)n/2 d/’l’g(

14.1 Perelman’s monotonicity

Theorem 14.1 (Perelman, §9). Let ® be the fundamental solution ofg—i> = AOd.
Let us write

1
® = iy Tdpg(r).
Then
f(p2,7m2) < f(p1,72) + Iy
) ) 2,\/»

for all 71 < 19 and any [11,72] = M from py to ps.

Theorem 14.2 (Perelman, §7). V(1) is nonincreasing in 7, if M is compact
or g is complete with bounded curvature.

To show this, we need to understand the integrand changes in 7.

Definition 14.3. Define Lexp(r) : T,M — M is the map v — ~(7) where
v :10,T] = M is the L-geodesic with lim,_o /7%(7) =

If we change variables to s = /7, then we can write

2hi=2 [ 3] + 2R s)as

S1

with Euler-Lagrange equation
VX —25*VR + 4sRic(X, —) = 0

where X = Z—”’ = 2sX.
S

Pulling everything into 1, M, we get
V(r) = / 772 exp(U(L exp, (1), 7)) (v, 7) X (v)dT
T, M

where J(v,7) = det d(L(exp(7))), is the change of variables foctor, and x, is
the characteristic function to make £ exp a diffeomorphism.
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Proposition 14.4. The integrand is pointwise nonincreasing.
Proof. For x1,...,x, € T,M linearly independent, we have
T = Lexp, g, (T)
a L-geodesic for any s. Then Y;(7) = (Lexp,(7))(x;) is the L-Jacobi field. Then

J(l’,T)Z _ det<Y;47}/}>( )

det(v;, v;)
and we can compute
d 1d 14(J?%) L, ,dS
-1 iy | 2 —dr _ —
g0 T) = 5t les P = 55— =5 (S dT)

where S,; = (Y;,Y;). For some 7, we choose 1, z,, such that S;;(7) = I,,. Then

de

7'_?.
For any ¢, we have

d|Yq]?
dr

1 1 (7
— 2Ric(Y;, Vi) + 2(Vx Vi, Vi) < = — —,/ VRH(X, e;)dr
T V7o

by the Hessian comparison of the handout. Here, e; is the extension Ve; =
—Ric(ei, —) + 5=€;. Then we get
1

o log J < 2j =7 | 732 H (z)dr.

dr

On the other hand, we have

al

2 1 _ . 2
i :—;£+§(R($(7))+|V(7)| )-

T=T

We combine this with the equation

%(RJr [ X|*) = —H(X) - %(R+ |XT%)

in the handout. Then we get

1 I
2 _ _* = 3/2
R+ |X] =75 L(y(7),7) =7 T/ H(x)dT.
If we add them all together, we get that % of the log of the integrand is
nonpositive. O

Let us look at a corollary.
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Definition 14.5. A Ricci flow ¢; on t € [0,T) is k-noncollapsed on scale p
if for all r < p, if (xg,t0) has tg > r2 and we have control |[Rm(z,t)| < % on

T2
x € B,(z0) relative to go and t € [tg — 72, to], then
vol9(t0) BIto) (1) > g™,

Theorem 14.6 (Perelman). Consider p, K, ¢ constants. Let (M™, g;) be a Ricci
flow on [0,T) for T < oco. Suppose |Rm| is uniformly bounded on any com-
pact [0,T'], and also supposed that go has |Rm| < K and injectivity radius
injge > c. Then the Ricci flow is k-noncollapsed on the scale of p, where
k=k(p,K,c,n,T) > 0.

Because I have more time, let me talk about the Cheeger—Gromoll theorem.

Theorem 14.7 (Cheeger-Gromoll, JDG 1972). Let (M,g) be complete and
Ric > 0. If there exists a line, then M = M x R isometrically.

Definition 14.8. A curve v : R — M is a line if 7|y, 4, is a minimizing
geodesic for all ¢, 5.

Proof. Let us define By(z) = d(x,v(t)) — t and B¥(x) = lim;_,o B¢(x). These
will give level sets orthogonal to the geodesics. O



Math 230br Notes 53

15 March 22, 2018

Recall that we had (M, g,) a backwards Ricci flow, and for v : [11,72] = M
defined length

£hl = [ VARG + R

and for fixed p € M distance L(q, ) = inf L[] over v : [0,7] — M from p to q.

We defined ¢(q,7) = LQL\/’;) and “reduced volume”

1 —L(q,T
e

Theorem 15.1. V(1) decreases as T increases.

V(r) =

Also recall the technical geodesic statements

L
g—(q,T) = VT(RI) — |X(T)|§(T)) for v : [0,7] = M the minimal £-
.

geodesic from p to q.

1.

2. The Laplacian comparison theorem:

1 T
A L(g,7) < —= — 2y/TRI T (q) — = / 72 (z)dr
VT 0

-
where H(X) is Hamilton’s trace Harnack.

We also have

d 1
—(R+|X|")=—-H(X)— =(R+|X[?).
SR+ [XP) = —H(X) = —(R+|XP)
If we multiply by 73/2 and integrate, we get
i L
73/2(R+|X|2):—/ 75/2H (x)d7 + ((12’7).
0

Plugging this in the g—f computation, and then adding to the Laplacian com-
parison, we get

oL L

OL  apen L

or VT 2T

We can change variables from L to ¢, and the rearrange:

nrt

(,%(Tﬁ(q, T) 5 ) + A(Tﬁ(q,T) - %) <0.

Now we are in a situation where we can apply the maximal principle. Then
we get that

wi(rten - 5)

decreases as 7 increases to 0.

Corollary 15.2. mingen £(q,7) < 5 for all 7.
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15.1 Noncollapsing
Let (M, g;) be a compact Ricci flow, and take

Q= BI")(p) x [t —r2,1).

We do the L-geometry with 7 = ¢/ —t with p as basepoint. Consider the following
two statements:

Proposition 15.3. 1. V(r=t') > 0.

2. If |[Rm| < r=2 on w and if volg(t/)Bf(t/)(p) L1 then V(r =€) < 1
contradicts V decreasing as T increases.

Proof. (1) Roughly this means that e~ is bounded away from zero, which means
that ¢ is bounded above. Fix some t < t/. By the corollary above, there exists
q € M such that ((q,t) < . For any @ € M, define ~q : [0,%'] — M from p to
Q as
 J min L-geodesic p — ¢ T €[0,1],
e = min g(t = 0)-geodesic ¢ = Q 7 € [t,t'].
Then we have control on both parts, and we get
t’ _ t’
Lol :/ L] gn\/i+/ L]<C
0 t
because the geometry on 7 € [¢, ] is uniformly bounded on the compact interval
telo,t —1.

(2) This is more technical. The control on |Rm| implies, by the Shi es-
timates, control on |[VRm|. Then a L-geodesic v : [0,7] — M from p with
lim; 0 /79(7) = v and |v] < ;=5 has y(e) C BI=" (p).

e
Now we can split the integral of the reduced volume to the two regions

V(r) = /M-~~dug<f> = /T M<"'>J<”’T)Xd”‘/.u<

p

The first term is

1 :
< / ¢—0(0.0) gy (=t =)
/v|s Bi=(p) (4m€)"/?

Here, we can estimate ¢ by

1 r
i/

L(q,e) = / VT(R+ X [2)dr > —/ Vrn(n —1)r—2dr = —¢,r2e3/?
0 0
and so £(q,€) > —c,r~2e. Plugging this in, we get

Cp, (4,"7,72E iy
/|v<1 < 63?6 ' VOl(Bi ¢ (p) rel. to g(t = t' —e)).
S3

Sk
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This volume is almost going to be equal to vol(BI=t (p) rel. g(t = t')).
Now for the other term, we can integrate monotonicity and get

/v|z

If we take € = (%&B))l/”ﬁ then
1.

n/2

(--~)J(v,T)IT:5xdv§/ () (0,7)|r=odv = ! /||> e P ay <

1 1
ive lvl23 7%

n/2
6‘;0/12 = /% « 1andalso < = /¥ <

Theorem 15.4. Let (M, g;) be a compact Ricci flow for t € [0,T). Then there

exist k, po such that for all 2 = B‘g(t/)(p) x [t —r?, '] withr < po and |[Rm| < r—?2
on Q) then )
voly—y BEZY (p, ") > k™.

This means that (M, g;) is k-noncollapsed on scale py.

15.2 k-solutions
The four key Ricci flow estimates are:

1. Hamilton-Ivey: on a 3-manifold the scalar curvature is large compared to
the most negative eigenvalue of Rm : A? — A2,

2. Hamiton’s Harnack: if (M™,g;) is a Ricci flow with Rm : A2 — A? is
nonnegative, then

OR R

— 4+ — +2V,R+ 2Ric(v,v) >0
ot t

for all v e TM.

3. Shi estimates: there exist 6, C), depending on n such that if a Ricci flow
is on [0, 2] and |Rm| < M on B9 (p,r) then

11
V5 Rmn(p, t)|? < CkMQ(m o M’“).

4. Perelman’s noncollapsing.

Finite-time Ricci flow singularity and rescalings and compactness suggest
the following.

Definition 15.5. A “k-solution” is a Ricci flow (M™,g;) on t € (—o0,1)
such that each g; is complete with bounded curvature and Rm : A2 — A? is
nonnegative, such that (M, g;) is k-noncollapsed on all scales.

Theorem 15.6. If (M, g;) is a non-flat k-solution, then there exist py,ti —
—oo such that

1
g (t) = — gtk — tt)
k

fort € (—00,0) converges smoothly to a non-flat gradient shrinking soliton.
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Definition 15.7. (M, g) is a gradient-shrinking soliton if there exist f €
C°(M) and a constant A > 0 such that Ric(g) + Hess f = Ag.

If (M, g, f) is a gradient-shrinking soliton, let ¢; be the 1-parameter family
of diffeomorphisms generated by Vf. Then (1 — A\t)¢;g is a Ricci flow.

Theorem 15.8 (Hamilton). If (M?2,g) is a complete gradient-shrinking soliton,
then (M?, g) is either S? is the standard metric or RP? with the standard metric.

Theorem 15.9 (Perelman). Let (M3, g) be a complete gradient-shrinking soli-
ton. Suppose |Rm| is uniformly bounded with sec > 0. Also assume k-noncollapsed
on all scales. Then (M?3,g) is either (S3, gstan) or S3/G for some G € SO(4),
or (S? X R, gstan) or its Z/2-quotient.

Theorem 15.10 (Perelman). If gi is a sequence of 3-dimensional k-solutions,
with pr € M so that R(pg,0) = 1, there exists a convergent subsequence to
K-solutions.

This is some kind of a compactness of k-solutions modulo scaling.
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16.1 Estimates on solitons

Definition 16.1. Recall that (M, g, f) is a gradient-shrinking Ricci soli-
ton if (M, g) is a Riemannian manifold with f € C°°(M) such that Ric(g) +
Hess? f = 1g.

To do some analysis with this, we need some computations. Taking the trace

first gives
R+Af= 3.

Then if we take V; and commute order, we get
ViRji — V;Rir — RijuV'f = 0.
Taking the jk-trace gives
1
FVilt = RyV'f.
We can also write this as Vi(R;je™f) = 0. So we get
1 1
5 VilR+[Vf[*) = RaV'f + ViVifV'f = SVif,
so R+ |Vf|? — f is a constant. Then we can add a constant to f to make the
right hand side 0.

Theorem 16.2 (Cao—Zhou, JDG 2010). Suppose that R > 0. Then after fizing
p € M, we have

1

L, p) = o < f(@) <

and vol B.(p) < Cr™ for r > 0.

(d(@,p) +¢)?

] =

Note that a basic example if (M",g) = (R",§) and f(z) = §|z|*.

Proof. Because |f|*> = f — R < f, we have |Vy/f| < 3 and we already have
the upper bound on f. For the lower bound for f, take a minimizing geodesic
from p to g, and take the variation fields ¢.,, orthonormal along -y, parallely
transported. Then second variation gives

L L
| ericcex) <o) [ e
0 1
If we chose ¢ to be a function with 0 < ¢ < 1 with ¢(0) = ¢(L) = 0 and
<,0|[17 r—1) = 1, and linearly interpolating in between, then

L L
/ Ric(X, X)ds < (n — 1)/ (¢)? + max|Ric| + max|Ric|.
0 0 Bi(p) Bi(q)
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On the other hand,

L 01 L
/ Ric(X, X)ds = 75 — Vx Vi fds = 5 — (f°(L) = f°(0)).
0

But we don’t have control on the Ricci. So instead, we consider

o L-1 L-1
%—(f"(L—l)—f"(l)):/1 Ric(X,X):/1 ©? Ric(X, X)

_2(n_1)_/01[...]_AL1[...]

The second term is bounded by maxp, (,)|Ric|. Integration by parts will give
L L g L 1 L
/ ©* Ric(X, X) = / 5@2—/ OVxVxf= 6—f°(L—1)—2/ oVx/f.
L1 L—1 L—1 -1

So substituting gives

2/L = E ot T ) - maxRid
— —zZN — — Imax 1C]|.
L—1¢ -2 6 B1(p)

The upper bound on f gives |f°| < vf < +/f(q) + % So the left hand side

bounded above by \/f(q) + 3.
For the volume estimation, consider the “distance” p = 2v/f and D, = {p <

r}. Also consider V, = vol(D,) and x, = || p, B. Then we ahve

L fte L
r = T~ Xr = T~ .-
o Jop, IVpl o Job, [Vl

dV,-_f/ 1 dX"_i/ R
dr 2 Jop, INVFI' dr 2 Jop, VI

Because we have R+ Af = %, we have

Then we have

4
nVT—QXR:2/ Af:2/ IVl =1Ve— =X
D, D, r

If we integrate this, we get

‘/7"_&<4(X7‘_X1“0)+2Xr0(i 1)< iy, _ 2V,

o n — n+2 n
r To r n r To

if we use 1o = v2n +2. So V,./r™ < C(rg, n). O
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Theorem 16.3 (Munteanu—Sesum). If R > 0, then
[Ric|?e ™ < o0

for all A > 0. (Here, e~ looks like some Gaussian.)

Proof. If we consider a large bump function ¢, we have

/|R10|2 Mot = /R‘” (1 A)/ Ric(Vf,Vf)e‘*ﬂp%r/ Ric(Vf, V(p?))e M 2.
M M

The first term can be taken care of using R = f — [V f|?> < f. For the second
term, we use

<7 [IRicPe Mgt (=27 [Vt

The former is absorbed, and the latter is [V f|? = f — R < f. For the third
term we do the same thing

1
<1 [IRicPe Mg 44 [1vrpe My

So we get the estimate. O

Theorem 16.4 (Muntaeanu—Sesmum). If R > 0 and

RijuV'f = ﬁ(Rilgjk — Rugin)V' f,
then [,,|V Ricl?e™/ = [, |div Rm|*e~/ and both are finite.
Proof. We contract the second Bianchi identity, and then get
(div Rm)ijx — ViRjr + VR, = 0.
Now if we plug in the soliton for Rj; and Ry, then we get
(div Rm)ijix = Riji V' f.

So |div Rm|? < C,|Ric|?|V f|?e~/. Integrability comes from this estimate |V f|? =
f—R< f<Cel/19 For equality, we note that

|v Ric|?e 7 ? /|d1v Rm|?e o2 = /zRUMR”kae—fv /VkRUR” ~IVF(p?)

goes to 0 where ¢ is a cutoff. O

Theorem 16.5. If dim > 4 and R > 0, then divW = 0 if and only if (M, g)
is a finite quotient of N x R for some Einstein N with f = %|z|* on the R*
factor.
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Here, recall that the Weyl tensor is

Ric(A)g R
n—2 (n—1)(n—-2)

W =Rm —

Proof. If divWW = 0, then we have

9ix ViR — g V; R

Vil = Vi = F

If we put the soliton equation for Ric, and use %VZ-R = RV, f on the right
hand side, then we get the assumption from the previous theorem. Now we get

/|diva|2e_f = /\VRic|26_f

where |div Rm|? = Q‘(VTLIE‘; and |V Ric|? > @. This shows that R is constant,
and because 1V, R = R;/V, f, we get Ric(V f,—) = 0. So Rm(—, —, —, Vf) = 0.
Then we can use the next proposition. O

Proposition 16.6 (Petersen—Wylie 2009). If R is constant and Rm(V f, X, X,V f) =
0, then we get the conclusion.

Proof. We have
0=VIf(~Rijr'Vif) = (ViV,;Vif — V;ViVif)VI f.

Here, this is
A . . 1 ,
ViV Y/ VI f = ViRV f = RuViV f = (g = V;Vif ) ViV f.

So we get
1 )
VyvViVif = <§gﬂc - Vjka)vivjf-

Recall that R + |Vf|?> — f is constant. If we renormalize f so that the
constnat is R, then f = |V f[2. Then N = f~1(0) is the minimal points of f. If
we plug in this in that formula above, we see that the eigenvalues of V2f are
0 or % on N. So all eigenvalues are > 0, and so f is convex. That is, N is the
minimal points is a totally convex subset. Moreover, the multiplicities should
be constant on N, and so V2f has constant rank on N. This shows that N is

a submanifold, and the tangent spaces are ker V2. O

Theorem 16.7 (Chen, JDG 2009). Any complete ancient Ricci flow has R > 0.
In 3-dimensions, sec > 0.
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Theorem 17.1 (Munteanu—Sesum). Let (M, g, f) be a complete gradient-shrinking
soliton, and if dim > 4, then divW = 0 if and only if (M,g) = N x R¥ for N
Einstein with f = |z|* on R*.

For dim = 2, both sides are automatically true. For dim = 3, the left hand
side still automatically works but the right hand side works if and only if (M, g)
is locally conformally flat.

17.1 2-dimensional solitons
In dim = 2, the soliton equation becomes

2Hess(f) = (1 — R)g.

Theorem 17.2 (Hamilton). The only 2-dimensional complete gradient-shrinking
soliton is the round S* with f =0 and the flat R? with f(x) = ;||

Proof. The proof goes like this.

1.
2.

Chen, JDG 2009) A complete gradient-shrinking soliton has R > 0.

(

(Ni, 2005) If a complete gradient-shrinking soliton has Ric > 0, then
(M, g) is either flat or inf R > 0.
(

Cheeger—Colding, 1996) For a compact soliton equation in dim = 2, it is
rotationally symmetric on S2.

4. (Chen-Lu-Tian, 2006) If a soliton is rotationally symmetric on S?, then
it is a round metric with f = 0.

For 4, we have g = dr? + h(r)?d6* on r € (0,1) and 6 € (0,27r). Then
h(0) = h(1) = 0 and A/(0) = 1 and h’/(1) = —1. If we put this into the soliton
equation, we get

h// h// h/f/
vy " 1 )
+ /7, A + A

Then you get f' = (const)h. Then if we put this in an integrate, then

(h')?
2

1 p2n 1

’0 = ?‘0 + (const)/0 h(h')?.

Then the constant has to be 0 by the boundary condition, and then f' = 0 and
f”"=0.So —h" = h and so we get h = sin.

For 3, we claim the following. On (M™, g), if there exist functions f, k such
that Hess f = kg, then g = dr?+h(r)?go for some go and h(r). For globality, this
is iffy, so we are instead going to follow Chen-Lu-Tian. Let J : T,¥? — T,%?
be the 90° rotation. Then JV f is a Killing field, because you can compute

(V) (X,Y) = 5(1 - R)du(X,Y).
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Then because ¥ is compact, there exists a p such that Vf(p) = 0, and JVf
generates a l-parameter of isometries ¢; : ¥ — Y. Because dim = 2, there
exists a t > 0 such that de,(p) = dgol|p- Then the isometry is determined by
©|p, 50 1 = po. That is, we get an isometric S'-action.

For 2, take a minimal geodesic from p to ¢ of length L. We use the same
thing from last time,

n—1

n—1

T r T

Ler Lo [ _g\2
/0 Ric(X, X) < C(M)+2——~— /L ( ) Ric(X, X)ds < C(M)+

-7

Then if L > A(M) and R(q) < 1, you will be able to show
g L
/ Ric(X, X) < 1 + C(M).
0

To see this, we use |V f|> < A\d?>. Then V;R = 2R;;V’ f shows that |[VR|?> <
4N\d?R?. Integrating |V log R| < 2v/Ad along the geodesic,

R(y(s)) < R(y(L)) exp(2VAL(L — 5))

for s < L. Then

’ Ric(X, X) < ’ R < R(y(L))rexp(2VALr) < rexp(2VALr).

L—r L—r
If you chose A(M) =20(n—1) and r = 10(n — 1)/L, and if you add this to the
equation above, we get the result.
By the soliton equation, we get

+C(M).

L
(VI X)im0 = r —/ Ric(X, X) > L
2 0 4

Now take o(n) the integral curve of Vf at ¢. Along this curve,

o = (VR f) =2Ric(V.V]) 2 0
so R increases, and as long as d(p,o(n)) > A(M) and d(p,o(n)) > 8(C(M) +
IV£(p),

T, () = (X.V)(0) 2 § = COM) = (VL. Xm0 = § = OO = 91100

and so d(p,o(n)) also increases. Follow o backwards until either d(p,o(n)) =
A(M) or 8(C(M) + |V f|(p)). In this compact region, R(q) is bounded above
0. O
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17.2 3-dimensional solitons

Theorem 17.3 (‘Perelman’). Then only complete gradient-shrinking solitons
in dim = 3 are

o round S3 with f =0,

e round S? x R with f(p,z) = %mg,

e flat R® with f(z) = 1|z|?,

or finite isometric quotients.
Proof. Here are the steps.

1. (Chen 2009) Any complete gradient-shrinking soliton in dim 3 has sec > 0.
2. (Ni-Wallach, 2008) In this case, we have the result.

For 2, we are using the following Hamilton’s 1982 computation:

0 |Ric|? 2 s, P |Ric|? 9
where

P= (v = NP0 = N (= A= AP (At = )2 = 1))

for A, u, v eigenvalues of Ric. We multiply the equation by |Ric|?e~f, and in-
tegrate by parts. (To justify this, we observe that R and Ric grows at most
quadratically, and then using the local Shi estimates, |V*Rm| grows at most
(14 7)**2 while f grows at least quadratically. Also, inf R > 0.) Then we get

IRic22 , _ 2[Ric|? .
T / V| B | SR IRVARy — RyViRP [ plRicfe.
So we get vanishing of all the integrands. If we assume sec > 0, then

RViRij = Rij ViR

for all 4, j,k. Then for i # j, we have RV R;; =0, so Vi R;; = 0. The Bianchi
identity tells us that Ry = %R, so R= %R. So VRic =0, so (M, g) is a locally
symmetric space. These are classified. O

Note that for higher dimensions, there are nontrivial examples. For instance
(Feldman—Imanen—Knopf) there exists a gradient-shrinking soliton on C? blown
up at a point, that does not have Ric > 0.

Theorem 17.4 (Naber). For a 4-dimensional complete gradient-shrinking so-
lution, if Rm > 0 and is bounded, then these are R* or S x R or S? x R2.
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Let’s recall the main discussion after digression. Recall that a x-solution is a
complete Ricci flow g; on t € (—o0,1) with |[Rm| bounded, Rm : A2 — A% is
nonnnegative, and k-noncollapsed on all scales. Also recall that x-noncollapsed
on all scales means that if [Rm| < & on B (p) x [to — 12, o] then vol” B (p) >
wr™. This implies that if [Rm| < x on Q C M x (—oo, 1 then vol™ Bl (p) > xr"
for all r, p such that » < 1/y/k and B (p) x [to — 12, t] C Q.

18.1 Limit of a k-solution

The imprecise idea is that a k-solution is supposed to be a blowup limit of a
finite-time singularity of a Ricci flow on the compact manifold. This could be
topologically /geometrically complicated.

Theorem 18.1. Let (M, g:) be a k-solution. Then there exists a sequence of
points qx such that the rescaled manifolds (M, %g()\t), qx) smooth convergence to
(M2, g>(t),g>) subsequentially, and the limit is a complete gradient shrinking
soliton.

Recall that a gradient-shrinking solution is the same thing as an ancient Ricci
flow such that there is a 1-parameter family ¢; : M>° — M° of diffeomorphisms
such that g(t) = (—t)pig(—1). Here, ¢; is generated by V91 f for some
f: M> — R. Then this is equivalent to the original condition

1
Ric+ Hess(f) = 9

for g = g(—1).

Proof. We first want to construct (M, ¢ (t)). Here, we use Hamilton’s com-
pactness theorem. To apply this, we need on compact subsets, upper bounds on
|Rm|, and injectivity radii bounded below from 1. We are going to recognize f
as the limit of reduced length functions. Then we need Arzela—Ascoli for [ and
VI.

Let the basepoint for I be (p,0). Let gy such that £(gx, A) < 5. (Here, recall
that inf £(—,7) < & for all 7.) Recall that

{ K
T 73/2’

o ¢ K

o = v 2 _ < _ n k
a7 T+R+2T3/2, A4 R+ Vi < R+2

T 2r3/2

where r = [ ¢*/?H(X)ds and H(X) is the Hamilton trace Harnack. If we have
a r-solution, and Rm > 0, then H(X) > —R/7 and then

K> —/ R\ —sds > —L = —2:/7¢.
0

then R+ |V{]2 < 3¢/T.
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To get control, we fix 7. Then we have {(¢=,7) < 5 and integrate out to a
neighborhood of ¢= using |V/¢|? < 3¢/7. This gives uniform control on R from
R < 3¢/7. Now using g—f < 0 for ancient solutions (coming from Harnack), we
get uniform control over R in a spacetime neighborhood. Now we have

ol 1 1 L
—+-|V{P=-R— —
or + 2| | 2 27
which is an ODE in ¢, with uniform control on R. Then we have uniform control
of V{ on a spacetime neighborhood. Now apply Hamilton’s compactness and
Arzela-Ascoli. (Bounded away injective radii follows from s-noncollapsing.)

So we have our basic objects. We can get ¢ as a Lipschitz limit. If we
take linear combinations of the equations we have, we get elliptic and parabolic
inequalities

¢ o

OVI— VU< —R+2"= S A0+ |VIE>R- .
T or 27

Rearranging them gives

(4A — R)e="/? > E*T”efm, (E

_ —n/2,—l\ <
-~ A+R)((47r7) et <.

Then give a weak form, we can extend in to ‘.
Now where does the soliton equation come from? We compute

é%g()\t) (Q7 T) - gg(t) (Q7 >‘7_), V%g()\t) (T) - Vg(t) (AT)

So we have, by monotonicity, V(A7) — Vo as A = oo. Then V§g()\t)(B) —
Vigi(A) = 0 as A — oo, for any fixed A, B.
But the left hand side is

B d B 0 6*2(*’7)
LES = [ Lv(rdr = 9 _A " Nap, dr
5 /A dTV(T) 4 /A /M<67' JrR)((471'7')"/2) Ho- 4T

(We inserted the Laplacian term because that’s fine by Stokes.) We know that
the integrand is nonpositive, and have weak convergence to 0. Therefore

(-84 ) ) 0

Then we have equality in the equations, so 2V/{ — |V/|? + R — ”T’E = 0. This
shows that ¢ is smooth.
Now it follows that

et

: g |? _
—27’ R,lC""HeSSg — E W = 0

So this is a gradient-shrinking soliton. O
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Proposition 18.2. If a k-solution is nonflat, then so is the gradient-shrinking
solution.

Proof. If the soliton is flat, then Hess/ = 5= and Al = 5=. Then Ve =¢/r

and |[VV4rl| = 1. So V47l is a smooth distance function and (M, g>) is
just Euclidean space. Then lim, o Vy)(7) = 1.

But we also have lim, ;o V) (7) = 1. So monotonicity of V' implies that
we have equality. Then (M, ¢;) is a gradient-shrinking soliton, and (M, g;) is its
“asymptotic” gradient shrinking soliton.

O

Theorem 18.3 (universal k). In dimension 3, there exists a kg > 0 such that
any non-flat 3-dimensional k-solution is either kg-noncollapsed or isometric to
S3 /T with the round metric.

Note that S3/T" is only s-noncollapsed on small scales.

Proof. Because it is nonflat, its asymptotic gradient-shrinking soliton is either
S3)T or S? x R/T. Now if it is S%/T then g(—\;) is arbitrarily round for
sufficiently large \;. By Bonnet—Myers, this is compact. Also, by the Hamilton—
Iveys estimate, the metric only becomes rounder and so g(—Ay +1) is arbitrarily
round for ¢ > 0. Then g(t) is round for all t. (Here, “roundness” can be taken
to mean |Ric®|?/R?.)

If the gradient-shrinking soliton is (S? x R)/T, then it is ko-noncollapsed
on some scale ¢. Here, we have that ig()\kt) — (5% x R)/T and g(Axt) is
ko-noncollapsed on scale Agp. O

Theorem 18.4. The only 2-dimensional k-solutions are S* or RP? with the
round metric.

Proof. The proof is the same. The hard thing is the almost round S? only get
rounder under the Ricci flow. O
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Recall that a k-solution is an ancient complete Ricci flow, with bounded Rm > 0,
that is k-noncollapsed at every scale. Last time we say that

1. If (M, g;) is a k-solution for all A > 0, then there exists a gn € M such

that there is subsequential CX. convergence

(M, 39(At), g5) — (M, g>(t),p™).
The limit is going to be a gradient shrinking soliton.
2. If (M, g) is non-flat, then a gradient shrinking soliton is non-flat.
3. The only 2-dimensional k-solutions are round S? or RP2.

4. There exists a k9 > 0 such that any 3-dimensional s-solution is either
constant 0 curvature or constant positive curvature or kg-solution.

19.1 Volume controls curvature

Theorem 19.1. A k-solution is either flat or

9(t) (g9(®)
i vol?'" (Bp*" (r)) —0
r—00 rn

for all p,t. In 2 and 3 dimensions, we have
lim R(q)d(p,q)* = oo
q—o0

for all t.
Let’s see the consequences of this.
Theorem 19.2. Consider (M,g:) a Ricci flow on t € [0,Tr?]. If we have
Rm > —1r? on Bﬂ(t)(p) and vol9® pI® (p) = wr™ for all t, then
C B
iy < 920, B
T t

on Bf;i) (p), for all t.

Lemma 19.3. Let (M, g) be a complete non-compact manifold with unbounded
|Rm|. Then there exist pj € M such that |Rm(p;)| > j and |[Rm| < 4|Rm(p;)]

on Bj . /TrmGe Ps)-

Proof. For fixed j, we inductively construct yx so that |[Rm(yo)| > j. If yi are
not already good, then we choose yj41 such that

g

VIRm(y)|

Then Rm(yx) grows exponentially, but d(yg, yr+1) decreases exponentially. So
Yk stays in a finite region. O

|Rm(yr+1)| > 4| Bm(y)l,  d(yr, yrs1) <
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Now there is a Ricci flow version.

Lemma 19.4. For all B > 4 and C > 1000, there exists an A < min(A/4, B/1000)
(with A — oo as B,C' — o) such that for any p € M and (M, g:) a complete
Ricci flow on t € [0,T), if (q,s) is such that

B 1
[Rm?C) (&) > C+ =, dy(s(p:0) <

then there exists (¢, s') such that dys)(p,q') < 3 and |RmIE) ()| > C + 5
and |Rm| < 4|Rm9)(€)] on

A
B® forte (s’ - =, 3’}
By e Q
The proof is the same except for that the distance changes.For a minimizing
geodesic v : [0,1] — (M, gx) from p to g, we can compare

d L
Gn.) = [ Rict,$)as
0

against the second variation formula. If Ric < kg; on Bg(t)(p) U Bf(t)(q) then
we have

d on—1) 4
—d > ——— — —KT.
o (D, q) > . ShT

Proof of Theorem[19.3 If this estimate is false, there exists a sequence of con-
tradicting points. Then the point-picking lemma improve sthe contradicting se-
quences to some local control of curvature. Rescale the Ricci flow by |Rm(zy, t1)|
along (z, tr). Then local control becomes uniform control of curvature. Volume
control gives uniform control of the injectivity radius as well. By Hamilton’s
compactness theorem, there exists a smooth limit of rescalings, and it is nonflat
since |Rm(Zso,tos)] = 1. The limit has AVR > w and this contradicts the
previous theorem. O

There is an improvement.

Theorem 19.5. The conditions are equal to those Theorem except for
that we only assume the volume bound at the finial time. Then there exists a
7o = To(w) such that

|[Rm| < 2 +
on Bf;i) (p) and t > (T — 19)r?

Proof. Use the distance distortion to propagate the volume estimate backwards
O
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Theorem 19.6. There exists a positive increasing function w : [0,00) — [0, 00)
such that for all 3-dimensional k-solution, for all t,

B9 (p) < RID (q)w(RYD (q)d" D (p, q)%)

for all p,q.

This is a universal uniform curvature estimate.

Proof. Fix t = 0 and y € M. By the ASCR = oo in 2,3-dimensions, there
exists a 2 € M such that R(zd(y, z)> > 1. Choose z closest to y satisfying this
condition, so that R(z)d(y, 2)? = 1 and Rad = d(y, z). Then for x € B, we have
R(z)d(z,y)? <1 and so

<
R(z) < Rad?

for all x € B. Hamilton Harnack extends this estimate to < R at every prior
time. Because of kg-noncollapsing, we have

d\ 3
fa ) 20 (8Rad)?.

vol Bgrad(z) > vol B > KO(T = 315
Then the previous theorem implies that |[Rm| < ¢(ko)R(z) on Bsgrad(z).

Now this extends back in time on B by Hamilton—Harnack. Applying the
local Shi estimates, we get %(z) < ¢(ko)R(2)%. Then R(z) is controlled by its
value in prior time. If we use Hamilton’s Li—Yau estimate, the value at prior
time is controlled by R(y). So

|Rm| < (const(ko))AR(y).

Then noncollapsing gives vol B, (y) > koyg for some ro(rq) and so vol Bg, (y) >
/so(l%)SR% for Ry > rg. Then apply the previous theorem. O

Theorem 19.7. If (My,g.) are 3-dimensional nonflat k-solutions, and there

exist py, € My such that R9: (px) = 1, then it subsequentailly CL2. converges to
a k-solution.

Proof. We only need to check that the limiting solution has bounded curva-
ture. Suppose not, that g°°(0) has unbounded curvature. Apply point-picking
in the Riemannian setting. Local control around points extends backwards by
Hamilton-Harnack, and rescaling around points, and appeal to Hamilton com-
pactness. Then we get a smooth limit.

Arrange the points so that d(p, px+1) > d(p,px). Also, assume that

(10, Ara () < 7

where 7 is a minimizing geodesic from p to pi. Now the claims is that
converge to a geodesic line in (N, g™V (0)). (Toponogov’s theorem) The splitting
theorem implies that (N, ¢°) splits as a metric product, and then (N, g) is either
S2 x R or RP? x R by the classification of 2-dimensional k-solutions. O
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20.1 e-neck

Definition 20.1. Let (M™, g) be complete. We say that a N C M is an e-neck

of radius 7 if (NV,772g) is e-close to C’llo/c6 to 5"~ x (=1, 1).

Proposition 20.2. There exists e = €o(n) such that if (M, g) has sec > 0 then
there does not exist a sequence of e-necks with € < eg(n) and radius going to 0.

This finishes the proof compactness for k-solutions, because

1. if the limit as sup|Rm| = oo then we can rescale the offending slice by
blowup sequence for curvature,

2. we get a limit, and splits off a line, and the limit is metrically (S? x R)/T
by the 2-dimensional xk-solution classification,

3. the limit from (1) has arbitrarily small necks with arbitrarily small radius.

In the second point, basic Toponogov’s theorem gives this spitting. For a
geodesic triangle in (M, g) with sec > 0, if we take a triangle in R", the angle
is greater than what we would have for R". So as the angle p,pp,+1 becomes
small and d(p, ppt1) > d(p, pn), we will get that the angle pp,p,+1 goes to 7.

Definition 20.3. Let (M, g;) be a Ricci flow. We say that (p,to) is a center
of a e-neck for Q = RI)(p), the subset B“Z(Cgo,)l/z (p) x (to — %, to) rescaled
by @ is e-close in Cllo/c6 to 5% x (=1, 1) evolving by the Ricci flow on ¢ € (—1,0)
with R=1att=0.

Definition 20.4. We say that B C M x {b} is a final slice of a strong e-neck
if there exists a such that B x [a,b] can be rescaled to be e-close in C''/¢ to
52 x (—1,1) and the Ricci flow on t € [—1,0] is with R =1 at t = 0.

7€

Definition 20.5. We say that B C (M, g) is an e-neck if it can be rescaled to
be e-close in C/€ to §2 x (-1, 1).

€’ e

o . =3 =3 . . .
Definition 20.6. A metric on S3\ B” and RP?\ B is a e-cap if there exists
a compact subset such that every point of the complement is contained in an
e-neck.

Theorem 20.7. Let (M,g;) be a noncompact 3-dimensional k-solution. For
arbitrary € > 0, consider M, the points at t = 0 which are not centers of e-
necks.

1. Then M. is compact with boundary.

2. diam M, < C.Q~1/2.

3. C7'Q < R<C.Q on M, for Q = RO (x) for some x € OM..



Math 230br Notes 71

Proof. If there exists xp € M, diverging to oo, then we had a universal estimate
R(x0) < R(xp)w(R(zr)d(xo, 21)?).

Then because d(xg,x) — oo, we have R(x)d(zo,zr)? — co. Now rescale to
normalize R(x;) = 1. Then by the k-compactness theorem, we get a smooth
limit. This limit splits off a line by the same Toponogov argument. Now we
know all the 2-dimensional k-solutions, so the limit is S? x R. This means that
for k£ > 1 the point xzj is a center of a e-neck. This contradicts z € M., and
so M. should be compact.

For (2) and (3), suppose that there exists a sequence of x-solutions M* with
x;im M! such that we have any one of

A9 (2, )2 RIO () > i, RIO(y;) > iR O (z;), RIO(z;) > iRI O (y)

for all y; € OM!. Again, we rescale to normalize R9()(z;) and k-compactness
gives a smooth limit. For y., € (M) consider y; — Yoo with y; € OM¢. Then
at the limit, we have either

dg(O) (xooayoo)Rg(O) (yoo) = 00, Rg(O) (yoo) = 00, RQ(O) (yoo) =0.
The third one is a contradiction by Hamilton’s Harnack inequality. O

Theorem 20.8. For ¢ < 1, if (M, g:) is a 3-dimensional k-solution, then for
every (p,t) there exists a

r € e[RID (p)~1/2 C.RID (p)~1/7]

and a neighborhood Bf(t) such that one of following holds:

1. BC M x {t} is a final slices of a strong e-neck.
2. B is an e-cap with one complement.

3. B is closed without boundary, and has positive sectional curvature.

20.2 Canonical neighborhoods theorem

Definition 20.9. Let ¢ € C*°(R) be positive increasing such that ¢(s)/s is de-
creasing with limit 0. We say that a Ricci flow (M, g;) has ¢-almost nonnegative
curvature if Rm > —¢(R) everywhere.

We are trying to do something like Hamilton-Iveys estimate.

Theorem 20.10 (canonical neighborhood theorem). For all €k, p, ¢, there
exists a rog > 0 such that the following holds. Suppose (M,g:) (for T > 1)
s a compact 3-dimensional Ricci flow with ¢-almost monnegative curvature,
k-noncollapsed on scales < o. Then at every point (p,to) with to > 1 and

RI®) (p) > 12, for Q = RI™)(p) the region Rfﬁt\)/@(p) X [to — %, to] is e-close

to a subset of a k-solution after rescaling by Q.



Math 230br Notes 72

Corollary 20.11. Let (M3, g;) be a compact Ricci flow. For all x; € M with
t; — T < oo and such that Q; = RI%) (z;) — oo,

9i(t) = Qig(ti + &)

converges subsequentially in C. to a k-solution.

Proof. This is an immediate corollary of the canonical neighborhood theorem
and the compactness for k-solutions. O

We want to do surgery and glue in the “standard solutions”. Let (R2,g)
have R > 1, rotationally symmetric, and R?\ By(0) is isometric to the round
cylinder S? x [1,00) with R = 1.

Definition 20.12. We call (M, g;) a standard solution if g; as above, with
uniformly bounded |Rm/| on every compact time interval.

Note that given any compact time interval, there is a short-time exists by
Shi, and also uniqueness by Chen—Zhu 2006. This is not immediate because M
is not compact. Then automatically

1. g; has nonnegative curvature, after applying the maximal principle in some
way,
2. limsup,_,p supps|Rm| = oo,
3. (R3,g:)i<2 is k-noncollapsed on scales < 1,
4. (R3,g;) satisfies the canonical neighborhood theorem.
The harder claim is that maximal time existence is T = 1. Also, (R3, g;) is still
rotationally symmetric.
We now need to choose gg. On the complement of the ball, take cooreinates
(=B, 00) x 8% and gg = €2"*)(d2? + gg2) so that
F =0 on [0,00),
. F vanishes to infinite order at 0,
. f<0and f'>0and f” <0on (—A4,0),
max(|f], 1f']) < e/ on (—A,0).

O

We can choose moreover so that gy has sec > 0, and we can smoothly glue in a
ball of constant positive curvature.
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Here are the informal statements for surgery.

21.1 Analysis of blowup regions

Theorem 21.1. For all ¢ < 1 and a 3-dimensional k-solution, every (p,t) €
M x (—00,0) has a spatial neighborhood B, one of the following of which is true:

1. is a final slice of a parabolic e-neck,

2. is a e-cap, with one corresponding e-neck,

3. B is a closed manifold with sec > 0.

The size of B is going to be comparable to R (p)~1/2. Also RI)(p)

controls R on B x {t} and RY® (p) controls vol?!) (B) from below. In the third
case, the sectional curvature is controlled from below by the scalar curvature.

Theorem 21.2. If (M3, g,) is a compact Ricci flow, for every e > 0 there exists

aro > 0 such that if Q@ = RI®(p) > 7"62 then the \/i@-pambolic neighborhood

of (p,t) is rescaled by @ to be e-close to some region of a k-solution.

Let (M3, g;) be a compact Ricci flow with finite maximal interval of exis-
tence, [0,7) where T' < co. By the Shi estimates, we have

tl;n% sup /| Rm| = oo.
Define
Q={peM: supt<T|ng(t) (P)|g(ty < 00}

We know that there exists point ¢ € M \ €.
In the case of k-solutions, we have the universal curvature bounds. This and
the local Shi estimates show that there exists a universal 7 such that

OR
VR < g2, |52 <Rt

everywhere on the x-solution.
Lemma 21.3. p ¢ Q if and only if lim;_,7 R (p) = .

Proof. The backwards direction is obvious. For the forward direction, we have
|Rm9t) (p)] — oo. Then by Hamilton-Ivey, we have R9()(p) — co. Then by
the gradient estimates, we have R (p) — oo. O

Lemma 21.4. Q2 C M is open.

Corollary 21.5. Fvery connected component of € is noncompact, because q €

Lemma 21.6. Q # () implies that M is diffeomorphic to either S®/T" or S? x
SL/T.
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Proof. M is covered by e-necks or e-caps. O

Assume that § € Q C M. From the Shi estimates and uniform local control
of |[Rm| on §, we get uniform local control of |[VPRm/|. Then there exists a
smooth limit g = lim;_,7 g on Q.

Lemma 21.7. (2, 3) has finite volume.
Proof. We have
d
avol(M, gt) = — /M Rg(t)dug(t).

Because %—IE = AR + 2|Ric|*> > AR + 2R?, the maximal principle shows that

vol(M, g;) can grow at at most polynomial order. O
Define B
Q,={reQ:R(x)<p?}
Then z ¢ Q, for p < 79/2, and so satisfies the canonical neighborhood theorem
conclusion.

Lemma 21.8. ©, C M is compact.

Suppose C' is a connected component of €2, which does not intersect €1,.
Then R > p~2 on C. Now the canonical neighborhood theorem applies to any
point of C' and so every point of C' has a neighborhood B,, which is either an
e-neck or an e-cap.

Lemma 21.9. If B, is a e-neck for all x € C then C is a double e-horn. If B,
s a e-cap for some x € C then C is a capped e-horn.

Definition 21.10. A double e-horn is a metric on S? x I such that every
point has a e-neck neighborhood and scalar curvature goes to co as the interval

coordinate z — 0,1. A capped e-horn is a e-cap on S° \§3 or RP3 \Fg such
that scalar curvature goes to co on the end.

Proof. You just glue the local pictures together. O

If C' is a connected component of ) which does intersect €,, then C' is open
and €, compact. So there exists a x € C'\ Q,.

Lemma 21.11. Every connected component of C'\ (C NQ,) is either

1. an e-tube with boundary components in £1,,
2. an e-cap with boundary in Q,,

3. an e-horn with boundary in §1,.
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21.2 Surgery on the limiting metric

The idea of surgery is to throw out the connected components of 2 which do
not intersect {1,, because we know exactly what double e-horns look like. In
the remaining horns, we cut out the tip and gluing in the “standard solution”.
Then we restart the Ricci flow on the manifold.

But in context, we need to locate exactly how much we cut and where we
glue in. So we need to think quantitatively how we are going to do this. Say
the Ricci flow with surgery satisfies the e-a priori assumptions if there exists
a nonincreasing 7 : [0, 00) — (0, 00) such that

1. R> (—v)(—log(—v) +log(1 4+ t) — 3) anywhere v < 0 (where v < pu < A
are the eigenvalues of Rm : A2 — A?)
2. If RY®(p) > r(t)~2 then there exists a neighborhood B 3 p such that it

is one of e-neck, e-cap, closed with sec < 0, and Bg(t)(p) CBC Bg((f)(p)
for some o < Cy(e)RI®) (p)~1/2.

So the question is whether we can choose r(t) such that the Ricci flow with
surgery satisfies the a priori assumptions. The answer is yes, but this is really
subtle.

Theorem 21.12. If (M3, g) is with R > 0, then either M is flat or diffeomor-
phic to the connected sum of S*/T and S? x S*.

Proof. If R > 0 then the maximal principle to

OR 2

— = AR+ 2|Ric|*> > AR + - R%.

ot 3

Then R blows up in finite time. Here, doing surgery only changes the manifold
in large R regions. So the estimate survives surgery. This means that the Ricci
flow with surgery becomes extinct in finite time. O

Theorem 21.13 (Poincaré conjecture). If (M3, g) is compact with 7 (M) =0,
then it is diffeomorphic to S3.

This is hard, but if 71 (M) = 0 then the Ricci flow with surgery is extinct
in finite time. Perelman’s argument is not totally trustworthy, but there is a
replacement argument by Colding-Minicozi 2006.
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22  April 19, 2018

We have two goals: the canonical neighborhoods theorem, and a priori assump-
tions for the Ricci flow surgeries. Roughly, the canonical neighborhoods theorem
is

Theorem 22.1 (Hamiton—Iveys pinching). Given a 3-manifold and a Ricci
flow, for all € > 0 there exists an 1o > 0 such that if t > 1 and RI®) (p) > ry?

then a (eRI®) (p))~'-parabolic neighborhood round (p,t) is e-close to a region of
a k-solution after parabolic rescaling by RI® (p).

22.1 Proof of the canonical neighborhoods theorem

Assume that the claim does not hold. Then there exist Ricci flows (M*, g*(t))
all on t € [0, > 1), all k-noncollapsed on scales < o, but there exist r, — 0 and
z, € M* and t; > 1 such that RI(**)(x4) > r,? but the eR*-neighborhood of
(wg, k) is not scaled by RF to be e-close to a s-solution.

Now the claim is that we can suppose that the theorem holds for all

7‘72

zt) e MF x |ty — —FE—— ¢
( ) k 4R(J(tk) (.Tk) k
such that RI®) () > 2R9(%)(z;,). This is because if this doesn’t hold, we can
inductively replace (zy,t) by (z},t}) and have R(z}, ) exponentially growing
on a compact regions of spacetime. If Rg(tk)(xk) locally controls curvature, then
we can apply Hamilton compactness and get a k-solution in the limit.

For any (z,%) with
7",;2

t (S [tk - gSRg(tk)(xk)7tk:|,

we claim that we have R < 4(R9) (z;,)+|RID(z)]) on a /C(k)/ /R () + |RID (z)]-
parabolic neighborhood around (z,%). If RI®)(x) < 2RI (x) then this is

obvious. If RI® (x) > 2RI () then take a piecewise smooth curve + that

connects (z,t) and (Z,f) though (x,f) which is a constant point path on one

side and a geodesic on the other side. Then for some subinterval of v, we have

R > 2RI (z;,). On this subinterval, the picture is close to a s-solution so

we inherit gradient estimates |VR| < nR%/? and |0;R| < nR?. Integrate along
subintervals, and we can control either RY®) (z) by RI®) (%) (if the subinterval

is the entire v) or by 2RI(*) (1) if it is a strictly subinterval.

Now we rescale (M*, gF) by R(zy,tx). The claim is that for all p > 0, the
rescale R is unirforly bounded on R',q,(t") (zx). The previous estimates show that
we can extend backwards in time a little bit, and Hamilton-Ivey gives the Shi
estimates and so the bounds on |VPRm/|. The amount of backwards extension
only depends on the t; distance, so any derivative VP Rm is uniformly bounded
on compact sets. Hamilton compactness implies the existence of a limiting
metric (M, g™, 2°°) as a limit of (M*, §(ts), z).
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Hamilton—-Iveys shows that Rm> > 0. This Rm® is also bounded. This
bound is independent of the distance, so the extension back in time is uniform
in the distance. This implies convergence on nontrivial time intervals.

Let ¢’ be the minimal by which we can extend backwards (¢',¢o] on which
there are uniform bounds on curvature. The claim is that ' = —oo. If not
sup,; R should blow up as ¢ \, . Hamilton arnack shows that %—If + 5 ft, >0
on M, and so

to —t/
1)<
R( ,)_Qt_t,

for Q = sup,; R(—,tp). The distance distorsion can be estimated as

‘dg(t) (.’IJ, y) - dg(to)(aj? y)' < C

for all t € (¢, to].

Because minj; R is nondecreasing, there exists a yo, such that RY (t'+15) (Yoo) <
%. Then there exists a sequence y, — Yoo and this implies R9®)(y,) < 10 for
t € [t'— {5, + 15]. The distance distortion estimate shows that the same holds
for balls centered at z;. Then we can use Hamilton compactness to extend the
limit back to ¢’ — 15+ This shows that the solution can be extended to an ancient
solution.

This is arguably the most important qualitative result of Perelman.
Lemma 22.2. Foralle < ﬁ, § <€, andT > 0, there exists a h < §%r(T) such
that if (M3, g;) is a Ricci flow with surgery on [0,T) where T is the singular
time with e-a priori assumptions with r(t), then at T, for x in an e-horn with

boundary in Q5. such that R(x) > h™2 then the set nglg?(x)*lﬂ (z) is the

final slice of a parabolic 6-neck.
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23 April 24, 2018

Brendle 2018 does Ricci flow with surgery on compact manifolds with positive
isotropic curvature and n > 12.

Corollary 23.1. M"Z'2 compact has metric with positive isotropic curvature,
and contains no nontrivial incompressible space forms, then M is diffeomorphic
to a connect sum of S™/T and (S"~! x R)/T.

23.1 Brendle’s Ricci flow with surgery in high dimensions

If Rm has positive isotropic curvature, then R > 0 and then there is finite time
blowup of Ricci flow because
OR

2
— = AR +2|Ric]* > AR+ = R%.
ot r

The main contribution is applying Hamilton—Iveys to this context.

Theorem 23.2. Let n > 12 and K C Cp(R™) be compact with K D PIC.
For all T > 0, there exist O,N > 0 and f(xz)/xr — 0 as x — oo and a closed
O(n)-invariant {Fi}o<i<r continuous in t set with K C Fy and F; invariant
under the Q-ODE, such that

. Rm — HRQ(/\)Q € PIC, Ri1 + Rogs —0R+ N >0,
ki {Rm : Rm = f(R)g(A)g € 2PIC

for all orthonormal ey, ea. Here, we say that Rm € 2PIC if Rm x R? € PIC.

The moral is that the blowup limit is 2NIC and uniformly PIC. (Uniformly
means that Rm — 8g(A)g € NIC for some 6 > 0.)

Proof. The proof is 35 pages. It uses the Bohm—Walking construction. O
This motivates the following definition.

Definition 23.3. A k-solution is an ancient complete Ricci flow, bounded
curvature with 2NIC and x-noncollapsed on all scales.

Theorem 23.4 (Brendle 2012). Hamilton’s Li-Yau inequality holds on complete
bounded Ricci flows with 2NIC.

Recall that 2NIC is contained in sec > 0, so Toponogov’s theorem holds
and we have splitting theorems. But the difference between this and the 3-
dimensional case is that we don’t have classification of gradient-shrinking soli-
tons.

Theorem 23.5 (Brendle-Huisken—Sinesterai). If a complete ancient Ricci flow
with bounded Ricci curvature is uniformly 1PIC, then it has constant curvature.
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This mimics 53,52 x R,R? with the splitting theorem. The proof of the
universal curvature bound goes as in 3-dimension, and universality depends
only on k. So we have compactness theorem for the space of k-solutions.

Let us first show that the limit has bounded cuvature. Recall that Perelman
did this by contradiction. If you have a blowup, then there is a splitting of limit,
and classification of 2-dimensional solitons gives a limit of S x R. Then the
limit has e-necks that are arbitrarily small, and this contradicts sec > 0.

Proof. The Harnack inequality

OR
o + 2V, R + 2 Ric(v,v) >0

for all v carries over to the limit.

Now if the curvature is unbounded, pick points that are blowup sequences,
so that Rm — oo. Then Harnack gives local control of curvature extending
back in time. The Shi estimates give local control of VP Rm, and Hamilton
compactness implies that there is a Cf. limit that splits a line. Because the
limit is uniformly PIC, the (n — 1)-dimensional factor is uniformly 1PIC. If we
use Brendle-Huisken—Sinestrai on this factor, the original unbounded slices has

arbitrarily small e-necks, and this is impossible when sec > 0. O

The canonical neighborhoods theorem can be essentially proven as in the
3-dimensional case. We need nonexistence of nontrivial incompressible space
forms to rule out necks (S"~! x R)/T for nontrivial I'. Surgery also works the
same. We can directly check this with the choice of a cap. Brendle’s Hamiton—
Iveys estimates is preserved by surgery. We call Ricci flow with surgery
with parameters ¢, r, 6, h if

1. the canonical neighborhoods theorem is satisfied where R > r~2 and ac-
curacy 4e, and
2. surgery on d-necks, around points with R > h~2 can be done.

Proposition 23.6. For all ¢ > 0 there exist H,S(—) such that any Ricci flow
with parameters €,r,0 < §(r), h is k-noncollapsed on scales < e.

Proof. This is a careful case-by-case analysis depending upon R at the center
point. O

Proposition 23.7. For all € > 0, there exist f,c? > 0 such that if there is a
Ricci flow with parameters €,7,0,h on [0,T), then the canonical neighborhoods
theorem is satisfied where R > (27)~2 with accuracy 2e.

Proof. Replay the proof of the canonical neighborhoods theorem. The limiting
k-solution is covered by 2e-necks and 2e-caps. O

Choose any € > 0 and take 5,7 as the proposition.
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Proposition 23.8. There exist h < 6 such that for every Ricci flow with
surgery with parameters e, r, 5, h, singular at T < oo, if © is in a 4e-horn at gr
with RYT) () = h™2 then the parabolic neighborhood of size h/§ around (sz,T)
s surgery-free.

Proof. We do proof by contradiction. We show that there is a uniform curvature
estimates. We look at a blowup and apply Brendle-Huisken—Sinestrai. O

Theorem 23.9. For all € > 0, one can choose 5, 7, h as in the above proposition
such that for all go € PIC there exists a Ricci flow with surgery with parameter
€,0,7,h.

Proof. We induct on the surgery time. Volume drops by h"™ at each surgery,
and so the surgery times cannot accumulate. O

23.2 Further topics

For arbitrary (M3, g) such that Ricci flow with surgery exists for all time, we
need to study long-time behavior. This takes extra work.

Kleiner-Lott 2017 passes the surgery parameters to 0 so that we get a lim-
iting “Ricci flow with surgery”. Bamler—Kleiner has the application that for
every 3-dimensional space form,

Isom(M) < Diff (M)

is a homotopy equivalence. This is called Smale’s conjecture.

What does Ricci flow with surgery on 4-manifolds look like? Mean curvature
flow with surgery has been defined for 2-convex surfaces in R"*!, by Huisken—
Sinestrai and Brendle—Huisken. Another question is whether this is possible for
general surfaces. It is not obvious, but any S* homeomorphic to S;ltd can be
smoothly embedded in R?. Then the hope is to do mean curvature flow with
surgery on this.

There are some other questions of whether there are modifications of Ricci
flow for manifolds of negative curvature. You might also want to define Ricci
flow with boundary. There are other newer flows people are looking into, e.g.,
Laplacian Ga-flow or Donaldson’s Yang-Mills flow which contributed to the
Kobayashi—Hitchin correspondence. You can also try to look at deformations of
complex structures.

So these are the essential points in the theory:

1. Hamilton’s compactness theorem

2. Hamiton-Ivey estimates

3. Li-Yau inequalities (Hamilton’s version of Rm under the Ricci flow, and
Perelman’s %—7; + Aw = 0 under the Ricci flow)

4. Geodesic geometry of Li-Yau length

5. Formal arguments
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