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1 September 4, 2018

The main goal of this class is to learn symplectic manifolds, Lagrangian sub-
manifolds, pseudo-holomorphic curves, Floer homology, Fukaya categories, etc.
This is not a beginning course on symplectic geometry. For people who do need
grade, I will try to have homeworks.

1.1 Overview I

Let us start with reviewing basic symplectic geometry.

Definition 1.1. A symplectic manifold (M2n, ω) is an even-dimensional
manifold with ω ∈ Ω2(M) that is closed, i.e., dω = 0, and non-degenerate, i.e.,
ω : TM ∼= T ∗M . This non-degenerate condition is equivalent to ωn 6= 0.

Example 1.2. Oriented surfaces with an area form, are symplectic manifolds.
In higher dimension, there is M = R2n with the canonical symplectic form
ω =

∑n
i=1 dxi ∧ dyi. You can also take the cotangent bundle M = T ∗N of an

arbitrary manifold N . Here, there is

ω = dλ, λ = pdq

where q are coordinates on the base and p are coordinates on the fiber. This
λ is called the Liouville form. Complex projective space M = CPn has a
Fubini–Kähler form, and so do smooth complex projective varieties.

Theorem 1.3 (Darboux). For all p ∈ M , there exists a neighborhood p and
local coordinates (xi, yi) such that ω =

∑
i dxi ∧ dyi.

So there are no local invariants. On the other hand, there is an obvious
global invariant [ω] ∈ H2(M,R).

Theorem 1.4 (Moser). If M is compact closed, and (ωt)t∈[0,1] are a continuous
symplectic family with [ωt] ∈ H2(M,R) independent of t, then there exists an
isotopy ϕt ∈ Diff(M) such that ϕ∗tωt = ω0. In particular, ϕ1 : (M,ω0) ∼=
(M,ω1).

In this field, the group of symplectomorphisms is very large. Inside Symp(M,ω),
there is a subgroup

Ham(M,ω) = flows of (time-dependent) Hamiltonian vector fields.

Given any H ∈ C∞(M.ω), there exists a unique vector field XH such that
ω(XH ,−) = −dH. This vector field preserves the symplectic form, because

LXHω = dιXHω + ιXHdω = 0

by the Cartan formula.
Lagrangian submanifolds are your savior if you think there are no interesting

thing to do, due to Darboux’s theorem.



Math 253y Notes 5

Definition 1.5. A Lagrangian submanifold is Ln ⊆M2n such that ω|L = 0.

Example 1.6. In (R2n
xi,yi , ω0), the space Rnxi is a Lagrangian submanifold. On

a surface, any simple closed curve is a Lagrangian submanifold. In T ∗N , there
is the zero section, and there are also the cotangent fibers. In R2n, the product∏
S1(ri) is Lagrangian. More generally, the Tn-orbits in a toric symplectic

manifold is Lagrangian.

Observe that (TL)⊥ω = TL. So we get an isomorphism

NL = (TM |L)/TL→ T ∗L; [v] 7→ ω(v,−)|TL.

Theorem 1.7 (Weinstein). A neighborhood of L in M is symplectomorphic to
a neighborhood of of the zero section in T ∗L.

So deformations of L ⊆ M corresponds to sections of T ∗L. But for α ∈
Ω1(L), its graph is Lagrangian if and only if α is closed. Moreover, the defor-
mation is an Hamiltonian isotopy if and only if α is exact. This leads to the
notion of a flux, lying in H1(L,R). For L = S1, this is equal to the area swept,
and it vanishes if and only if the isotopy is Hamiltonian.

What kinds of Lagrangian submanifolds L exist in a given symplectic mani-
fold (M,ω)? For example, on a oriented surface, Lagrangians are simple closed
curves. To consider Hamiltonian isotopies, you need to keep track of the area
swept.

Conjecture 1.8 (Arnold, nearby). Let N be a closed manifold. In its cotangent
bundle, look at closed exact L ⊆ T ∗N . Then L is Hamiltonian isotopic to the
zero section.

What is exact? Recall that ω = dλ. Then L is Lagrangian if and only if λ|L
is closed. We say that L is exact Lagrangian if and only if λ|L = df is exact.
If we know that L is a section, it is easy. The conjecture is proved for T ∗S1,
which is easy, and for T ∗S2 (2013) and T ∗T 2 (2016). On the other hand, the
homology was known for a bit longer.

Theorem 1.9 (Abonzaid–Kragh, 2016). Let L ⊆ T ∗N be a closed exact La-
grangian, and consider the projection πL : L → N . Then πL is a (simple)
homotopy equivalence.

What about in R4? Let us look at closed compact Lagrangians L ⊆ R4. If
L is orientable, then L ∼= T 2. (This is because the normal bundle is isomorphic
to the cotangent bundle, and then you do some computations.) If L is not
orientable, we should have χ(L) < 0 and divisible by 4. (The Klein bottle was
excluded by Nemirovski in 2006.) So these problems are surprisingly hard. All
known Lagrangian tori in R4 are Hamiltonian isotopic to

• a product torus S1(r1)× S1(r2),

• Chekanov (v1990) torus TCh(r).
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But we don’t know if these are all.
The manifold R2n is a cotangent bundle, so we can talk about exact La-

grangians. It is a theorem of Gromov that there is no closed exact Lagrangian
in R2n. If L is exact, then any disk bound by L has zero area. But Gromov
showed that L ⊆ R2n must bound holomorphic discs, and these have positive
area. The next best are monotone Lagrangians. These are such that the sym-
plectic area of a disc bound by L is positively proportional to its Maslov index.

In CP 2, which is a toric manifold, we know about product tori. Monotone
ones are {(x : y : 1) : |x| = |y| = 1}. There is also the Chekanov monotone
torus, which bounds more holomorphic discs. In 2014, R. Vianna showed that
there are infinitely many types of monotone Lagrangian tori.

In R6, there is a result of Fukaya that states that monotone closed La-
grangians must be diffeomorphic to S1×Σg. On the other hand, there is a con-
struction due to Ekholm–Evashberg–Murphy–Smith 2013 that any N#(S1×S2)
has a Lagrangian embedding into R6.

Theorem 1.10. There exist infintely many different families of monotone La-
grangian T 3 ⊆ R6.

All known ones are Lagrangian isotopic to product tori. In R8, there exist
knotted monotone Lagrangian tori T 4. There is a bunch of complicated results
like this.
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2 September 6, 2018

Last time I started with and overview of all the things that will appear in the
class.

2.1 Overview II

The latter part of the course will use J-holomorphic curves to study Lagrangians.
These are key tools to study Lagrangians in modern symplectic geometry. In
general, there is no reason for a symplectic manifold to carry of complex struc-
ture. But they carry almost-complex structures J : TM → TM with J2 = −1
compatible with the symplectic structure. Here, compatibility means that
ω(−, J−) is a Riemannian metric. The choice is contractible, so it is not too
important.

Definition 2.1. A J-holomorphic curve is a smooth map from a Riemann
surface

u : (Σ, j)→ (M,J)

that satisfy ∂Ju = 0, i.e., J ◦ du = du ◦ j.

The Riemann surface Σ can have boundaries, and then we sill require that
the boundary of Σ maps to a given Lagrangian in M . The space of maps will
have finite expected dimension, because ∂̄ is Fredholm. Using an index theorem,
we can compute the dimension of the moduli space M(Σ, J, [u]), where [u] is
the homology. Then Gromov compactness says that this moduli space has a
suitable compactification. The area of the J-holomorphic curve with respect to
the metric g is equal to the symplectic area, which is 〈[ω], [u]〉.

Once we have this notion, we can define Lagrangian Floer (co)homology,
invented by Floer. Given two Lagrangians L1, L2, we will define a chain complex
and define

HF (L1, L2) = H∗(CF (L1, L2), ∂).

The chain complex is going to be the vector space generated by L1 ∩ L2. We
might ask what the coefficient of q in ∂p is. This is going to be a weighted count
of J-holomorphic

u : R× [0, 1]→M

such that the ends goes to q and p. What Floer showed is that if Li do not
bound any holomorphic discs (for instance, the exact case) then ∂2 = 0 and
the cohomology is invariant under Hamiltonian isotopies and of J . Moreover,
HF (L,L) ∼= H∗(L). There is no grading by default, but when they exist, it is
going to be a graded isomorphic.

Corollary 2.2. If L does not bound discs, #(L,ψ(L)) ≥ dimH∗(L) where
ψ ∈ Ham(M,ω) and ψ(L) t L.
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Example 2.3. Consider the cylinder and L1 a circle. Suppose we push it around
with a Hamiltonian isotopy and get L2, with two intersections p, q. Then we
have

∂p = q − q = 0,

and then HF (L1, L2) = CF = H∗(S1).

Example 2.4. Consider the same L1, but now let L2 a boundary of a small
disc passing L1. Let the intersection by p, q. In this case,

∂p = (· · · )q, ∂q = (· · · )p,

and so ∂2 6= 0.

Near the end of the course, we will talk about other disc-counting invari-
ants, e.g., distinguishing exotic monotone Lagrangians by counting holomor-
phic discs. Then we will also talk about Fukaya categories. This is a way to
package all the Lagrangians with intersections in one category. The objects
are (nice) Lagrangian submanifolds, with extra data, with morphisms given by
Floer complexes and differentials. Composition

CF (L2, L3)⊗ CF (L1, L2)→ CF (L1, L3)

is given by counting holomorphic discs bound by L1, L2, L3. This is really an
A∞-category. The reason this language is useful is because the category can be
generated by some Lagrangians we are familiar with.

2.2 Symplectic manifolds

A reference for this is Lectures on symplectic geometry by A. Cannas da Silva,
and Introduction to symplectic topology by McDuff–Salamon. Recall that a
symplectic manifold is a manifold (M2n, ω) equipped with a real 2-form ω
that is closed and non-degenerate. This also gives a map ωx : TxM → T ∗xM .
Also, ω∧n is nonzero, so we get a top exterior form.

Example 2.5. Here are some examples:

• An oriented surface M with an area form.

• Euclidean space M = R2n with ω =
∑
i dxi ∧ dyi. Actually, every nonde-

generate skew-symmetric bilinear form on a vector space always looks like
this. There are other symplectic structures on R2n but these are because
something interesting happens at infinity.

• Take M = T ∗N , and ω = dλ. In local coordinates, take (q1, . . . , qn)
coordinates on N , and take p1, . . . , pn) dual coordinates on the fiber. Then
consider λ =

∑n
i=1 pidqi, so that ω =

∑
dpi ∧ dqi. This λ is independent

on coordinates, and you can check this. Or you can intrinsically define λ
as

λ(x,ξ)(v) = 〈ξ, dπ(v)〉
where π : T ∗N → N is the projection.
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• Products of symplectic manifolds are M1×M2 with symplectic form ω1⊕
ω2 = π∗1ω1 + π∗2ω2.

• Symplectic submanifolds V ⊆ W are submanifolds with ω|TV is nonde-
generate.

Try to think about for which n the sphere S2n has a symplectic form.

A Lagrangian submanifold is Ln ⊆ (M2n, ω) such that ω|L = 0. In this
case,

TxL
⊥ω = {u ∈ TxM : ω(u, v) = 0 for all v ∈ TxL} = TxL

for dimension reasons.

Example 2.6. Again, here are examples.

• The zero section in T ∗N .

• More generally, consider graphs of 1-forms α ∈ ω1(M,R). First, we note
that

graph(α) ⊆ T ∗N π−→ N

is a diffeomorphism. Then the restriction of the Liouville form is tauto-
logically

λ|graph(α) = α (or rather, π∗α).

So graph(α) is Lagrangian if and only if dλ|graph(a) = 0 if and only if
dα = 0. (It is called an exact Lagrangian if and only if α is exact.)

• The conormal bundle to a smooth submanifold V k ⊆ Nn is defined as

N∗V = {(x, ξ) : x ∈ V, ξ ∈ T ∗xN, ξ|TxN = 0} ⊆ T ∗N.

This is going to be a rank n − k subbundle of T ∗N |V . Then λ|N∗V = 0
because dπ(v) ∈ TxV implies λ(v) = 〈ξ, dπ(v)〉 = 0. So N∗V are exact
Lagrangians.

• Let ϕ ∈ Diff(M) be a diffeomorphism. Consider

graph(ϕ) = {(x, ϕ(x)) ∈M− ×M}.

Here, M− is the symplectic manifold with −ω instead of ω. Then ϕ ∈
Symp(M,ω) if and only if graph(ϕ) is a Lagrangian in M− ×M . This is
because i∗ω̂ = −ω + ϕ∗ω.
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3 September 11, 2018

Today we will do some basic symplectic geometry.

3.1 Hamiltonian vector fields

Remember for (M,ω) a symplectic manifold and H ∈ C∞(M,R), there exists a
unique vector field XH such that

ιXHω = −dH.

Recall that given a time-dependent vector field Vt, the corresponding flow ϕt
generated by this is a family of diffeomorphisms

ϕ0(p) = p,
d

dt
(ϕt(p)) = vt(ϕt(p)).

Then it is a general fact that

d

dt
(ϕ∗tα) = ϕ∗t (LVtα).

There is also Cartan’s formula

Lvα = dιvα+ ιvdα.

So given a Hamiltonian Ht, we get a flow of XHt and it satisfies

ϕ∗tω = ω

because

d

dt
(ϕ∗tω) = ϕ∗t (LXHtω) = ϕ∗t (dιXHtω + ιXHtdω = ϕ∗t (−dHt + 0) = 0.

Definition 3.1. We define the group of Hamiltonian diffeomorphisms
Ham(M,ω). (This is a group, because if we concatenate, we can reparametrize
so that the flow is smooth at the boundary.)

Also note that dH(XH) = −ω(XH , XH) = 0. So the flow of H preserves the
level sets of H.

Example 3.2. Here are some examples:

• Take R2 with ω0 = dx ∧ dy = rdr ∧ d∧. Let us take the Hamiltonian
H = 1

2r
2. Then the Hamiltonian vector field is

XH =
∂

∂θ
,

which is rotation.
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• On S2, consider the standard area form ω0 = dθ ∧ dz. If we take the
Hamiltonian H = z, then

XH = − ∂

∂θ
.

These are examples of Hamiltonian S1-actions.

• Take M = T ∗N with coordinates (q, p). Let us first consider H = H(q), a
Hamiltonian that factors through the projection π : T ∗N → N . It turns
out that

XH(q, p) = (0,−dH(q)) ∈ T(q,p)(T
∗N).

On the other hand, we can give a Riemannian metric on N so that TN ∼=
T ∗N . Consider H = 1

2 |p|
2. Then

XH = geodesic flow.

If you couple these together H = 1
2 |p|

2 + V (q), we will get the dynamics
of a particle with potential V .

Hamiltonian vector fields are those with ιXω = −dH is exact. A symplectic
vector field is that with ιXω is closed. The flow still preserves ω. Given a
symplectic isotopy (ϕt) generated by a symplectic vector field Vt, we get the
identity component in Symp, and actually π0 Symp is also very interesting.

To look at the difference between symplectic flows and Hamiltonian flows,
we define

Flux(ϕt) =

∫ 1

0

[−ιVtω]dt ∈ H1(M,R).

Any Hamiltonian isotopy has flux zero. For small enough isotopy, you can also
show that a symplectic isotopy with zero flux can be made into a Hamiltonian
isotopy.

The flux has a concrete interpretation. Given γ : S1 →M , the image ϕt(γ)
sweeps out a cylinder. Write Γ(s, t) = γt(γ(s)), and we compute∫

Γ

ω =

∫
Γ∗ω =

∫ 1

0

∫
S1

ω
(∂Γ

∂s
,
∂Γ

∂t

)
dsdt

=

∫ 1

0

∫
S1

−ιVtω
(∂Γ

∂x

)
dsdt =

∫ 1

0

〈[−ιVtω], [ϕt(γ)]〉dt = 〈Flux, [γ]〉.

3.2 Moser’s theorem

All these theorems use what is called Moser’s trick.

Theorem 3.3 (Moser’s theorem). Let M be a compact closed manifold, and let
us say I have (ωt)t∈[0,1] a smooth family of symplectic forms, such that [ωt] ∈
H2(M,R) is independent of t. Then there exists an isotopy ϕt ∈ Diff(M) such
that ϕ∗tωt = ω0. Hence ϕ1 gives (M,ω0) ∼= (M,ω1).
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Proof. If we look at dωt
dt , this is going to be exact because they all lie in the

same cohomology class. So there exist 1-forms αt such that

dαt =
dωt
dt

.

Then there exists a smooth family αt. (This requires an explicit version of
Poincaré’s lemma, and some partition of unity argument.) We now know that
there exists a vector field Xt such that

ιXtωt = −αt.

Let us now take ϕt the flow generated by Xt. Then

d

dt
(ϕ∗tωt) = ϕ∗t

(
LXtωt +

dωt
dt

)
= ϕ∗t

(
dιXtωt +

dωt
dt

)
= 0

because ιXtωt = −αt and dωt
dt = dαt.

This is only for compact closed manifolds, but if don’t assume this, you need
to make assumptions at infinity. It is also not true that any two symplectic forms
in the same cohomology class are isotopic in the same [ω]. (This is different from
the Kähler world, where you can just linearly interpolate.) For instance, McDuff
has the following example. On S2 × S2 × T 2, we can take

ω0 = π∗1ωX2 + π∗2ωS2 + ds ∧ dt, ω1 = ψ∗ω0.

Here, ψ(z, w, s, t) = (z,Rz,t(w), s, t) where Rz,t is the rotation by axis z with
angle t. They are in the same cohomology class, but there does not exist a
ωt connecting them in this class. You can find the proof in McDuff’s book on
J-holomorphic curves (in something like section 9.7).

3.3 Darboux’s theorem

Theorem 3.4 (Darboux’s theorem). For any p ∈ (M,ω), there exist local
coordinates near p in which ω =

∑
dxi ∧ dyi.

We need the following linear algebra fact.

Lemma 3.5. We have (TpM,ωp) ∼= (R2n, ω0) as a symplectic vector space.

Proof. You build a standard basis ei, fj such that ω(ei, fi) = δij and ω(ei, ej) =
ω(fi, fj) = 0. You first choose e1 and then find f1 such that ω(e1, f1) = 1. Then
look at the orthogonal to the span of e1 and f1 and continue by induction.

Using the standard basis on TpM , we find local coordinates

R2n ⊃ U f−→M

such that ω1 = f∗ω agrees with ω0 at the origin. Define

ωt = (1− t)ω0 + tω1.
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Since non-degeneracy is an open condition, and ω0 = ω1 at 0, these are all
symplectic on a neighborhood of 0. Shrink the domain U if necessary. Note
that dωt

dt = ω1 − ω0 is closed, hence exact. So define

dα = dω1 − dω.

We can assume that α = 0 at the origin. But then, the first-order terms in α
become constant forms in dα, and this is zero. So we can discard these terms
and assume that α vanishes to order 2 at the origin.

Let vt be the vector field such that ιvtωt = −α. Then vt(0) = 0. Also, let
ϕt be the flow of vt, well-defined and staying inside U in a small neighborhood
of 0. If we let Moser do its thing, we get

d

dt
(ϕ∗tωt) = ϕ∗t

(
dιvtωt +

dωt
dt

)
= ϕt(−dα+ dα) = 0.

Then we find that

(f ◦ ϕ1)∗ω = ϕ∗1(f∗ω) = ϕ∗1ω1 = ω0.
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4 September 13, 2018

Homework 1 is under construction. We have talked about Moser and Darboux
next time.

4.1 Lagrangian neighborhood theorem

Proposition 4.1. If L ⊆M is a Lagrangian submanifold, then NL ∼= T ∗L.

Proof. We have TM |L ∼= T ∗M |L � T ∗L, and the kernel is TL. So TM/TL ∼=
NL ∼= T ∗L.

Theorem 4.2 (Lagrangian neighborhood theorem, Weinstein). If L ⊆ M is a
Lagrangian, then there exist neighborhoods U of L in (M,ω) and U0 of the zero
section in (T ∗L, ω0), and a symplectomorphism

ϕ : (U0, ω0)
∼−→ (U, ω)

that maps L as you think.

Proof. We first pick a complement to TL, i.e., a subbundle N ⊆ TM |L such
that TM |L = TN ⊕N . Here, we can ensure N is a Lagrangian subbundle, for
instance, by picking an ω-compatible metric. Now we can use the exponential
map to build

ψ : T ∗L ∼= N ⊇ U0 → U ⊆M

such that (i) ψ along the zero section is the inclusion, (ii) the pullback of the
symplectic form ψ∗ω = ω1 coincides with ω0 at the zero section.

We are now in position to use Moser. Consider

ωt = (1− t)ω0 + tω1.

These are going to be exact symplectic forms on a neighborhood of the zero
section. So we can take

dωt
dt

= ω1 − ω0 = dα

for some 1-form α. In fact, we can choose α so that it vanishes at every point
of the zero section (even to order 2). Let vt to be the vector field corresponding
to it, so that ιvtωt = −α. Let ϕt be the flow generated by it. Then we have the
customary calculation

d

dt
(ϕ∗tωt) = 0.

Our final answer is then going to be ϕ = ψ◦ϕ1 (defined over some neighborhood
of the zero section).

There also exist neighborhood theorems for symplectic submanifolds or isotropic
manifolds. But they are not nice.
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4.2 Hamiltonian group actions

A lot of construction comes with Hamiltonian group actions. Let us say we have
a Lie group G. If G acts on M , it induces a map of Lie algebras

TeG = g→ X(M) = (vector fields on M); ξ 7→ Xξ =
d

dt

∣∣∣
t=0

(exp(tξ)x).

This is a Lie algebra homomorphism, that is, X[ξ,η] = [Xξ, Xη].
Let us now look at actions which preserve ω,

G→ Symp(M,ω).

For instance, a symplectic S1-action are symplectic vector fields whose flow
are 2π-periodic. We say that an S1-action is Hamiltonian if the vector field
X∂/∂θ is Hamiltonian. More generally, if I have an action of a torus T k, we will
need each S1 factor to act in a Hamiltonian way. In this case, there exist k
functions H1, . . . ,Hk ∈ C∞(M,R) such that X∂/∂θi = XHi . This is the notion
of a moment map. This is a package that contains all the Hamiltonians for Xg,
where g ∈ g.

Definition 4.3. We say that a G-action is Hamiltonian if there exists a
moment map µ : M → g∗ with the following properties:

(1) For all ξ ∈ g, let Hξ = 〈µ, ξ〉 : M → R. Then Xξ is the Hamiltonian
vector field generated by Hξ.

(2) The moment map µ is G-equivariant, i.e.,

〈µ(g · x),Adg(ξ)〉 = 〈µ(x), ξ〉.

Note that if G is abelian, this is just µ(gx) = µ(x). For G = T k, we can call

µ = (H1, . . . ,Hk) : M → g∗ ∼= Rk.

These Hamiltonians need to satisfy the 2π-periodicity condition, and also they
should commute with each other. Also (2) says that µ is invariant under the
G-action, so the flow of XHi preserves not just Hi but also all Hj . Actually
condition (2) comes for free in this case. Because the Lie bracket is zero, we
have

X{Hi,Hj} = [XHi , XHj ] = 0,

where {f, g} = dg(Xf ) = ω(Xf , Xg) is the Poisson bracket. So {Hi, Hj} is
constant, and in fact 0 because you can integrate along the S1 corresponding to
XHi . So dHj(XHi) = 0, i.e., Hj is invariant under the ith action.

So for torus actions, we found that

• ω(XHi , XHj ) = {Hi, Hj} = 0, orbits are isotropic, (so you can’t have an
effective Hamiltonian Tn-action on an symplectic manifold with dimension
less than 2n)
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• the level sets of µ = (H1, . . . ,Hk) : M → g∗ ∼= Rk are foliated by orbits,
and moreover coisotropic (this means (TN)⊥ω ⊆ TN), because orthogonal
complement to the orbit is the tangent space.

Example 4.4. There is a standard Tn-action on (Cn, ω), given by

(eiθ1 , . . . , eiθn) · (z1, . . . , zn) = (eiθ1z1, . . . , e
iθnzn).

This has moment map

µ =
(1

2
|z1|2, . . . ,

1

2
|zn|2

)
.

Note that the image of this map is the positive orthant of Rn.

Definition 4.5. A toric manifold is a symplectic manifold (M2n, ω) with a
Hamiltonian Tn-action. Then the regular levels of the moment map µ : M → Rn
are Lagrangian.

Regular levels correspond to where the action has discrete stabilzer. So by
dimension reasons, regular levels are disjoint unions of Tn-orbits. In fact, we
can show connectedness assuming that M is something like compact and closed.
So each nonempty fiber of µ is a single orbit.

Theorem 4.6 (Atiyah, Guillemin–Sternberg 1982). Let (M,ω) be a compact
connected symplectic manifold with a Hamiltonian action of a torus. Denote
the moment map µ : M → Rk. Then the level sets of µ are connected, and the
image of µ is a convex polytope (which is the convex hull of the image under µ
of the fixed points).
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Last time we were talking about Hamiltonian actions. For now we are going to
focus on Hamiltonian torus actions. If G acts on (M,ω), you can package them
into

µ : M → g∗,

so that for any ξ ∈ g, the Hamiltonian flow corresponding to 〈µ, ξ〉 : M → R
is Xξ the vector flow generating the action. Also, there was an equivariance
condition.

In the T k-action, we get

µ = (H1, . . . ,Hk) : M → Rk

packaging the k Hamiltonians. These actions should commute, {Hi, Hj} = 0.
The orbits are isotropic, and the regular levels are coisotropic.

5.1 Atiyah–Guillemin–Sternberg convexity theorem

Theorem 5.1 (Atiyah, Guillemin–Sternberg). If (M,ω) is a compact symplec-
tic manifold with a Hamiltonian T k action with moment map µ : M → Rk, then
the level sets of µ are connected and the image µ(M) ⊆ Rk is a convex polytope.
Moreover, this is the convex hull of the image of the fixed points under µ, and
the faces has rational slope.

You can see this if you have a toric Kähler manifold, but it is not clear
that every symplectic toric manifold comes from this case. Connectedness is
essentially saying that there are no index 1 saddle points.

Let us first look at the local picture. Consider p ∈ M a fixed point for T k

(or a subtorus T l ⊆ T k). This is the same thing as saying that p is a critical
point of µ (or a linear projection of µ onto Rl). Then there is an action of
T k on the symplectic vector space (TpM,ωp). Then by averaging, there exists
an invariant metric on TpM , compatible with the invariant complex structure.
(This is complicated than it looks, but it is quite standard.) Then we can look
at the generators of the linearized action.

So the generators of the linearized action are going to be k commuting matri-
ces in sp(2n,R), and in fact u(n). Because these are anti-hermitian commuting
matrices, they can be simultaneously diagonalized. That is, there is a block
decomposition so that each ∂

∂θj
acts by

n⊕
i=1

(
0 −λji
λji 0

)
,

where λji are integers since the action should be periodic. Let us package them

as ~λi = (λji )j=1,...,k ∈ Zk. (This is sometimes called the weights of the action.)
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That tells you that the moment map is something like

µ = µ(p) +

n∑
i=1

1

2
|zi|2~λi + · · · .

Now there is a linearization theorem the tells us that the action is conjugate to
this on a neighborhood. Look at the direction

⋂k
j=1 ker(Mj) where the action is

degenerate. Then the theorem says that this is really Tp of the fixed point set.
The idea is that if it is not a fixed point, you can’t go around and come back in
time 2π. Or you can prove this by using the exponential chart for an invariant
metric and showing that geodesics makes geodesics.

So we get the moment map really looks like the quadratic equation above.
Locally, the image is then a convex cone spanned by ~λi ∈ Zk inside Rk.

Proof. For connectedness, observe that any linear projection 〈µ, ξ〉 is a Morse–
Bott function of even index. This prevents any index 1 or coindex 1 saddles,
and this shows connectedness. So you keep slicing the moment map until you
get the inverse image of a point.

Global convexity follows from local convexity and connectedness. This is
not particularly illuminating.

In the toric case, where Tn acts on M2n, what we get is that the level sets
of µ are single orbits.

Example 5.2. If we look at C2 with a T 2 action, the moment map is

µ =
(1

2
|z1|2,

1

2
|z2|2

)
.

The image is the first orthant in R2. (By the way, the theorem doesn’t really
apply here.) The level sets are S1(r1)×S1(r2) ⊆ C2, which are tori if r1, r2 > 0,
and S1(r1)× {0} if it is degenerate.

Example 5.3. Consider CP 1 = S2, with the round volume form and the action

(z0 : z1) 7→ (z0 : eiθz1).

In this case, the moment map is

µ =
|z1|2

|z0|2 + |z1|2
.

In this case, the image is and interval.

Example 5.4. Take CP 2 with action

(z0 : z1 : z2) 7→ (z0 : eiθ1z1 : eiθ2z2).

If you work out, the image of the moment map is going to be a triangle, with
vertices (0 : 0 : 1) and (0 : 1 : 0) and (1 : 0 : 0).
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5.2 Delzant’s theorem

Theorem 5.5 (Delzant). A compact toric symplectic (M2n, ω) up to Tn-equivariant
symplectomorphism is in one-to-one correspondence with Delzant polytopes ∆ =
im(µ) ⊆ Rn up to translation.

In general, there is an action of GL(n,Z) on both sides. On the toric manifold
side, it acts on the torus, and so t∗. On the polytope side, it is this action on
t∗ ∼= Rn. But I need to tell you what a Delzant polytope is.

Definition 5.6. A Delzant polytope is a convex polytope that is

• simple, n edges meet at each vertex, i.e., locally combinatorially looks like
(R≥0)n,

• rational, the normals to the facets can be chosen in Zn, i.e., the edges are
parallel to vectors in Zn,

• smooth, the primitive integer normals (or edges) at each vertex form a
basis of Zn.

Without the smoothness condition, you get toric orbifolds.

For instance, the triangle with vertices (0, 0), (0, 1), (1, 0) is a Delzant poly-
tope, but (0, 0), (0, 1), (2, 0) is not because the smoothness condition fails at
(0, 1).

You can only keep the combinatorial data, with the slopes of all the edges. If
you only see this, you only recover the complex structure (as a complex algebraic
variety or a complex manifold). The length of the edges are giving the data of
the cohomology class. In fact, if you take any edge in the Delzant polytope, and
integrate ω along that S2, you get the length of the edge.

One direction of Delzant’s theorem can be done by looking at the image of
the moment map. The converse direction is interesting. One possibility is to
look at local patches and try to glue them together. This works, but it is slightly
painful.

A faster and counterintuitive way is to consider the Delzant polytope as the
intersection

∆ = (R≥0)N ∩ (affine n-plane in RN with rational slope).

You can take N to be the number of facets, with the ith coordinate the distance
to the ith facet, measured in an appropriate way. Then you will be able to
do this. This is useful because we can build M as a symplectic reduction of a
Hamiltonian TN−n-action on (CN , ω0).

Theorem 5.7 (Marsden–Wienstein). Let there be a Hamiltonian action of a
compact Lie group G on (M,ω), with moment map µ : M → g∗. Assume G
acts freely on µ−1(0). (By equivariance, µ−1(0) is preserved by G.) Then

Mred = µ−1(0)/G
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is a smooth manifold, and carries a natural symplectic form ωred with the fol-
lowing property: if

M ⊇ µ−1(0)
π−→ µ−1(0)/G = Mred,

then π∗ωred = ω|µ−1(0).
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The symplectic reduction was the following theorem.

6.1 Symplectic reduction

Theorem 6.1. Let G be a compact Lie group with a Hamiltonian action on
(M,ω), corresponding to the moment map µ : M → g∗. Assume that G
acts freely on µ−1(0). (By equivariance G preserves µ−1(0).) Then Mred =
µ−1(0)/G is a smooth manifold, and carries a natural symplectic form ωred

such that π∗ωred = ω|µ−1(0).

Proof. Consider a basis ξ1, . . . , ξk of the Lie algebra, and X1, . . . , Xk the corre-
sponding vector fields. Let us call H1, . . . ,Hk be the components of µ, defined
by Hi = 〈µ, ξi〉. The condition that G acts freely means that X1, . . . , Xk are
linearly independent for all x ∈ µ−1(0). So dH1, . . . , dHk are linearly indepen-
dent. This shows that dµ is surjective at every x ∈ µ−1(0). Then 0 is a regular
value and µ−1(0) is smooth. Now G compact acts freely, and some basic fact
tells that µ−1(0)/Gis a smooth manifold.

We now show that µ−1(0) is coisotropic. At x ∈ µ−1(0), we have

Txµ
−1(0) = ker dµ = ker dH1 ∩ · · · ∩ ker dHk

= X⊥ω1 ∩ · · · ∩X⊥ωk = span(X1, . . . , Xk)⊥ω = Tx(G · x)⊥ω.

But Tx(G ·x)⊥ω is contained in Txµ
−1(0). Now it follows from a general fact of

coisotropic submanifolds. If we look at any coisotropic submanifold N ⊆M , we
can look at (TN)⊥ω ⊆ TN . As a consequence of ω being closed, this (TN)⊥ω

is closed under the Lie bracket. This you use the formula for dω(X,Y, Z) versus
Lie derivatives. Then the Frobenius integrability theorem says that we get a
foliation, called the isotropic foliation.

In our case, the leaves are the G-orbits. This is fibered as N = µ−1(0)
π−→

Mred = µ−1(0)/G. But how do we find ωred such that π∗ωred = ω|N? At each
point x ∈ N we look at π(x) and see that ω|x is pulled back from some ω|π(x).
Then we use G-equivariance to translate to other points.

Example 6.2. Look at the diagonal S1 action on (Cn, ω0), with

eiθ(z1, . . . , zn) = (eiθz1, . . . , e
iθzn), µ =

1

2

∑
|zi|2.

If we look at µ−1( 1
2 ), it is the unit circle S2n−1 ⊆ Cn. The degenerate direction

is iz, and if I look at the quotient, we get

S2n−1/S1 ∼= CPn−1.

Just to check with what we did last time, we had a Tn-action on Cn, with
moment map ~µ = ( 1

2 |z1|2, . . . , 1
2 |zn|

2). The diagonal action is µdiag =
∑
i µi,

and so the toric reduction is going to correspond to the simplex

{
∑
i µi = 1

2} ∩ (R≥0)n.
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This even gives a formula for the standard Kähler form on CPn−1 and its
moment map. The moment map is

µ((z1 : · · · : zn)) =

(
|z1|2

|z1|2 + · · ·+ |zn|2
, . . . ,

|zn−1|2

|z1|2 + · · ·+ |zn|2

)
.

Example 6.3. Let us do a non-abelian example. Consider the Grassmannian
G(k, n) of complex k-planes in Cn, which is the k × n matrices of full rank
modulo GL(k,C). So we look at Ck×n with the standard symplectic form ω0

and look at the U(k) action by left multiplication. If you think about this, you
will see that there is a relatively simple formula,

µ(M) =
i

2
MM∗ ∈ u(k) ∼= u(k)∗.

Then we can take µ−1( i2I), and then we get

Mred = {MM∗ = I}/U(k) = G(n, k).

You can compute dimCMred = k(n− k).

Example 6.4. Let’s talk about a fun example, of polygon spaces. Start with
SO(3) acting on S2(r) ⊆ R3, with the standard area form. This action is
Hamiltonian. There is standard basis of so(3)∗ given by rotation by the standard
axes. With that understood, the moment map of this action

µ : S2(r)→ so(3)∗ ∼= R3

is just the inclusion map.

Example 6.5. But now let’s think about the diagonal action of SO(3) on
S2(r1)× · · · × S2(rn). The moment map for that will be

µ(v1, . . . , vn) = v1 + · · ·+ vn ∈ R3 ∼= so(3)∗.

So if we look at the quotient, we get

µ−1(0)/ SO(3) = {(v1, . . . , vn) : |vi| = ri,
∑
i vi = 0}.

This is the space of n-gons in R3, modulo translations and rotations. This may
be singular, and to ensure smoothness, we may need ri generic. (We are afraid
about polygons being contained in a line, so that the SO(3)-action is not free.)
Then you will get that µ−1(0)/ SO(3) is a symplectic manifold of dimension
dimR = 2n− 6.

The triangle space (n = 3) is a point. For n = 4, there is a “bending”
S1-action that rotates a point along the diagonal. This is a Hamiltonian with
moment map the length of the diagonal. There is not much choice for a 2-
dimensional symplectic manifold with a Hamiltonian S1-action. It is going to
be S2 with the moment polytope

` ∈ [|r1 − r2|, r1 + r2] ∩ [|r3 − r4|, r3 + r4].
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For n = 5, the bending action will not work always, because maybe the diagonal
is degenerate. But for generic lengths, this makes the polygon space a toric
symplectic manifold. If the lengths are generic and close to 1, the polytope is
a heptagon, if you graph the triangle inequalities in the (`1, `2)-space, where
`i are the two diagonals. This is S2 × S2 blown up at 3 points. (Blowing up
corresponds to chopping up a corner of your polytope.)

We will now talk about constructions of Lagrangians. One example is, of
course, levels of moment maps. There is a generalization of this. Assume we
are in the situation of a symplectic reduction.

Proposition 6.6. Let Lred ⊆ (Mred, ωred) be a Lagrangian. Then π−1(Lred) ⊆
µ−1(c) ⊆ M is a Lagrangian in (M,ω). (Here, c is a central element in g∗.)
Moreover, every G-invariant Lagrangian in (M,ω) is contained in a (central)
level of µ.
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We will start from symplectic reduction. Let G on (M,ω) be a Hamiltonian
action with µ : M → g∗. For c ∈ Z(g∗) a regular value of µ (with free G-
action), we define

µ−1(c)
π−→Mred = µ−1(c)/G.

There is ωred on Mred such that π∗ωred = ω|µ−1(c).

7.1 Lagrangians from symplectic reductions

Proposition 7.1. Let Lred ⊆ (Mred, ωred) be a Lagrangian submanifold of the
reduced space. Then π−1(Lred) is a Lagrangian in (M,ω).

Proof. We have that π : µ−1(c) → Mred is a locally trivial fibration with fiber
G. So π−1(Lred) is a smooth submanifold of dimension

1

2
dimMred + dimG =

1

2
dimM.

Also, ωred vanishes on Lred, so π∗ωred vanishes on π−1(Lred) = L. That is,
ω|L = 0.

Alternatively, we can say that graph(π) gives a Lagrangian correspondence
in M−red ×M . Then we can compose this with the Lagrangian in Mred and get
a Lagrangian of M . There is also a converse.

Proposition 7.2. If L ⊆ (M,ω) is a G-invariant Lagrangian, then L is con-
tained in a level µ−1(c) for some c ∈ Z(g∗).

Proof. We need to check that µ is constant on L, i.e., dµ|L = 0. (Then c is
central by equivariance.) Fix ξ ∈ g and v ∈ TL, and let us look at d(〈µ, ξ〉)(v).
This is

d(〈µ, ξ〉)(v) = ω(v,Xξ).

Here, Xξ generates the ξ action, so is tangent to L because L is G-invariant. So
this is 0 because ω|L = 0.

Example 7.3. Consider a toric manifold (M2n, ω) with a Tn action. If c is
in the interior of moment polytope, then Mred = {pt}. Then it is its own
Lagrangian submanifold, and you get that the orbits are Lagrangian.

Example 7.4. Here is a slightly more interesting interesting. Take S2×S2 with
the equal areas. We look at the diagonal action of SO(3), g(v1, v2) = (gv1, gv2).
The moment map is

µ(v1, v2) = v1 + v2.

The antidiagonal µ−1(0) = {(v,−v)} is smooth and Lagrangian, even though
SO(3) does not act freely.
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Example 7.5. Consider C2 × (CP 1)−, and the subset

{((z1, z2), (z1 : z2)) : |z1|2 + |z2|2 = 1} ∼= S3.

(This is the graph of the Hopf map.) This is a Lagrangian sphere, because it is
the Lagrangian correspondence underlying the reduction of C2 by the diagonal
S1 action. We can also think it as the following. The circle S1 acts on M =
C2 × (CP 1)− by a diagonal action on C2 and trivial on CP 1. Inside there, we
know that

∆ ⊆Mred = (CP 1)× (CP 1)−

is a Lagrangian. The inverse image of this is our sphere π−1(∆) = S3.
Here is a more fun way of interpreting this. The group SU(2) acts on C2.

This is a Hamiltonian action, with moment map

µ : (z1, z2) 7→
(1

2
(|z1|2 − |z2|2),=(z1z̄2),<(z1, z̄2)

)
.

The levels are the diagonal S1-orbits. We also see that SU(2) acts on (CP 1, ω0)
because it commutes with the diagonal S1-action. The moment map is the same
formula divided by |z1|2 + |z2|2. Having done that, I can look at the SU(2) on
M diagonally. This is going to be Hamiltonian with moment map

µ = µC2 − µCP 1 : M → su(2)∗ ∼= R3.

Now we observe that µ−1(0) is the Lagrangian we were looking at.

Example 7.6. Consider the S1-action on (C2, ω0) by eiθ(x, y) = (eiθx, e−iθy).
This has moment map

µ =
1

2
(|x|2 − |y|2).

For c 6= 0, we have Mred
∼= C, because its moment polytope is just a half-line.

Or you can see this directly as

π : C2 → C; (x, y)→ xy.

The fiber over a looks like a hyperboloid, because this is xy = a. For a = 0, we
get a double cone. The moment map µ is like the height of these, and so we see
that each µ−1(c) ∩ π−1(a) is a S1-orbit, for (a, c) 6= (0, 0). So we get

µ−1(c)/S1 ∼= C

where C has some area form. Given a simple closed curve γ ⊆ C, we get a
Lagrangian torus

π−1(γ) ∩ µ−1(c).

The Chekanov torus is the case R4 = C2 with c = 0 and γ not enclosing the
origin. (This is the only known example of a Lagrangian torus in R4 that is not
Hamiltonian isotopic to the product torus.) This also works in S2×S2 or CP 2.
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7.2 Symplectic fibrations

Let us now talk about symplectic fibrations over surfaces. In general, this is

π : (M,ω)→ Σ

with symplectic fibers Fp = π−1(p) symplectic submanifolds. Another way of
saying it is that ω|ker dπ is non-degenerate. We want it to be a submersion,
possibly except at some set of critical points.

We are going to stay away from the critical points for now. There is the
horizontal distribution

H = (ker dπ)⊥ω,

and dπ identifies dπq : Hq ∼= TqΣ. Then we can look at the horizontal lift of
v ∈ TΣ to v# ∈ H such that dπ(v#) = v.

If the fibers are compact, we can do parallel transport along paths in Σ.
They induce symplectomorphisms between smooth fibers. To see this, take v a
vector field on Σ and v# its horizontal lift. We then compute

Lv#ω = dιv#ω

by the Cartan formula. This is not zero, but if restrict to the fiber, then

dιv#ω|Fp = d(ιv#ω|F ) = 0.

Proposition 7.7. Given a Lagrangian ` ⊆ Fp0 and an arc γ ⊆ Σ through p0,
let L be the image of ` under the parallel transport over γ. Then L is Lagrangian
in M . Conversely, every Lagrangian in M which fibers over an arc in Σ is of
this form.

In the above example, parallel transport takes S1-orbits at µ = c to S1-orbits
at µ = c. One thing you can do is, instead T 2 ⊆ C2, we can use this to build
S1 × Sn−1 ⊆ Cn, or for odd n, non-orientable Sn−1 bundle over S1. We can
look at

Cn → C; (z1, . . . , zn) 7→ z2
1 + · · ·+ z2

n.

This is the as before, because z2
1 + z2

2 = (z1 + iz2)(z1 − iz2). In
∑
z2
i = c, we

can look at the real part Sn−1. Then we can parallel transport around a loop,
it closes up, and then we get the Lagrangian we want.
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So we were discussing construction of Lagrangians. We just discussed the case
of the base having two dimensions. We have

π : (M,ω)→ Σ2

with symplectic fibers, possibly with isolated critical points. Using the orthogo-
nal complement, we can lift a vector on the base to a vector on the total space.
Then parallel transport along a path is a symplectomorphism, and a Lagrangian
in one fiber makes a Lagrangian in the total space.

8.1 Symplectic Lefschetz fibrations

Example 8.1. Take

π : Cn → C; (z1, . . . , zn) 7→
∑

z2
i .

This is singular away from the origin. The fibers Qa = π−1(a) are actually
symplectomorphic to T ∗Sn−1, so they contain the “core sphere”

S = Qa ∩ (eiθ/2R)n.

where a = reiθ. These happen to be preserved under parallel transport. This
implies that parallel transport along closed curves close up. By parallel trans-
porting Sa over a circle, we can build Lagrangians S1 × Sn−1 ⊆ Cn, if the loop
does not go around the origin. If you go around the origin for odd n, you get a
non-orientable Sn−1-bundle over S1.

This is an example of a symplectic Lefschetz fibration. This means that
the fibration locally looks like this.

Theorem 8.2 (Donaldson, 1998). Every compact symplectic manifold carries
a symplectic Lefschetz fibration over S2 outside a (real) codimension 4 locus.
Moreover, this extends if you blow up the base locus.

The intuition is that if you have a Kähler manifold and a sufficiently ample
line bundle, you can look at the ratio of two sections to get a map to CP 1,
except where you get 0/0. This is of complex codimension 2. This theorem is
telling you that you can do this in the symplectic world.

Example 8.3. On a 4-dimensional symplectic manifold, the Lefschetz fibration
looks like, after blowing up, the fibers are surfaces generically and on some
isolated points, the fibers are surfaces with loops contracted.

We can also use the singular fibers. You can think of parallel transporting
to the singular fiber, which can be done because we have an explicit formula.
If we take S = Qa ∩ (eiθ/2R)n and let a → 0, we get this singular point. So a
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singular fiber is obtained by a singular fiber by collapsing a Lagrangian sphere,
called the vanishing cycle. Monodromy around the singular fiber is the Dehn
twist.

We can try to do this on both sides. Suppose that we have a path on the base
between two singular points. If vanishing cycles coming from the two singular
fibers happen to match, we can look at the parallel transport of the vanishing
cycles on the entire interval. This gives a Lagrangian sphere.

Theorem 8.4 (Donaldson, Seidel, . . . ). Every Lagrangian sphere is of this form
in a sufficiently complicated Lefschetz fibration.

You can also imagine doing this along a path between many singular points.

Theorem 8.5 (A.–Muñoz–Presas, 2006). Let L ↪→ (M,ω) be a compact sym-
plectic manifold. Then there exists a symplectic Lefschetz fibration f on the
blowup of M , a Lagrangian L̃ Hamiltonian isotopic to L, and h : L → R a
Morse function, such that L̃ fibers over an arc and f |L̃ → arc ⊂ S2 looks like
the Morse function h.

8.2 Generating functions

Let’s go back to something that is standard. This is a way to build exact
Lagrangians in (T ∗N,ω = dλ). This is something more general than the graph
of an exact form.

We take a smooth function

F : N × Rk → R

and use coordinates (x, u). Assume that x is non-degenerate in the u direction.
(This roughly means that fixing x gives a Morse function on u, but we want
there to be interesting things such as canceling out of critical points.) Then we
define

LF = {(x, ξ) ∈ T ∗N : ∃u ∈ Rk, ∂F∂u (x, u) = 0, ∂F∂x (x, u) = ξ}.

Why is there any reason to think that this is a Lagrangian? This fits into
the language of coisotropics. If we look at

graph(dF ) ⊆ T ∗N × T ∗Rk,

this is Lagrangian, and we are intersecting with {v = 0}, which is coisotropic.
In fact, this is fibered coisotorpic with isotropic fibers {pt}×Rk×0 and quotient
T ∗N . The nondegeneracy condition is that the intersection is transverse. Then
we are projecting the intersection to T ∗N . The claim is that this is always
an immersion, and it is an embedding if it is injective. (Injectivity is that the
existence of u ∈ Rk is unique.) This is exact because

λ|LF = ξdx|LF = dF |LF .
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Example 8.6. Let’s look at N = R and Rk = R. If we take

F (x, u) = f(x) + u2,

this is just the graph of df . If we take

F (x, u) =
1

4
u4 +

a

2
u2 + ux,

we get the sideways graph

LF = {(x, ξ) : ξ2 + aξ + x = 0}.

This can generate very general Lagrangians.

Theorem 8.7 (Laudenbach–Sikorav, 1985). If L ⊆ T ∗N is Hamiltonian iso-
topic to the zero section, then L has a generating function which is quadratic at
∞ in the u-direction.

This was used to prove a special case of Arnold’s conjecture for Lagrangians
intersections in T ∗N . This says that if N is closed and L ⊆ T ∗N is Hamiltonian
isotopic to the zero section 0N , and L t 0N , then #(L ∩ 0N ) ≥ dimH∗(N).

For the graph graph(df), the transversality condition is that f is Morse.
Then this is an instance of the Morse inequality. For LF , the intersection
is the critical points of F on N × Rk. This implies Arnold’s conjecture for
C0 Hamiltonian isotopies. Understanding the general case motivated Floer to
introduce Lagrangian Floer homology.

8.3 Gromov’s h-principle

There is something mysterious called Gromov’s h-principle. This is for La-
grangian immersions (or isotropic embeddings), not for Lagrangian embeddings.

Definition 8.8. A formal Lagrangian immersion of L into (M,ω) is a pair
(f, F ) where

TL TM

L TM,

F

f

(this is equivalent to F being a bundle map TL→ f∗TM) such that

(1) F is injective on every fiber of TL,

(2) for each p ∈ L, we have F (TpL) ⊆ Tf(p)M is a Lagrangian subspace,

(3) [f∗ω] = 0 in H2(L,R).

Theorem 8.9 (Gromov, Lees). Every formal Lagrangian immersion is homo-
topic among formal Lagrangians immersions to an actual Lagrangian immersion
(f̃ , df̃).
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At the end of last time, we stated Gromov’s h-principle for Lagrangian immer-
sions (or isotropic embeddings).

Definition 9.1. A formal Lagrangian immersion of some manifold L into
(M,ω) is a pair (f, F ) where f : L→M and F : TL→ f∗TM such that

(1) F is injective on each fiber,

(2) at every p ∈ L the immersion F (TpL) ⊆ Tf(p)M gives a Lagrangian sub-
space,

(3) we have [f∗ω] = 0 in H2(L,R) (this is clearly an obstruction).

Theorem 9.2 (Gromov, Lees). Every formal Lagrangian immersion is homo-
topic among formal Lagrangian immersions to a Lagrangian immersion.

Proof. You can look at Elashberg–Mishachev.

Let’s look at what this says.

Example 9.3. If M = (Cn, ω0), then f∗TM is just trivial and (3) always
holds. Then the theorem implies that there exists a Lagrangian immersion
L# (Cn, ω0) if and only if TL⊗ C is trivial.

Example 9.4. This implies that there exists a Lagrangian immersion Sn #
(Cn, ω0). But this doesn’t tell you how to build one. We can actually find this
with just one transverse double point. Consider

(z1, . . . , zn) 7→ z2
1 + · · ·+ z2

n

which is a Lefschetz fibration. Each fiber contains a Lagrangian sphere∑
z2
i = c, arg(z2

i ) = arg(c)

which is an Sn−1. Last time we stated that if we go along a loop not passing
the origin, we get an Sn−1 × S1. Instead, if we go pass the origin, we get an
immersion of the Lagrangian sphere. In fact, in dim = 3 every closed oriented
3-manifold has a Lagrangian immersion in C3 with just one double point. On
the other hand, there is no h-principle for embeddings.

Theorem 9.5 (Gromov). If H1(L) = 0, then there is no Lagrangian embedding
L → Cn. (Actually, every Lagrangian in Cn must bound a holomorphic disc
with positive symplectic area.)
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9.1 Modifications of Lagrangians

There is this stabilization due to Audin–Lalonde–Polterovich. Suppose i : L#
(M,ω) is a Lagrangian immersion. Then there exists a Lagrangian embedding
of L × S1 → M × R2 close to i × incl. (This was in the homework.) You can
turn i into an isotropic embedding

i : L#M × {0} ↪→M × R2.

Then we can look at the normal bundle (T ∗L×R2, 0⊕ω0). Then we take small
S1 in the R2 factor.

Example 9.6. There exist Lagrangian embeddings T 4 ↪→ (R8, ω0) not La-
grangian isotopic. The trick is to look at different trivializations of T (T 3) ⊗ C
and then use the h-principle, and then to this stabilization. This is in D. Rizell–
Evans I think.

But it is more interesting to talk about how you can do this without in-
creasing the dimension. This is called Lagrangian surgery or Lagrangian
connected sum, due to Polterovich. The model is

A = Rnx1,...,xn × {0}, B = {0} × Rny1,...,yn

in R2n. Now we want to smooth this intersection point and stay Lagrangian.
In dimension 1, it is clear what we are doing. In higher dimension, consider

the function
fε : Rn \ {0} → R, fε(x) = ε log(‖x‖)

for some ε > 0. If we look at the graph of the differential of this map,

Lε = graph(dfε) =
{(
x1, . . . , xn, y1 =

εx1

‖x‖2
, . . . , yn =

εxn
‖x‖2

)}
.

So actually this is completely symmetric in x, y. Topologically, we built Rn −
{0} ∼= Rn × Sn−1 with a neck of size

√
ε. It is also asymptotic to A ∪ B at

infinity.
To make it a global construction, we should make it actually equal to A∪B

at infinity. So we use a cut-off function so that the modification is compactly
supported. The fasted way to do is to replace fε by something such that the
graph of f ′ connects the ‖x‖-axis and f ′-axis smoothly.

Now we talk about what happens when A and B embedded Lagrangians in
(M,ω), with A∩B = {p} transversely. Then we can define B#pA, which is the
outcome of this construction.

Proposition 9.7. This is a Lagrangian embedding of the connected sum A#B,
and up to Hamiltonian–isotopy, independent of the choices of local charts, profile
of fε, and parameter ε > 0.

Proof. You can convince yourself that to do this construction, if you do some-
thing on one local chart, you need to do the inverse on the other local chart. If
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you reflect one local chart, you have to reflect the other one to keep the sym-
plectic form standard on Cn. Then you should check that changing fε or ε > 0
doesn’t sweep any area.

The significance is that in the Fukaya category, B#pA is the mapping cone

for B
p−→ A. That is, there exists a L such that there is a long exact sequence

in Floer cohomology

· · · → HF (L,B)
p−→ HF (L,A)→ HF (L,B#pA)→ · · · .

This was proved by Fukaya–Oh–Ohta–Ono, in “Chapter 10” of the book. In
the case when B is a sphere, this was proved by Seidel. In that case, this is a
symplectic Dhen twist.

The reason I insisted on ε > 0 is that A#pB is not Hailtonian isotopic (in
general not even topologically isotopic) to B#pA. This is because in the local
model, switching x and y corresponds to switching the sign of ε. (My convention
is that B#pA is the mapping cone.)

In dim2 only, they are actually Lagrangian isotopic via hyperKähler geom-
etry. Here, define u = x1 + ix2 and v = y1 − iy2 (rather than x1 + iy1 and
x2 + iy2), and then my Lagrangian is

Lε = {uv = ε}.

Now I can take any ε and move it in C∗ around the origin.
If two Lagrangians intersect transversely in more than one point, or there

is a self-intersection, we can perform surgeries at all the intersections. At each
intersection, we can choose the direction of the surgery (the sign of εi) and
the neck sizes εi at each point. Here, the outcome may be a non-orientable
Lagrangian.

Example 9.8. Let us start form the Lagrangian torus T 2 ⊆ R4, and then
deform it to create self-intersections. Then there is an even number of intersec-
tions, for both signs. If we do surgery on these, we get Lagrangian non-orientable
surfaces with χ < 0 and 4 | χ.

The Hamiltonian isotopy class does depend on the neck size. For instance,
let’s do a self-sum. The Hamiltonian isotopy class is detected by a symplectic
area of a disc bounding it. If we take the disc around a neck, this disc has zero
area, so we don’t get anything. But because we’re doing a self-sum, there is a
curve that passes the neck, goes around the manifold, and comes back. This
does sweep area depending on ε.

Example 9.9. In Cn, we looked at an immersed Sn, with a transverse double
point. In this case, the two surgeries we can do give the two different perturba-
tion of the curve. Then we get Lagrangian S1 × Sn−1.
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We are going to talk about Lagrangian fibrations.

10.1 Lagrangian fibrations

Let’s assume that for some reason, we happen to know a map

π : (M2n, ω)→ Bn

with Lagrangian fibers over regular values, and assume that π is proper, i.e.,
fibers are compact. Let us set the notation Fb = π−1(b). There is a notion of
flux, and this gives local charts near any regular value b0. This gives a canonical
map

φ : b0 ∈ Ub0 → H1(Fb0 ,R)

where Ub0 is a neighborhood in B. Abstractly, this is how this works. First
identify a neighborhood of Fb0 with a piece of T ∗Fb0 . Then for b close to b0,
the fiber Fb is going to be a graph of a closed 1-form. Then define

φ(b) = [αb] ∈ H1(Fb0 ,R).

Why is this canonical? Explicitly, given a loop γ ∈ H1(Fb0), you can sweep
a cylinder

Γ : S1 × [0, 1]→M

that projects to the path b0 → b. Then the claim is that

〈φ(b), γ〉 =

∫
Γ

ω.

By Stokes’s theorem and the fact that the fibers are Lagrangians, this does not
depend on the choices of γ and Γ. So this gives a concrete description of φ(b).
You can see that these are the same things.

Proposition 10.1. The map φ(b) is a local embedding.

Proof. For injectivity, note that if φ(b) = φ(b′), then αb − αb′ is exact, so it
has to be df for some function f . But then, f has critical points because Fb0 is
compact, hence this contradicts the fact that the fibers are disjoint.

This works similarly on tangent spaces. For v ∈ Tb0B, pick v# any vector
field on Fb0 a lift under π. Then

dφ(v) = [−ιv#ω] ∈ H1(Fb0 ,R).

If it’s a closed 1-form, it has to have a zero. But the vector field v# vanishes
nowhere on Fb0 .
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What this implies is that the dimension of H1(Fb0 ,R) has to be at least n.
Moreover, the tangent bundle to the fiber TF must be trivial, because the lift
of a basis of Tb0B gives frames in NFb0

∼= T ∗Fb0 .
The case of interest for us is F ∼= Tn. Then there are local charts

φ : Ub0 → H1(Fb0 ,R) ∼= Rn,

which is going to be a local diffeomorphism. This gives an integer affine
structure on the regular values Breg ⊆ B. This structure is given by local
charts in Rn, with gluing maps given in the semi-direct product

GL(n,Z) nRn.

This is because change if basis of H1(F,Z) changes the identification of H1(F,R)
by an element of GL(n,Z), and change if reference fiber amounts to translation
by φ(b). Equivalently, an integer affine structure is the data of lattices

TBZ ⊆ TB

corresponding to integer tangent vectors, closed under Lie brackets.
We can build M from TB, by the following process. First take T ∗B which is

a symplectic manifold, and then take the fiberwise quotient by the dual lattice
T ∗BZ. The symplectic form descends to give a symplectic manifold

(T ∗B/T ∗BZ, ω0).

Example 10.2. Let (M2n, ω) be a toric symplectic manifold, and let µ =
(µ1, . . . , µn) be the moment map µ : M → ∆ ⊆ Rn, with ∆ the moment
polytope. The level sets are Lagrangian tori, so we get a Lagrangian fibration.
The affine coordinates on B = ∆ is exactly (up to 2π) the standard affine
structure on Rn ⊇ ∆. To see this, we look at each S1-action separately. Let
us look at the flux, of a cylinder bounding two S1-orbits. This cylinder can be
made by taking a path γ and looking at the S1-orbit of γ. If Xi is the vector
field from the ith S1-action, then we get

ω(γ̇, Xi) = dµi(γ̇)

by definition. Using this and invariance, we get that that
∫

Γ
ω = (2π)(∆γ).

10.2 Completely integrable systems

Having a global Hamiltonian torus action is very special. There are many La-
grangian torus fibrations where you don’t have a global action.

Definition 10.3. A completely integrable system is map f = (f1, . . . , fn) :
M → Rn such that

{fi, fj} = dfj(Xfi) = ω(Xfi , Xfj ) = 0

for all i, j, and df1, . . . , dfn are linearly independent over regular values.
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This implies that Xi = Xfi satisfy the condition that dfi(Xj) = 0. Also,
linearly independent implies that they span the tangent space to the fiber of f .
Then ω(Xi, Xj) = 0 implies that the regular fibers are Lagrangian. So f is a
Lagrangian fibration over regular values, but there is no reason for them to close
up. Conversely, given a Lagrangian fibration π : M → B, over a neighborhood
of b0 ∈ B, pick coordinates (x1, . . . , xn) on B, and then fi = xi ◦ π for a
completely integrable system, locally.

A priori, the flows of Xfi in a locally integrable system has no reason to be
periodic. But it seems that choosing the canonical affine coordinates given by
flux is a good idea. If we do this, over the regular parts, periodicity is automatic.
This is called the action-angle coordinates.

Given a locally integrable system f = (f1, . . . , fn) near a regular value b0 =
0, if the fiber F0 = f−1(b0) is compact an closed, we have seen that it is
Lagrangian. Along F0, the 1-forms df1, . . . , fn are linearly independent, an they
give a trivialization/pointwise basis on

N∗F0 = ((annihilator of TF0) ⊆ T ∗M |F0
) ∼= TF0.

I didn’t do anything so far. Identify a neighborhood of F0 with a piece of
(T ∗F0, ω0), with F0 being the zero section. Realize

f−1((λ1, . . . , λn)) =

(
graph of α =

∑
λiαi +O(λ2)

)
,

for some closed 1-forms αi, pointwise linearly independent. (This is the same

thing as αi = ιv#ω for v#
i the lift of the ith basis vector in Tb0Rn.) These αi

form a basis of T ∗F0, and it is dual to Xi, because

αj(Xi) = ω0(αi, Xi) = dfi(αi) = δij ,

where ω0 is the canonical symplectic form on T ∗F0
∼= M and αi is thought of

as in T ∗F0 ⊆ T (T ∗F0). (This might be confusing, but Xi are just the vectors
tangent to the fibers, and αi point out the fibers.)

Now we want to get some coordinates. Because αi are closed 1-forms, on
the universal cover the lift of αj is exact:

θj : F̃0 → R, dθj = αj .

Then flows of Si lifts, with dθj(Xi) = δij . That is, Xi = ∂
∂θi

. The other thing
is, that because Xi and dθj are pointwise linearly independent,

θ : (θ1, . . . , θn) : F̃0 → Rn

is a local diffeomorphism. We also know that we can flow by Xi, so in fact,
F̃0
∼= Rn. So F0 has to be a quotient of Rn by a subgroup of translations, the

group of periods of (α1, . . . , αn). This is the group of things that we get by
integrating αi along a loop.
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Theorem 10.4 (Arnold–Liouville). Compact regular fibers of completely inte-
grable systems are Lagrangian tori.

Now what you do is to do a change of basis so that the periods are Zn instead
of some crazy lattice in Rn. If we pick f1, . . . , fn the flux coordinates, then [αi]
will be a basis of H1(F0,Z). And then the periods will be Zn ⊆ Rn. Then θj
will be the usual angular coordinates on F0 = Tn = (R/Z)n. Then Xj = ∂/∂θj
are periodic. So locally we have a Hamiltonian Tn-action.

Corollary 10.5. Locally, π : M → B in flux coordinates is the same thing as
a Hamiltonian Tn-action, with the moment map.

The angular coordinates θj on F0 (and any regular fiber) are only defined
up to additive constants. But if you do this globally, you see that there are
choices that are better than others. We normalize these so that θ = 0 defines
a Lagrangian section of f . By invariance, it follows that θ = const are also
Lagrangian sections. Then locally we can write the symplectic form as

ω =
∑

dfi ∧ dθi.

So locally, π : M → B looks (equivariantly symplectomorphic) to T ∗B/T ∗BZ →
B. But globally, even over Breg, there may be obstruction to the existence of
Lagrangian sections.
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Last time we looked at the relation between Lagrangian fibrations and locally
completely integrable systems. So supposing that

π : (M2n, ω)→ Bn

is proper with regular fibers Lagrangian, then Arnold–Liouville says that com-
pact smooth fibers are tori. Also, there were canonical local coordinates on
Breg ⊆ B modelled on H1(F,R). We also saw that Breg has an integer affine
structure (Rn-charts glued by GL(n,Z) n Rn). We also had action-angle coor-
dinates that locally made this look like

ω =
∑

dµi ∧ dθi,

so M locally looks like T ∗B/(T ∗B)Z.

11.1 Lagrangian fibrations with singular points

This is beautiful/boring depending on your point of view. But there are non-
trivial things happening around the singular points. If you look at a monodromy
around a singular point, this gives some bending in the integral affine structure.

Example 11.1. Take CP 2{(x : y : z)} (or C2), as a toric manifold with the
moment map.

µ =

(
|x|2

|x|2 + |y|2 + |z|2
,

|y|2

|x|2 + |y|2 + |z|2

)
.

This has a T 2-action, and the fibers are product tori. Regular fibers are then
{(x : y : 1)} with |x| and |y| fixed.

Let’s look at another example on (CP 2, ω0), with Poisson-commuting

f =

(
|x|2 − |y|2

|x|2 + |y|2 + |z|2
,
|sz − cz2|2

|x|2 + |y|2 + |z|2

)
.

One of the moment map rotates (x : y : z) 7→ (eiθx : e−iθy : z). The other one
is not normalized. So f1 is the moment map for the S1-action, and f2 is on
the reduced space for the S1-action, CP 1 = {[xy : z2]}. If we look at regular
values of f , these are going to be tori, with the S1-action. What do I mean by
not normalized? If you take a S1-orbit and then look at the area swept, this is
going to be just |x|2 − |y|2 = f1. But if you take a loop in the other direction,
we don’t have a canonical choice, and moreover, the area is not just |xy − c|2
but the symplectic area in the symplectic reduction. So we should be using this
area as the coordinate.

This has one interior singularity at the origin on f−1(0, |c|). Now let’s look
at the monodromy around this. By this, I really mean changing the radius r of
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the circle in the reduction and the value f1, so that it goes around the loop. If
we look at what happens, we get the map

γ1 7→ γ1, γ2 7→ γ2 + γ1,

where γ1 is the S1-action and γ2 is the other loop. We can’t draw its moment
polytope globally, but we can draw this locally, introducing a branched cut. The
two sides are actually straight.

−1

0

1

∼=

Figure 1: Integral affine structure on the base

As c varies, here is what happens.

• For c = 0, this is the toric case, and there is a nodal trade operation.
There is Symington’s work on almost-toric symplectic 4-manifolds.

• As c changes, the singular point slides in the x-axis. This is called a nodal
slide.

• For c = 1
2 , the node hits the side. You can try to diagonalize the complex

quadratic form xy − cz2 with respect to the Hermitian quadratic form.
Here, we can see that |xy| ≤ 1

2 (|x|2 + |y|2), and so we always have

|xy − 1
2z

2|
|x|2 + |y|2 + |z|2

≤ 1

2
.

These two x and y have to line up to get equality, and this is when y = −x̄
after normalizing z = 1. This condition implies µ1 = 0. So

f−1(0, 1
2 ) ∼= RP 2,

which is the fixed-point set of the complex conjugation (x : y : z) 7→ (−ȳ :
−x̄ : z̄). Then you get something like Figure 2, which is a toric orbifold.

Here are other things you can do. You can take CP 2, and then do a nodal
trade at each vertex. Then you get a triangle with some branch cuts near each
vertex. Then you do a nodal slide to get other strange-looking shapes. For
instance, you can get right triangles with slope 4, of slope 45/4, or so on. In
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−1

0

1

RP 2

Figure 2: Integral affine structure on the base, for c = 1
2

fact, you can classify shapes by the determinants of primitive vectors along at
each vertex. The set of shapes we can reach are all (a2, b2, c2) such that

a2 + b2 + c2 = 3abc.

This is called the “Markov triples”, and we can obtain them by the “mutation”
operation

(a, b, c)↔ (a, b, c′ = 3ab− c).

These are achieved by doing nodal slides and redrawing.
Now you can look at

Ta,b2,c2 = fiber at (affine) barycenter of the triangle.

The one T1,1,1 is just the standard Clifford torus in CP 2. Then T1,1,4 is the
monotone Chekanov torus, and so on. The claim is that Ta2,b2,c2 are monotone
Lagrangian tori, and they are distinguished by their enumerative geometry,
namely number of families of lowers area holomorphic discs they bound (R.
Vianna, 2014).

Intuitively, as we do a nodal slide, the node passes through the barycen-
ter. As this happens, the torus becomes a singular sphere at that point. This
is called mutation of Lagrangian. There are many ways to think about this.
You can think of this as modifying the Lagrangian along a Lagrangian disc
with boundaries on L. You can also think of this as transition between the
two Lagrangian surgeries on an immersed S2. More recent work of Pasceleff–
Tonkonog gives an “wall-crossing formula” for the enumerative geometry of mu-
tation. Under mirror-symmetry, this amounts to understanding “cluster charts”
(C∗)2 ↪→ mirror.
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So let us now talk about almost-complex structures.

12.1 Almost-complex structures

Definition 12.1. A complex structure on a real vector space V is an endo-
morphism J ∈ End(V ) such that J2 = −1, so that V becomes a complex vector
space with iv = Jv. We say that this is compatible with the symplectic
structure Ω if

G(u, v) = Ω(u, Jv)

defines a positive-definite and symmetric bilinear form.

Compatibility is equivalent to

• symmetric, Ω(Jv, Jv) = Ω(u, v),

• positive definite, or tameness, Ω(u, Ju) > 0 for all u 6= 0.

Proposition 12.2. Any compatible (V,Ω, J) is always isomorphic to the stan-
dard one (R2n,Ω0, J0). Moreover, given any Lagrangian subspace L ⊆ V , we
can arrange the isomorphism so that

L ∼= Rnx1,...,xn .

Proof. Pick e1 ∈ L nonzero, and rescale it so that Ω(e1, Je1) = 1. Then look
at the symplectic orthogonal to span(e1, f1 = Je1), and then (W,Ω|W , J |W ) is
compatible and L ∩W is Lagrangian in W . Now we can induct.

Proposition 12.3. For (V,Ω) a symplectic vector space and given any inner
product 〈−,−〉, we can build out of it a canonical compatible complex structure
J . (The inner product 〈−,−〉 to start out with need not be compatible with Ω!)

Proof. We have two isomorphisms

V ∼= V ∗, u 7→ Ω(u,−), u 7→ 〈u,−〉.

So there exists a unique invertible A : V → V such that Ω(u, v) = 〈Au, v〉, and
A is skew-symmetric with respect to the inner product, because

〈Au, v〉 = Ω(u, v) = −Ω(v, u) = −〈Av, u〉 = −〈u,Av〉.

Now we can look at AA∗ = −A2, which is symmetric positive definite. Hence
it has a square root

√
AA∗. Then we define

J = (
√
AA∗)−1A.

(This A = (
√
AA∗)J is called the polar decomposition of A.) Here, A commutes

with AA∗ = −A2, so A also commutes with
√
AA∗, so A also commutes with

J . We then check
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• J∗ = A∗(
√
AA∗)−1 =

√
(AA∗)−1A∗ = −J ,

• J∗J = A∗(AA∗)−1A = 1.

So we know that J is an almost-complex structure. Also,

Ω(u, Jv) = 〈Au, Jv〉 = 〈−JAu, v〉 = 〈
√
AA∗u, v〉

shows that this is symmetric and positive-definite.

If our inner product was already compatible, we would have gotten A = 1,
and so you have done nothing. What this buys us is, given a symplectic manifold,
we can take an arbitrary Riemannian metric, and use it to get an almost-complex
structure on the entire manifold.

Definition 12.4. An almost-complex structure on a manifold M is J ∈
End(TM) sch that J2 = −1. We say that it is compatible/tame with respect
to ω if it is at every point of M .

Then you can also get ω(−, J−) = g a Riemannian metric on the manifold.

Corollary 12.5. Every symplectic manifold admits a compatible almost-complex
structure; the space J (M,ω) of these is path-connected (in fact, contractible).

Path-connectedness is good, because if we construct something and it doesn’t
jump when we change the almost-complex structure, it means that the construc-
tion does not depend on the choice.

Proof. Pick any Riemannian metric g0. Then using the polar decomposition,
we get a compatible J . Conversely, given two J0 and J1 the almost complex
structures, let g0, g1 be the corresponding metrics. Define gt = tg1+(1−t)g0 and
then apply polar decomposition to get a family J̃t of almost-complex structures.
Here, J̃0 = J0 and J̃1 = J1.

Note that we didn’t use dω = 0 in this construction. So it works just as
well on any symplectic vector bundle. The upshot is that the classification
of symplectic vector bundles over a manifold is equivalent to the classification
of complex vector bundles. We can conversely ask, given a almost-complex
manifold (M,J), the space of J-compatible symplectic forms on M . This can
be empty, but if it is nonempty, it is contractible. This is because we can
interpolate ω = tω0 +(1−t)ω1 and tameness ω(u, Ju) > 0 gives non-degeneracy.
But many almost-complex manifolds have no symplectic structures; S6 caries
an almost-complex structure coming from imaginary octonions, but there is no
symplectic form since we would have [ω]+0 ∈ H2(S6;R) but

∫
ω3 = 0. Another

example is S1 × S3, which is a complex manifold since it is (C2 \ 0)/Z.
Note that any two of (J, g, ω) determine the third one. So preserving two of

these preserve all three. If we apply this to (V, J,Ω, G) ∼= (R2n, J0,Ω0, G0), we
get

Sp(2n) ∩O(2n) = Sp(2n) ∩GL(n,C) = O(2n) ∩GL(n,C) = U(n).
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Also, if we look at the compatible complex structures on (R2n,Ω0), this is

J (2n) = Sp(2n)/U(n).

That is, Sp(2n) retracts onto U(n). Similarly, the space of Lagrangian n-planes
in (R2n,Ω0), this is

LGr(n) = U(n)/O(n),

because U(n) acts transitively on (R2n,Ω0, J0, L). A consequence is that π1 LGr(n) =
Z.

12.2 Types

If J2 = −1, we can extend this linearly to TM ⊗C. Then J2 is diagonalizable,
with eigenvalues +i with eigenspace TM1,0 and eigenvalue −i with eigenspace
TM0,1. We can define projection maps

π1,0 : TM → TM1,0; v 7→ 1

2
(v − iJv) = v1,0,

π0,1 : TM → TM0,1; v 7→ 1

2
(v + iJv) = v0,1,

Each of these are R-bundle isomorphisms. But if we look at the complex struc-
tures, we get

(Jv)1,0 = iv1,0, (Jv)0,1 = −iv0,1.

So as complex vector bundles,

(TM, J) ∼= (TM1,0, i) ∼= TM0,1.

On the cotangent bundle, we can similarly define

T ∗M1,0 = {η ∈ T ∗M ⊗ C : η(Jv) = iη(v)},
T ∗M0,1 = {η ∈ T ∗M ⊗ C : η(Jv) = −iη(v)},

There is a similar formula

η1,0 =
1

2
(η − iη ◦ J) =

1

2
(η + iJ∗η), J∗ : T ∗M → J∗M ; η 7→ −ηJ.

Example 12.6. On a complex manifold (where there exist charts with J coming
from Cn), in local coordinates we have

zj = xj + iyj , J
∂

∂xj
=

∂

∂yj
, J∗dxj = dyj .

Then we have

TM1,0 = span

(
∂

∂zj
=

1

2

(
∂

∂xj
− i ∂

∂yj

))
, T ∗M1,0 = span(dzj = dxj + iyj).
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On differential forms, we similarly decompose∧
kT ∗M ⊗ C ∼=

⊕
p+q=k

∧
p,qT ∗M,

∧
p,q = (

∧
pT ∗M1,0)⊗ (

∧
qT ∗M0,1).

A (p, q)-form pairs non-trivially only when fed p vectors in TM1,0 and q vectors
in TM0,1.

Given f : M → C, we can define

df = (df)1,0 + (df)0,1 = ∂f + ∂̄f.

On a complex manifold, we can define

d = ∂ + ∂̄ : Ωp,q → Ωp+1,q ⊕ Ωp,q+1.

But not quite on an almost-complex manifold. So here is where we need to pay
attention.

12.3 Integrability of almost-complex structures

Definition 12.7. An almost-complex structure is integrable if

[TM1,0, TM1,0] ⊆ TM1,0.

Any complex structure is necessarily integrable. But you don’t expect on this
to be true for any almost-complex structure, because it is a pointwise condition.
So define the Nijenhuis tensor

N(u, v) = [Ju, Jv]− J [u, Jv]− J [Ju, v]− [u, v].

A more practical way of thinking about this is,

N(u, v) = −8<([u1,0, v0,1]0,1).

So we really have that N = 0 if and only if J is integrable.

Proposition 12.8. N is a tensor, i.e., does not depend on the derivatives of u
and v, and it is skew-symmetric and complex anti-linear. So we can view it as

N :
∧

2T 1,0 → T 0,1, or N ∈ Ω2,0 ⊗ T 0,1.

So if dimCM = 1, we always have N ≡ 0 by dimension reason. So every
almost-complex structure is integrable.

Theorem 12.9 (Newlander–Nirenberg). An almost-complex structure J is a
complex structure if and only if it is integrable.

There is a dual interpretation of this. If α ∈ Ω0,1 then we can take

dα = (dα)2,0 + (dα)1,1 + (dα)0,2.
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This wrong type dα2,0 can be expressed in terms of the Nijenhuis tensor as

dα2,0(u, v) = dα(u1,0, v1,0) = −α([u1,0, v1,0]) = N∗α.

In particular, this term dα2,0 is not a differential but some tensor.
Here is a funny consequence. Consider f : M → C and let us look at the

(0, 2) part of d2f = 0. Then

∂̄(∂̄f) + d0,2(∂, f), ∂̄(∂̄f) = −N̄∗(∂f).

So if f is holomorphic, we get N̄∗(∂f) = 0. If N is nondegenerate, this implies
that ∂f = 0 so that f is constant.
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Last time we were talking about almost complex structures.

13.1 Some Kähler geometry

Definition 13.1. A Kähler manifold (M,ω, J) is by definition a symplectic
manifold with a compatible almost structure which is integrable.

On a Kähler manifold, we have d = ∂ + ∂̄, with ∂̄2 = 0. Then we can we
can do Hodge theory, and harmonic forms split by types, thus cohomology also
splits as

Hk(M,C) ∼=
⊕
p+q=k

Hp,q.

If we add the assumption that [ω] ∈ H2(M,Z), then M embeds into some CPN
and so we can do algebraic geometry.

Given a complex manifold, how would you give a Kähler structure? Let
(M,J) be a complex manifold (or an almost-complex manifold).

Definition 13.2. A (real-valued) function f : M → R is strictly plurisub-
harmonic if

ddcf(v, Jv) > 0

for all v 6= 0, where dcf = −df ◦ J = J∗df .

Example 13.3. Consider C and the function

f(z) =
1

4
|z|2 =

1

4
r2.

Then we have

df =
1

2
rdr, dcf =

1

2
r2dθ, ddcf = rdr ∧ ddθ = ω0.

So this is strictly plurisubharmonic.

On a complex manifold, we have

d = ∂ + ∂̄, ∂∂̄ + ∂̄∂ = 0, ∂2 = ∂̄2 = 0.

So we have

dcf = J∗(∂f + ∂̄f) = i(∂f − ∂̄f),

ddcf = i(∂ + ∂̄)(∂ − ∂̄)f = −2i∂∂̄f.

This shows that this is always of type (1, 1).
What this shows is that if f is strictly plurisubharmonic and J is integrable,

then ddcf is an (exact) J-compatible symplectic form, which is a Kähler form.
Similarly, if J is only almost-complex, we still get an exact J-tame symplectic
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form. Conversely, every Kähler form and be locally (on subsets where [ω] = 0)
be expressed as ddc of a function f , called the Kähler potential.

This is one reason people love strictly plurisubharmonic functions. Another
reason is because we get maximum principles. Let u : (Σ2, j) → (M,J) be a
J-holomorphic curve. (This means that du ◦ j = J ◦ du.) If f : M → R is a
function, then

dc(f ◦ u) = j∗(u∗df) = u∗(J∗df) = u∗dcf.

This shows that ddc(f ◦ u) = u∗(ddcf). So if f is strictly plurisubharmonic and
du 6= 0, then this is a positive area form. But in complex dimension 1, with
z = dx+ iy, we find that

ddch =

(
∂2h

∂x2
+
∂2h

∂y2

)
dx ∧ dy.

Hence ∆(f ◦ u) ≥ 0 (and > 0 where du 6= 0). This gives the maximum
principle for f ◦ u : there is no local maximum.

Here is a consequence. Let (M,J) be an almost-complex manifold, and let h :
M → R that is proper (i.e., goes to∞ at∞) and strictly plurisubharmonic near
∞. Then h has no local maximum outside a compact set along J-holomorphic
curves. This shows that non-constant closed J-holomorphic curves stays inside
a compact subset. This is the sort of argument that gives well-definedness
of holomorphic curve theory and Lagrangian Floer homology on non-compact
symplectic manifolds which are convex at ∞.

If I have a toric symplectic manifold, it will quickly become a toric Kähler
manifold. Then they admit local Kähler potentials which are Tn-invariant (by
averaging over the action). In this case, f is a function only of the norms of the
moment map (or norms of coordinates in the context of toric varieties). It is
easier to start with a toric complex manifold, which is a partial compactification
of (C∗)n, and then put a Kähler potential that is Tn-invariant. But how do I
know if my Kähler potential is strictly plurisubharmonic? There is a simple
formula: if zj = exp(ρj + iθj) and f = f(ρ1, . . . , ρn) then

ddcf =

n∑
i,j=1

∂2f

∂ρi∂ρj
dρi ∧ dθj =

n∑
j=1

d

(
∂f

∂ρj

)
∧ dθj .

So f(ρ1, . . . , ρn) being strictly plurisubharmonic just means that f is a strictly
convex function of ρj = log|zj |. We also get the moment map for free. Looking
at the coefficient of dθj , we get that the moment map has to be given by

µ = (µ1, . . . , µn) =

(
∂f

∂ρ1
, . . . ,

∂f

∂ρn

)
.

In general, we have a collection of local potentials for affine charts of the toric
variety, and they differ only by linear functions of the ρs.
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Example 13.4. If I look at (Cn, ω0), then we have ω0 = ddc( 1
4‖z‖

2). On CPn,
we can write this directly by

ωstd = ddc
(

1

4
log(|z0|2 + · · ·+ |zn|2)

)
.

This is cheating, because the form is not globally exact. You can calculate this
on Cn+1 \ {0} and find it is scaling invariant, so it comes from CPn. Another
better way to think about this is that on each affine chart {z0 6= 0}, say z0 = 1,
we can take make sense of this potential up to constant. If I do a change of
charts and compare the two expressions, they differ by

ddc log|zj |2 = 0.

(This works because this is a sum of a holomorphic and an anti-holomorphic
function.)

13.2 J-holomorphic curves

Let’s return to the definition.

Definition 13.5. A map u : (Σ, j) → (M,J) is J-holomorphic if du ◦ j =
J ◦ du. Or, we can define

∂̄Ju =
1

2
(du+ J ◦ du ◦ j) ∈ Ω0,1(Σ, u∗TM)

and say that ∂̄Ju = 0. Here, Ω0,1(Σ, u∗TM) means that it is a section of
T ∗Σ0,1 ⊗C u

∗TM .

The image of u is then a (possibly singular) almost complex submanifold
of M . For generic J , when dimC u(Σ) > 1, this is an over-determined problem
so we expect no J-holomorphic submanifolds other than curves. The definition
makes sense in almost-complex geometry, but soon we will need to assume that
M is symplectic and J is compatible with ω (or at least tame). This is because
we want to do Gromov compactness and energy estimates. In this setting,
J-holomorphic submanifolds are always symplectic submanifolds.

For a non-constant J-holomorphic curve with Σ a closed Riemann surface,
we have ∫

Σ

u∗ω = 〈[ω], [u(Σ)]〉 > 0

because u∗ω is pointwise positive at non-critical points. A consequence is that
ω can’t be exact, and [u(Σ)] also can’t be zero. Similarly, if Σ has boundary on
a Lagrangian L, the paring should be positive in relative H2 and H2.

In fact, we have more if we are in the compatible case. We have∫
Σ

u∗ω = 〈[ω], [u(Σ)]〉
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is also equal to the are of u(Σ) for the compatible metric g(−,−) = ω(−, J−).
This is because the area for the metric g is just equal to the symplectic area.

We will want to study the moduli space of J-holomorphic curves in (M,ω, J),
with domain (Σ, j, (z1, . . . , zn)) representing a given (relative) homology class,
where Σ is a Riemann surface possibly with boundary and z1, . . . , zn are marked
points on Σ. We might want to fix the marked points, or we might want to fix
the genus of Σ and vary j. This set is going to too large, so we are going to look
at these up to reparametrizations. This means that we are going to identify

(Σ, j, z) M

(Σ′, j′, z′)

u

φ
u′

that are given by composition with a biholomorphism φ taking z to z′.
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Let us return to J-holomorphic curves. Given a Riemann surface (Σ, j) and an
almost-complex manifold (M,J), a J-holomorphic map is a map u : (Σ, j) →
(M,J) such that

∂̄Ju = (du)0,1 =
1

2
(du+ Jduj) = 0

in Ω0,1(Σ, u∗TM). We will let (Σ, j) vary in some set of domain curves, and
quotient by reparametrization. For now, let us fix a closed (Σ, j).

14.1 First-order variation of curves

Given one map u : Σ→M that is J-holomorphic, the tangent space at u to the
space of maps Σ→M (of some regularity, which I am not telling you now) are
going to be vector fields along u. We can think of

v ∈ C∞(Σ, u∗TM), (or W k,p(Σ, u∗TM) which is a Banach space).

For Sobolev spaces, we typically take k = 1 and p > 2. This is because we need
k − 2

p > 0 so that W k,p ↪→ C0.
Having fixed a regularity, we want to think about the first-order variation of

the J-holomorphic equation. This is

Du : W k,p(Σ, u∗TM)→W k−1,p(Σ, T ∗Σ0,1 ⊗ u∗TM),

and it is going to be given by

Du(v) =
d

dt

∣∣∣∣
0

∂̄J(expu(tv)).

But here there is a problem. When we pull back TM using expu(tv), this is a
different bundle from when we pull back along u. So we need a connection on
M , so that we can identify the bundles. Then we can write

Du(v) = ∇ d
dt |t=0

∂̄J(expu(tv)).

A convenient choice is the Levi-Civita connection for some metric on M .
But here, we can think of this Du as a map of Banach bundles over the

space {maps}, and we are looking at a connection on this bundle. But at the
zero section, the zero section gives a horizontal distribution, so the connection
really doesn’t matter. We are going to look at general things, so let me use the
connection and just write down the formula.

This Du(v) is given by

Du(v) =
1

2
(∇v + J ◦ ∇v ◦ j +∇vJ ◦ du ◦ j).

Here, the ∇ is the pullback to u∗TM → Σ of the Levi-Civita connection on TM
for some J-compatible g. The last term comes from J changing along the change
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of the map u. This is usually called a real Cauchy–Riemann operator. It
is called real because this is not C-linear. What this means is that in local
trivializations of the complex vector bundle u∗TM , it looks like

D(v) = ∂̄v + (Av)0,1

for some order 0 real matrix A.
The advantage is that we can now use elliptic theory. This operator D is an

elliptic differential operator of order 1. This gives estimates like

‖v‖Wk,p ≤ C(‖v‖Wk−1,p + ‖Dv‖Wk−1,p)

So ifDv = 0, then theW k,p-norm is bounded by theW k−1,p-norm, and it follows
that it is finite-dimensional. That is, the kernel of D is finite-dimensional and
is contained in C∞ (if J is).

Theorem 14.1. The operator Du is a Fredholm operator, i.e., has finite di-
mensional kernel and cokernel).

So we can look at the index

indR(Du) = dim ker− dim coker,

and it is given by Riemann–Roch. It is

indR(Du) = nχ(Σ) + 2〈c1(u∗TM), [Σ]〉 = n(2− 2g) + 2〈c1(TM), [u(Σ)]〉.

This is because, first, we can deform the ∂̄ operator and A to the holomorphic
∂̄ and A = 0 and not change the index. Then we are in the usual setting of
Riemann surfaces, and we get n because we are looking at the rank n vector
bundle on Σ. The factor of 2 comes from looking at real dimension instead of
complex dimension.

The cokernel can be thought of as the kernel of the formal adjoint D∗. This
is going to be

D∗ : W k,p(Σ,
∧

0,1u∗TM)→W k−1,p(Σ, u∗TM).

But via complex conjugation, we can thing of this as a Cauchy–Riemann op-
erator on T ∗Σ ⊗ u∗TM . This will be useful, because we can test injectivity of
Cauchy–Riemann operators pretty easily, and injectivity of D∗ is like surjectiv-
ity of D. Assume that Du is surjective for all J-holomorphic curves u : Σ→M .
(Then we say that J is regular.) Then the space

M̃ = {(u : Σ→M) : ∂̄Ju = 0, [u(Σ)] = A}

is going to be a smooth manifold of dimension equal to the index. Moreover,
we will have TuM̃ = kerDu. This is because surjectivity gives something like
transversality. The intuition is correct, but you will need the Banach implicit
function theorem, which uses some fixed-point type argument.
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14.2 The Maslov index

Recall the first Chern class. Take a complex vector bundle E → Σ of rank n
on a closed oriented surface Σ. Let us cut open a disc Σ0 = Σ \ disc, and this
retracts onto

∨
S1. Over this, E is automatically trivial.

So E is trivial over both Σ0 and D2, and so the change of the trivialization
along the separating S1 is given by

S1 → GL(n,C).

But π1(GL(n,C) ∼= Z with isomorphism given by det : GL(n,C)→ C∗. So rank
n complex vector bundles over Σ are classified by the degree Z. We then define
the first Chern class by

deg(E) = 〈c1(E), [Σ]〉.

Let’s also talk about when Σ is a Riemann surface with boundary. Here, we
will need to impose a totally real boundary condition. That is, we are going to
require that

u : (Σ, ∂Σ)→ (M,L)

to have u(∂Σ) to lie in some Lagrangian L. In this case, u∗TL ⊆ (u∗TM, J) is
going to be a totally real subbundle over ∂Σ. The holomorphic equation is still
given by the same formula, but the domain is different. The linearized operator
is

Du : W k,p(Σ, u∗TM, u∗TL)→W k−1,p(Σ,
∧

0,1 ⊗ u∗TM),

where the domain is the space of vector fields in W k,p(Σ, u∗TM) such that the
restriction to ∂Σ is in u∗TL. The range doesn’t change because we mix up
derivatives. But the formal adjoint still takes the same form, because we want
to do it with respect to the L2-pairing.

This operator Du is again Fredholm, and but what is the new formula for
the index? We write

indR(Du) = nχ(Σ) + µ(u∗TM, u∗TL).

This µ(u∗TM, u∗TL) is called the Maslov index. Here, note that u∗TM → Σ,
where Σ has boundary, is trivial as a complex line bundle. But we need to impose
the condition that u∗TL ⊆ u∗TM over ∂Σ = S1. So this gives an element of

π1 LGr(n) = π1(U(n)/O(n)) = Z,

where LGr is the Lagrangian Grassmannian. We can see this isomorphism by
looking at

det2 : U(n)/O(n)→ S1.

This suggests a relation between the Maslov index and twice of the Chern class.
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We were looking at J-holomorphic curves, maps u : (Σ, j) → (M,J) from a
Riemann surface to an almost complex manifold. The equation was given by

∂̄Ju =
1

2
(du+ Jduj) = 0.

The linearized operator was given by

Du : W k,p(Σ, u∗TM)→W k−1,p(Σ,
∧

0,1 ⊗ u∗TM),

Du(v) =
1

2
(∇v + J∇vj + (∇vJ)du ◦ j).

This is Cauchy–Riemann, Fredholm, and its index is nχ(Σ) + 2c1(TM)u∗[Σ]. If
Σ has a boundary, then we have

indR(Du) = nχ(Σ) + µ(u∗TM, u∗TL).

15.1 The Maslov index is twice the Chern class

This µ is the Maslov index I have started talking about last class. If Σ is a
Riemann surface with boundary, then the bundle u∗TM → Σ is trivial as a
complex vector bundle. So with respect to a choice of trivialization, u∗TL gives
a loop in

LGr(n) = {Lagrangian planes in (R2n, ω0)} = U(n)/O(n).

Then we can show that π1LGr(n) ∼= Z, and this is induced by the map det2 :
U(n)/O(n)→ S1.

Here are other ways of thinking about this. The Maslov index of a loop of
Lagrangian planes in Cn is also the signed count (with multiplicities) of the times
when L(t) fails to be transverse to a given Lagrangian plane L0. In Cn, if you
fix some L0, then the condition of being not transverse to L0 is a codimension
1 phenomenon. So you can count this number and get the Maslov index.

Example 15.1. Consider the disc u : D2 → (R2, S1) given by the identity map.
Then the index is

ind(Du) = nχ(D2) + µ = 1 + µ = 3.

But how do I know that µ = 2? Note that the bundle is already trivialized.
Then our convention is counterclockwise is positive, so we get two counts.

Here is another way of thinking about the Maslov index. If u∗TL is an
orientable subbundle of u∗TM |∂M , then µ is twice the relative first Chern
class. (At least, you should expect to get an even number because the oriented
Lagrangian Grassmannian is a double cover of the unoriented Grassmannian,
so it corresponds to the even things.) In this oriented case, we can trivialize
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u∗TM over ∂Σ. Then we can take the complex bundle u∗TM ⊗C and identify
u∗TM ∼= u∗TL⊗ C over ∂Σ. Then we can look at the relative c1 with respect
to this trivialization, and it turns out that µ = 2c1.

To understand this index formula ind(Du) = nχ(Σ) + µ, we build a double
surface

Σ̂ = (Σ, j) ∪∂Σ (Σ̄,−j)

and glue the bundle E = u∗TM to Ē = u∗TM → Σ using reflection about F =
u∗TL over ∂Σ. Then we get a complex bundle Ê → Σ̂ with c1(Ê) = 2µ(E,F ).
(Here, we don’t even need orientability.) Up to 0th order terms, we have D = ∂̄,
and this commutes with complex conjugation involution I, because

∇v + (−J)∇v(−j) = ∇v + J∇vj.

So the kernel and the cokernel both ±1 eigenspaces for I. We can now show
that the +1 eigenspace is the solutions over (E,F ) → (Σ, ∂Σ), and the −1
eigenspace is the solutions over (E, JF )→ (Σ, ∂Σ). This shows that

ind(D̂Ê→Σ̂) = ind(D(E,F )→Σ) + ind(D(E,JF )→Σ).

The two indices agree, because they have homotopic boundary conditions. So

ind(D) =
1

2
ind(D̂) =

1

2
(nχ(Σ̂) + 2c1(Ê)) = nχ(Σ) + µ(E,F ).

15.2 Reparametrization and extra data

Let us again take the example of the disc D2 on R2. We have seen that

ind(Du) = 1 + µ = 3,

and TuM̃ = kerDu has dimension 3. But here, this 3-dimension just corre-
sponds to reparametrization. We have

Aut(D2) = PSL(2,R),

and this has real dimension 3. This acts on M̃ , and what we will care about is

M = M̃/Aut .

and indeed you can see that M = {pt} as a (stupid incidence) of the Riemann
mapping theorem.

The domains we are going to take are (Σ, j, z), a Riemann surfaces (with
given topological type) and a complex structure j and marked point z. We let
the complex structure j vary, and also we make the points z move around in
the surface. Then we can ask how many additional data we are giving, and also
how many automorphisms they have.

First suppose that Σ is closed.
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• If Σ is (S2, j), then dimC Aut = 3. If we start adding marked points,
we get dimC Aut = 2 for one point, dimC Aut = 1 for two points, and
Aut = {1} for three points. For more points, there is a moduli and we
get dimCM0,k = k − 3. We call this stable if there is no nontrivial
automorphism, so when k ≥ 3.

• Now we let us look at T 2, which we can think of as T 2 ∼= C/(Z + τZ),
where τ ∈ {Im > 0}/PSL2(Z). So with no marked points, we have
dimCM1,0 = 1, but there is an automorphism dimC Aut = 1 because we
have translation. If we add one point, this solves the translation issue, so
dimCM1,1 = 1 with no automorphism. Then for k points, dimCM1,k = k.

• For genus g ≥ 2, the automorphism is always discrete and then we always
have dimCMk,g = 3g − 3 + k (as an orbifold).

Now we can define

Mg,k(M,J,A) =

{
(u : (Σ, j, z)→M) :

Σg = g, k marked points,
∂̄Ju = 0, u∗[Σ] = A

}
/ ∼,

for A ∈ H2(M,Z). Then we say that u ∼ u′ if there is a biholomorphism
between (Σ, j, z) and (Σ, j′, z′) that makes u into u′.

The first order deformations also come from deformation of j and moving
points around in z. For the deformation of j, we get

TjJΣ = {j′ ∈ End(TΣ) : jj′ + j′j = 0} = Ω0,1(Σ, TΣ),

living in some finite-dimensional subspace which is a local slice for the Diff(Σ)-
action. Then the linearized operator is given by

D(u,j)(v, j
′) = Du(v) +

1

2
Jduj′ ∈ Ω0,1(Σ, u∗TM),

with the additional term coming from the Jduj term. This is again Fredholm.
If J is regular, i.e., if D(u,j) is onto, then Mg,k(M,J,A) is smooth and its
dimension is

d = n(2− 2g) + 2c1(TM)A+ 2(3g − 3 + k).

Even if we are in the unstable range, this is what we get after quotienting out
by automorphisms. So we get

d = (2n− 6)(1− g) + 2c1(TM)A+ 2k.

Similarly, if Σ has boundary, and we look at k interior marked points and l
marked points on the boundary, then

d = (n− 3)χ(Σ) + µ(A) + 2k + l.

For instance, for D2 with l marked points on S1, we get dimR = l− 3, and it is
contractible.
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Consider the case Σ = S2 and J integrable. (So we are looking at rational
curves inside some complex manifold.) Then D is just the ∂̄ operator on u∗TM ,
which is a holomorphic vector bundle over P1. Grothendieck proved this theorem
that this implies that

u∗TM =
⊕
i

O(di)

and so we get

ker ∂̄ =
⊕
i

H0(P1,O(di)), coker ∂̄ =
⊕
i

H1(P1,O(di)).

In this case, ∂̄ is surjective if and only if di ≥ −1. So u is regular if and only if
all di are di ≥ −1.
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16 October 25, 2018

We were discussing regularity for J-holomorphic curves. When is it true that
for every u : (Σ, j)→ (M,J) (in a given moduli space), the linearized operator
Du is onto?

16.1 Regularity

Here is the automatic regularity example I gave last time. If Σ = S2 and
J is integrable, then Du is just the ∂̄-operator on the holomorphic line bundle
u∗TM → S2 = CP 1. Then we have a splitting

u∗TM =
⊕
i

O(di),

so we just have

cokerDu =
⊕
i

H1
∂̄(P1,O(di)) = 0

if and only if di ≥ −1 for all i. In practice, the hard thing is knowing exactly
this splitting. In fact, even in the non-integrable case, if somehow u∗TM =⊕

line bundle in such a way that Du splits with respect to this (or just upper
triangular), we can get the surjective criterion.

Let us look at a more general case. Let D be a Cauchy–Riemann operator on
a complex line bundle L→ Σ. If deg(L) < 0, then automatically D is injective.
This is because if s 6= 0 and Ds = 0, then the zeros of s are isolated and have
positive multiplicity. This is the Carleman similarity principle. If Ds = 0 where
we write Ds = ∂̄s+A0,1s, then

∂̄s = −A0,1s,

and then the leading order in the Taylor expansion should look like a holomor-
phic function.

Now recall that D∗ is also a Cauchy–Riemann operator on T ∗Σ⊗L∗. There-
fore if deg(L) > 2g − 2, then D∗ is injective, so D is surjective.

Example 16.1. Now consider u : S2 → M4 an embedded J-holomorphic
sphere. Then we get a subbundle

TS2 ⊆ u∗TM,

and by formal arguments, you can see that this is preserved by Du. Moreover,
this is O(2). This shows that the tangent part of Du is onto. (Actually you
can absorb this direction into the deformation of the complex structures.) So
regularity holds if and only if the projected D to the normal bundle is onto.
This holds if and only if the degree of the normal bundle is at least −1. Because
we are in a 4-manifold, we can look at the self-intersection number, and this
means that if we write A = [u(S2)] ∈ H2(M), then A · A = −1. This is just



Math 253y Notes 57

that expected dimension is nonnegative. We are later going to see that generic
J are regular, but these types of arguments are useful when you want to really
compute something.

We can do a similar thing for discs. If we have

u : (D2, ∂D2)→ (M,L)

and if u∗TM splits into
⊕

complex line bundles with on ∂D2 the bundle u∗TL
splits into

⊕
real line bundles, and moreover Du splits or is upper triangular,

then we get a similar surjectivity criterion. (For instance, when M is a product
of surfaces and also L is a product of Lagrangians in the surfaces.) Here, Du is
onto if and only if each factor is onto, and this hold if

µ(Li,Λi) ≥ −1

for all i.

Example 16.2. Similarly, we look at embedded D2 ↪→ (M4, L). Then we get
an embedding

du : (TD2, TS1) ↪→ (u∗TM, u∗TL),

with the quotient being a line bundle. So we want the quotient to have µ ≥ −1.
So we can say that this is regular if and only if

µ ≥ 1 ⇔ dim ≥ 0,

where this µ is the total Maslov index.

16.2 Generic regularity

Now let us look at a generic J .

Definition 16.3. We say that u : Σ → M (a J-holomorphic curve) is some-
where injective if there exists a z ∈ Σ such that

du(z) 6= 0, u−1(u(z)) = {z}.

For such a z, we call it an injective point.

Proposition 16.4. If Σ is closed, either u factors through a (branched) covering
map

u : Σ
π−→ Σ1

u1−→M

or u is injective at all but finitely many points.

In the latter case, we say that u is simple. This is not true for the case
with boundary, because we can have an embedding of the disc on the plane with
overlaps. In this case, the disc is somewhere injective, but it is not injective at
infinitely many points. Define

M∗ ⊆M
be the subset of somewhere injective J-holomorphic curves u : Σ→M .
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Theorem 16.5. There exists a Baire dense set J reg ⊆ J (M,ω) such that if
J ∈ J reg and u is a somewhat injective J-holomorphic curve then Du is onto.
(That is, M∗ is smooth of expected dimension.)

Here, we are giving J (M,ω) the C`-topology for some sufficiently large `.
To prove this theorem, let us look at the universal moduli space

M̃∗ = {(Σ, j, u : Σ→M,J) : J ∈ J (M,ω), ∂̄Ju = 0, u∗[Σ] = A, u some. inj.}/ ∼

=
∐
J∈J
M∗(J,A).

There is a natural projection pr : M̃∗ → J . If we look at the first-order
deformation of the even bigger ∂̄ operator, then

D̃(u,j,J)(v, j
′, J ′) = Du(v) +

1

2
Jduj′ +

1

2
J ′duj,

where v ∈W k,p(Σ, u∗TM), and j ∈ TjJΣ, and

J ′ ∈ TJJ = {J ′ ∈ Cl(M,End(TM)) : JJ ′+J ′J = 0, ω(J ′−,−) = −ω(−, J ′−)}.

(We assume something like ` > k.)

Proposition 16.6. If u is somewhere injective, then D̃ is always onto.

The moral reason is that Du(v)+ 1
2Jduj

′ was Fredholm, and then 1
2J
′(u)duj

is huge. If we have this, then M̃∗ is a smooth Banach manifold, and pr : M̃∗ → J
is a Fredholm projection. There is the Sard–Smale theorem that shows that the
regular values are Baire dense, and then we can define J reg to be this set.

Proof. We have that Im D̃(u,j,J) ⊇ ImDu, and ImDu is closed and finite codi-
mension. So it is enough to show that the orthogonal complement to the big
image Im D̃(u,j,J) is zero. Assume η ∈ Lq(Σ,

∧
0,1⊗u∗TM) satisfies the condition

that
η ∈ kerD∗u = (ImDu)⊥

and η ⊥ {J ′(u)duj, J ′ ∈ TJJ }.
Now we want η ≡ 0, and assume not. Because η ∈ kerD∗u and D∗u is a

Cauchy–Riemann operator, we see that η is C` and has isolated zeros. But
there is this other condition that η ⊥ {J ′(u)duj}, and we claim that this shows
that for all z ∈ Σ an injective point, we have η(z) = 0. This will show that
η = 0 everywhere. To show this claim, we note that there exists a J ′u(z) mapping

the complex line Im(du(z)) ⊆ Tu(z)M to any complex line in Tu(z)M . This is
because we can arrange this locally, and then use a cut-off function to make this
to a global construction. Then this tells us that η could not be orthogonal to
all J ′(u)duj.
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So we get that

M̃∗ =
∐
J

M∗(A, J)

is a Banach manifold, and the projection π : M̃∗ → J is a Fredholm map of
index d = indD(u,j). By the Sard–Smale theorem, the set

J reg = {regular values of π}

is Baire dense. (You can even intersect this over genus of Σ and the homology
classes, because they are going to be countably many things.)

Now we can check transversality. If J ∈ J reg and (u, j) ∈M∗(A, J) then

dπ : ker D̃ = T(u,j,J)M̃∗ → TJJ

is onto. But D̃(u,j,J) : (v, j′, J ′) 7→ D(u,j)(v, j
′) + 1

2J
′duj is onto. So it follows

that D(u,j) is onto.
A similar argument shows that for all J0, J1 ∈ J reg, there exists a path (Jt)

(in fact, any generic path would do) such that∐
t∈[0,1]

M∗(A, Jt) = π∗({Jt})

is smooth of expected dimension, dim = d+ 1.



Math 253y Notes 60

17 November 1, 2018

Today we are going to prove Gromov compactness.

17.1 Gromov compactness

Theorem 17.1 (Gromov). Let un : (Ξn, jn, z) → (M,ω) be a sequence of J-
holomorphic curves, with J ∈ J (M,ω). If

E(un) =

∫
Σn

u∗nω = 〈[ω], un∗[Σn]〉

is uniformly bounded, there is a subsequence converging to a stable map u∞ :
Σ∞ →M .

Here, Σ∞ is the nodal configuration of Riemann surfaces, where there are
marked points and modal points that are all distinct in the domain.

Before being precise about the statement, let us look at the geometric con-
sequences. The phenomena that can happen are

• possible degenerations of the domain, and collision of special points,

• bubbling of spheres (and discs when ∂Σ 6= ∅).

What do we mean by bubbling?

Example 17.2. Define

un : S2 = CP 1 → CP 1 × CP 1; (x0 : x1) 7→ (x0 : x1), (nx1, x0).

So on affine charts, this is x 7→ (x, 1/nx). Away from x = 0, this converges
(uniformly) to (x, 0). But not so fast. If you draw this in P1 × P1, the curve
looks like parabolas approaching the two axes. So if we say that the limit is
(x, 0), we are missing a lot of things. Also, there is no fixed parametrization of
the domain. If we reparametrize x̃ = nx, then the map looks like

un ◦ ϕn : x̃ 7→ ( 1
n x̃,

1

x̃
).

So what we find is that this converges uniformly (away from ∞) to (0, 1/x̃). So
the actual domain of the limit curve is CP 1 ∨CP 1, with x = 0 glued to x̃ =∞.

Here is the ideas. To handle domain degenerations, we are going to look at
stable compactifications

Mg,k = {stable genus g curves with k marked points}.

ofMg,k = {(Σ, j, z)}. This gives a candidate limit domain for limn→∞(Σn, jn, zn).
Now that doesn’t handle bubbling, because all our domains were CP 1. To de-
tect this, we need to identify bubbling regions of the domain. These are the
points where sup|dun| → ∞, where we fix a parametrization. Outside these
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regions, there is theorem of Arzela–Ascoli that tells us that there exists a con-
vergent subsequence. In the bubbling regions, we rescale the domain, by setting
vn(z) = un(z0

n+ εnz). Here, we have to choose εn → 0 in a suitable way. For in-
stance, we could take εn = (supneighbor|dun|)−1 and then sup|dvn| = 1, where vn
is defined on larger and larger balls going to small discs in Σn. So we can again
use some Arzela–Ascoli to get v∞ : C→M of finite energy. Then the removable
singularity theorem says that v∞ extends to a J-holomorphic v∞ : CP 1 →M .

But this is not the end of the story, because this might miss intermediate
bubbles. One way to proceed is to look at the energy content by changing εn.
If we pick a sequence εn that approaches zero more gently, you are still going to
have bubbling, but then we are not going to see anything because it is something
between bubbles. So we can change εn around and see how much energy we get.
So we can “catch” all the bubble components by consider different rescalings.

This process ends, because of the energy bounds. There is an energy estimate
that says, for a nonconstant J-holomorphic curve, we have

E(u) =

∫
u∗ω ≥ ~ > 0.

So the total number of components is bounded. This comes from Gromov’s
monotonicity lemma. This says that if I have a holomorphic curve in Cn
passing through the origin 0, the intersection with the ball B(r) has area at
least πr2.

What happens with the case with boundary? If the points z◦n where bubbling
happens are at (or close) to the boundary ∂Σ, then the limit map looks like
v∞ : H→M . The removable singularity theorem again applies, and this shows
that we can extend to H ∪ {∞} ∼= D2 → (M,L).

17.2 Stable curves

Suppose I have a sphere bubble on a disc, and the bubbling point is trying to
escape to the boundary. What happens in this case is that we get a “ghost”
component that looks like a disc bubble and is the constant map, and then a
sphere bubbling on the ghost map. This is what stable limits will give us.

Definition 17.3. A stable curve is a (finite) union of Riemann surfaces with
all distinct marked points, modulo the identification of pairs of marked points,
called “nodes”, (identifications can occur in the same Riemann surface) such
that each component is stable, i.e., the automorphism group is discrete. Leftover
non-node points become marked points.

The closed case is given by the Deligne–Mumford moduli space

Mg,k = {stable connected curves of genus g with k marked points}/iso.

For example, M0,k is just a tree of spheres, each with at least 3 special points
(marked points plus nodes). We have M0,3 = M0,3 = {pt} as the simplest
example. The next case is

M0,4
∼= CP 1.
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How do we see that? First we can take on CP 1, the special points z1 = 0, z2 = 1,
z3 = ∞. Then the fourth marked point can be z4 ∈ CP 1 − {0, 1,∞} = M0,4,
in the uncompactified space. If we take the limiting behavior z4 → zi, we are
going to get CP 1 ∨ CP 1 with zi, z4 on one sphere and the other two points on
the other sphere. You can think of this as reparametrizing the sphere so that
zi and z4 are separate, and then the other two points come together. ForM0,5,
it will have dim 2 stratum with one CP 1 with 5 points, and then dim 1 strata
with CP 1 ∨CP 1, and then dim 0 strata. It turns out that this is P1×P1 blown
up at 3 points. In general, Mg,k will be an algebraic stack (compact complex
orbifold) of dimension dimC = 3g − 3 + k with codimension of strata equal to
the number of nodes.

Let us now look at the disc case. These are going to be Stasheff associa-
hedron. We have

Ak =Mdiscs

0,k = {stable discs with k boundary marked points in order}/ ∼ .

If I have three marked points in the correct order, we have A3 = {pt}. Then
we have

A4 = [0, 1].

This is because if I fix the marked points 1, 2, 3, then 4 slide between 3 and 1,
and then once it hits 3 or 1 it becomes a disc bubble. The next one

A5 = pentagon.

This is because each edge corresponds to two edge points coming together. The
next one A6 is a polytope with faces squares and pentagons.
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18 November 6, 2018

We were discussing Gromov compactness and the notion of stable curves. The
compactification of the moduli space of J-holomorphic curves (given genus and
homology class) ends up being a moduli space of stable maps, which are maps
with domains nodal Riemann surfaces and maps having discrete automorphisms
(in other words, all compoments with u = const are stable).

Example 18.1. Suppose there are three marked points on S2, two of them
coming together, and there is a bubbling happening away from marked points.
Then the limiting stable map is going to be

S2 ∨p1 (S2 with one marked) ∨p2 (S2 with two marked)→M,

with the map on S2 with two marked points being constant.

18.1 Gromov–Witten invariants

These count genus g curves in a given class β ∈ H2(M,Z), subject to incidence
conditions. So we look at the moduli space and consider the projections

ev :Mg,k(M,J, β)→Mk; [Σ, z, u] 7→ (u(z1), . . . , u(zk)),

st :Mg,k(M,J, β)→Mg,k; [Σ, z, u] 7→ Σ/ ∼ .

Here, what we are doing with the stabilization map st is collapsing the unstable
components of the domain. If you have an unstable component, you collapse
this, and if it had a marked point, you move it to the point where the bubble was
attached. (Note that an unstable bubble could have had at most one marked
point.)

Proposition 18.2. If regularity holds independently for stable configurations,
then Mg,k(M,J, β) is a smooth compact oriented orbifold.

As a consequence,Mg,k(M,J, β) has a rational-coefficient fundamental class
[Mg,k(M,J, β)] ∈ H2d(· · · ,Q). So we can integrate on it a cohomology class
of degree 2d. (Even in the non-regular case, we can try to define “virtual”
homology classes.) For instance, we can look at α1, . . . , αk ∈ H∗(M) and then
we can take

〈α1, . . . , αk〉g,β =

∫
[Mg,k(M,J,β)]

ev∗1 α1 ` · · · ` ev∗k αk.

Intuitively, you are looking at the Poincaré dual cycles C1, . . . , Ck ⊆ M , and
the counting the curves passing through C1, . . . , Ck. (Of course, we should take∑

degαi = 2d to be this to be an interesting thing.)
Still assuming regularity (or a perturbation scheme) these numbers are well-

defined invariants, independent of auxiliary choices (J , perturbations, etc.).
Here are some simple cases we can do this with no advanced techniques.
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• If β has the smallest possible energy,

[ω].β = min{[ω].H2(M,Z) ∩ R+},

then there cannot be any bubbling, and also no multiple covers. Then
M0,k≤3(M,J, β) is compact and has somewhere injective curves.

• Consider the monotone case, where there exists a λ > 0 such that
c1(TM) = λ[ω]. In this case, bubbling is controlled by index, since ev-
ery bubble will have positive c1 and so we get smaller-dimensional moduli
spaces. More generally, we can consider the semipositive case, where
for all A ∈ π2(M), we have ω(A) > 0, c1(TM).A ≥ 3 − n, so that
c1(TM).A ≥ 0. Then we can look at the moduli space

M∗0,k(M,J, β) ⊆M0,k(M,J, β)

of somewhere injective curves with just 1 component, where J ∈ Jreg.
This defines a pseudocycle, which is a cycle up to codimension 2, i.e., its
complement has image under the evaluation map of codimR ≥ 2. This is
because stable maps with l nodes are expected to have real codimension
2l. Also, if all components are simple an distinct, then J ∈ Jreg gives
regularity. Another bad case would be multiple covers, but then you can
look at some corresponding moduli space of simple curves and replace all
multiple covers by the quotient. This gives the same evaluation image
and the expected dimension is the same or lower, using the condition
c1(TM).A ≥ 0 for simple curves.

Here is an example. Let us look at the example of S2 → M6 so that
c1(TM) = 0. Then expected dimension is 0, so we are counting points. Then
we expect

N = #(M(J, β)) =
∑
k÷β

1

k3
nβ/k ∈ Q,

because we have have a k-fold cover, we are looking at nβ/k and then if there
are three marked points, there are k3 ways to lift these three points.

18.2 Quantum cohomology

It will be nice to package these things and look at algebraic properties. Consider
the universal Novikov field,

Λ = completion of the group ring H2(M,Z)

=

{ ∞∑
i=0

aiq
βi : ai ∈ Q(or R,C, . . .), βi ∈ H2(M,Z), [ω].βi → +∞

}
.

So we have only finitely many terms below any give energy level. Now quantum
cohomology is defined as

QH∗(M) = H∗(M,Λ)
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with product ∗. For every β ∈ H2(M) with ω(β) ≥ 0, let us define (α1 ∗α2)β ∈
H∗(M,Λ) by ∫

M

(α1 ∗ α2)β ` α3 = 〈α1, α2, α3〉0,β .

In other words, it is the Poincaré dual to ev3∗(M0,3(β)∩ ev−1
1 (C1)∩ ev−1

2 (C2)).
In the case β = 0, we are only seeing constant maps, so we have (α1 ∗ α2)0 =
α1 ` α2. Now we define

α1 ∗ α2 =
∑
β

(α1 ∗ α2)βq
β .

Note that there is a degree discrepancy

deg((α1 ∗ α2)β) = degα1 + degα2 − 2c1(TM).β.

So you may want to consider Λ as a graded field and then set deg(qβ) =
2c1(TM).β. This gives a graded ring structure on QH∗(M).

Proposition 18.3. The product ∗ is commutative and associative (so it is a
commutative ring in the usual sense).

Proof. Commutativity amounts to relabeling points. Associativity is more in-
teresting. We have ∫

M

((α1 ∗ α2) ∗ α3) ` α4

counting spheres passing through α1 ∗ α2 and α3 and α4. But then we can
interpret this as counting S2∨S2 passing through α1 and α2 on one sphere and
α3 and α4 on the other sphere. So these are configurations with classes β1 and
β2 such that β1 + β2 = β. Now can we rearrange points?

Now we look at M0,4(J, β) and the stabilization map to P1. Here, we see
that the domain-constrained 4-point Gromov–Witten invariants

〈α1, α2, α3, α4〉0,β,{z} =

∫
st−1(z)

∏
ev∗i (αi)

are independent of z ∈ P1. So when we look at this for z = 0 and z = ∞, the
numbers don’t change. This shows that the count for ((α1 ∗ α2) ∗ α3) ` α4 is
really the same as for ((α2 ∗ α3) ∗ α1) ` α4.
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19 November 8, 2018

Let us now talk about counting discs.

19.1 Disc-counting enumerative invariants

For spheres, we expectMg,k(M,J, β) to be compact and closed, i.e., is a “pseu-
docycle”. This was what allowed us to get invariants by integrating the coho-
mology class. By contrast, for discs with Lagrangian boundary, this is not true.
Disc bubbling has codimension 1. We have

∂(M(M,L, J, β)) = {wedge sum of two discs β1, β2 such that β1 + β2 = β}

=
∐

β=β1+β2

M0,1(L, β1)×evM0,1(L, β2).

The original M has dimension dimR = d = n− 3− µ(β), and the dimension of
the boundary is

dimR = (n− 2 + µ(β1)) + (n− 2 + µ(β2))− n = d− 1.

All configurations like this really should appear in the boundary, because of
some gluing theorem.

We might still try to define “open Gromov–Witten invariants”, for exam-
ple, by counting discs with boundary and L with vanishing µ in a Calabi–Yau
threefold. But this doesn’t work. If I have µ = 0 with expected dimension
d = 0, there are always multiple covers, and so we have to regularize and get
Nβ ∈ Q. But more importantly, there are transitions as we vary J or L along a
Hamiltonian isotopy or regularization data. Even if Nβ1

and Nβ2
don’t jump,

we might imagine these discs hitting each other and making a β1 + β2 disc. So
Nβ1+β2 will jump in this transition.

One way is to give up, but if you don’t want to, then you see that you need to
look at linking numbers, so we only count discs with odd linking number. So we
look at all the linking behavior and correct the number by putting coefficients.
This was done by Welschinge, and in some limited setting, this works. There is
another thing you can do, done by Katz–Liu, if there are S1-action on Calabi–
Yau threefolds and L. But the crazy thing is that this really depends on the S1

action, so for instance, if you have a T 2-action, the count is different for the two
S1, and there is a formula relating them. In general, you can use “bounding
cochains” by Fukaya–Oh–Ohta–Ono. These are boundary incidence condition
b ∈ C∗(L), and the modified count of discs bound by L plus discs bound by L
passing through b at a marked point plus discs bound by L passing through b
at two marked points plus . . . . Here, b needs to satisfies the bounding cochain
equation, which says that

∂b+ · · · =
∑
β

[ev∗M),1(L, β)]Tω(β).
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This is complicated. So let us consider the case when the disc has the lowest
energy, so that there is no worry about splitting discs. Consider the case when
L ⊆ (M,ω) is monotone and oriented, where monotone means there exists a
λ such that for all β ∈ π2(M,L) we have

ω.β = λµ(β).

This ensures that

• there are no discs of µ ≤ 0,

• there are no disc bubbling forM(L, β) for µ(β) = 2 (or really the smallest
Maslov index), because our Lagrangian is oriented,

• there are no multiple covers.

So these discs are regular for generic J . Note that we still can have sphere
bubbling, if ∂β = 0. We can still have a map from a disc with a sphere bubble,
with the map being constant on the disc. This disc will have c1 = 1, and we see
that this has codimension 2 under the evaluation map.

But this aside, for µ = 2 and regular J , we can look at

M0,1(L, J, β)

and it is going to be a compact closed manifold with real dimension n−2+µ = n.
There is an evaluation map ev :M0,1 → L and both are dimension n. If both
M0,1(L, J, β) is oriented, we get a degree

nβ(L) = deg(ev) ∈ Z,

which is the number of J-holomorphic discs in a class β whose boundary ∂
passes through a generic point of L.

Determining an orientation on M(L, β) requires a choice of a spin struc-
ture on L. A orientation of L is a homotopy class of a (stable) trivialization
of TX over the 0-skeleton, which extends over the 1-skeleton. (The obstruc-
tion is w1(TX) ∈ H1(X,Z/2Z), and once this vanishes, the set of orienta-
tions is H0(X,Z/2Z).) A spin structure is a stable trivialization of TX over
the 1-skeleton, which extends over the 2-skeleton. (Here, the obstruction is in
w2(TX) ∈ H2(X,Z/2Z) and the set of choices is H1(X,Z/2Z).) This comes
in when you want to choose orientation of the kernel and cokernel of the ∂̄-
operator. There is a sign-change formula: for s, s′ spin structures, the orienta-
tion on M(L, β) agree if and only if s|∂β = s′|∂β . If you don’t want to think
about orientation, you can just think modulo 2.

19.2 Superpotential for a monotone Lagrangian

Let us consider a oriented Lagrangian L ⊆ (M,ω) with a spin structure. Why is
it called a superpotential? Critical points of this superpotential has to do with
Lagrangian Floer homology. Define

WL =
∑

β:µ(β)=2

nβ(L)z∂β ∈ Z[H1(L)],
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which can also be though of as a Laurent polynomial with integer coefficients,
if we pick a basis γ1, . . . , γn of H1(L). This is a finite sum, because of Gromov
compactness.

Proposition 19.1. For monotone L, this wL is independent of J and invariant
under monotone Lagrangian-isotopies.

Here, we need to account for the isotopy, when we are identifying the two
H1(L).

Example 19.2. Consider S1 ⊆ R2, with the standard (trivial) spin structure.
There is one obvious disc β, and it has Maslov index µ(β) = 2. So we have
nβ = 1. So we get

W = z ∈ Z[z±1].

Example 19.3. For S1 ⊆ CP 1, we need this circle to be the equator for it to
be monotone. (That is, the two sides have the same area.) In this case, there
are two discs and we have nβ1

= nβ2
= 1. In that case, we have

WL = z + z−1 ∈ Z[z±1].

This has critical points, and this is telling this is non-displacable.

Example 19.4. Let us take L = S1(r)×· · ·×S1(r) ⊆ (Cn, ω0), where they need
to have the same radii for monotonicity. We see that if we write u = (u1, . . . , un),
we need each ui to be a holomorphic disc, and µ(u) =

∑
µ(ui). So exactly one

ui has to be the ordinary disc and all others have to be constant. This tells us
that there are n classes, each of them having n(βi) = 1. This gives

WL = z1 + · · ·+ zn ∈ Z[z±1
1 , . . . , z±1

n ].

Example 19.5. Now let us look at the Chekanov (Schlenk) tori in (Cn, ω0).
This is given by

Lr = {|x1| = · · · = |xn|, |x1 · · ·xn − 1| = r < 1} ⊆ Cn,

and it is a monotone Lagrangian. The claim is that there exists a unique family
of holomorphic discs of µ = 2, and the potential is just W = z0.
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We were trying to define invariants that count discs, and use that to tell apart
Lagrangians. If I have a (oriented, spin) monotone L ⊆ (M,ω) and a disc
β ∈ π2(M,L), then its area is ω(β) = λµ(β). So if µ = 2, there is no disc
bubbling. Then we defined

WL =
∑

β:µ(β)=2

nβ(L)z∂β ∈ Z[H1(L)].

This number nβ(L) was the number of discs in class β whose ∂ passes though
a generic point, which is also the degree of ev :M0,1(L, J, β)→ L.

Example 20.1. For S1(r)× · · · × S1(r) ⊆ Cn, we have W = z1 + · · ·+ zn.

20.1 Example: Chekanov–Schlenck tori

Let us look at the Chekanov–Schlenck tori. There is the projection map

π : Cn → C; (x1, . . . , xn) 7→ x1x2 · · ·xn,

and then we can look at

L = {|x1| = · · · = |xn| and |
∏
xi − 1| = r}

for some r < 1. This is a monotone Lagrangian torus, and the claim is that
there exists a unique class β0 of µ(β0) = 2 such that there exist holomorphic
discs in class β0 with boundary on L. This moreover has nβ0(L) = 1 and so
W = z0.

How do you see this? Any holomorphic disc should project to a holomorphic
disc under π. So it is either the ordinary disc with radius r, or it is a point. But
you can exclude the point by some maximal principle. You can also see that
u : D2 → (Cn, L) has Maslov index µ(u) = µ(π ◦ u). (One way to see this is to
note that the Tn−1-action gives a trivialization of the tangent bundle at each
fiber, so there is no contribution from the fiber direction.) So the disc u has to
cover {|z − 1| < r} exactly with degree 1.

Knowing this, we can classify Maslov index 2 discs. By the Riemann mapping
theorem, there is only one π ◦ u up to reparametrization. So we can just say

π ◦ u(z) =
∏

xi(z) = 1 + rz.

We also know that xi/xj is a nonvanishing holomorphic function with having
norm 1 at the boundary. So xi/xj is constant. This shows that

xj(z) = eiθj (1 + rz)1/n.

with the consistency condition
∏
eiθj = 0. You can also check that this is

regular, and then we have a count of 1.
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So we have classified discs, but how do we think about the rest of H1(L)?
There is a preferred choice of basis. There is an isomorphism

π2(Cn, L) ∼= H1(L) ∼= Zn.

One basis element we can take is β0, the boundary of a holomorphic disc of
Maslov index 2. There are isotropic discs

αj = [{(1− r)1/n(1, . . . , 1, z, 1, . . . , z̄), z ∈ D2}]

where z is in the coordinate. These are the Lagrangian thimble defined by
taking the ith S1-orbit and degenerating it into the singular fiber. So ∂αi is the
i-th S1-orbit, and they along with ∂β0 give a basis.

Example 20.2. Now let us look at CPn. Here, there is the monotone Clifford
torus

{(1 : x1 : · · · : xn), |xi| = 1}.

This has Maslov index given by the twice the intersection number

µ(u) = 2[u].∆, ∆ =
⋃

coordinate hyperplanes.

So µ(u) = 2 says that only one xi can vanish, and for others, we have xi/xj =
const. So it should be of the form

z 7→ (eiθ0 : · · · : z : · · · : eiθn)

for some 0 ≤ j ≤ n. Now there are (n+ 1) families of discs, and we see that the
boundaries represent (1, 0, . . . , 0) to (0, . . . , 0, 1) and (−1, . . . ,−1). So we get

WCliff = z1 + · · ·+ zn +
1

z1 · · · zn
.

But what about the Chekanov–Schlenck torus? I will not give you the com-
putation, but here is the result. The torus looks like

{(1 : x1 : · · · : xn) : |x1| = · · · = |xn|,
∏
xi ∈ γ}

for some γ. (I can’t write this down because the curve should enclose enough
area by symmetry reasons, and the Euclidean circle won’t do.) Here there are
things living over the complement.

Now we take for a basis of H1(L), the loops z = ∂β0 and wi = ∂αi. Then
we get

WCh = z +
(1 + w1 + · · ·+ wn−1)n

znw1 · · ·wn−1
.

There are 1 + nn discs through each point, and the reason there are so many
is it should hit x0 = 0 exactly n many times, and each time it hits it, we get
to choose which coordinate plane to go through. (This is written up in D. A.
2007, section 5, for n = 2.)
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20.2 Wall-crossing for µ = 0 bubbling

In CP 2, there are more tori available. Note that we had

WCliff = z1 + z2 +
1

z1z2
, WCh = z +

(1 + w)2

z2w
= z +

1

z2 + w
+

2

z2
+
w

z2
.

For Vianna’s tori T1,4,25, we have

W1,4,25 = u+
2(1 + v)2

u2
+

(1 + v)5

u5v
.

These computations show that these tori are not equal to one another.
Still, even if there are different as Laurent polynomials, (which implies that

they are different tori), they are related by change of variables. If we take
z = z1 + z2 and w = z2

z1
then

WCliff = z1 + z2 +
1

z1z2
= z +

(1 + w)2

z2w
= WCh.

Similarly, the change of variables u = z + 1
z2w and v = 1

z3w gives

WCh = z +
(1 + w)2

z2w
= u =

2(1 + v)2

u2
+

(1 + v)5

u5v
= W1,4,25.

What is happening is that these tori are Lagrangian isotopic, although not
through monotone tori. As long as there aren’t any discs with µ < 2 occurring
as I move my Lagrangian, there is no bubbling so the counts don’t change. Still,
there is something happening when L crosses a configuration with µ = 0 discs.
This is given by some wall-crossing formula, and WL changes by a substitution
of variables which accounts for bubbling of µ = 0.

Let’s see this in action. Let us go back to C2 because this is already hard.
Consider

Tr,λ = {|x1|2 − |x2|2 = λ, |x1x2 − 1| = r} ⊆ C2.

We start with r < 1 and λ = 0, which is the Chekanov. First we lift it to λ > 0.
This is no longer monotone, but the disc counts are the same. Now we increase
r to r = 1 and λ > 0. At this point, the torus Tr,λ now bounds one disc of µ = 0
inside x1-plane, living in the fiber. Now the disc can choose to either continue
as it is, or take the union and look at the nodal configuration. So β0 breaks up
into one β1 and one β2. This accounts for the change of variables

z0 = z1(1 + w) = z1 + z2.

In general, in complex dimension 2, if we had another class β with ∂β.∂α = k,
we get a change of variables

z∂β 7→ z∂β(1 + w)k.

This is multiplicative, and it becomes a ring isomorphism on some completion
of Laurent polynomials. So we need to go back to some Novikov coefficients, be-
cause now energy are not at discrete levels. Still, if we do the Lagrangian isotopy
and go back to a monotone Lagrangian, we would get a Laurent polynomial.
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We have discussed various ways to define enumerative invariants. Now we will
look at the closely related Lagrangian Floer cohomology.

21.1 Lagrangian Floer cohomology

I will be following Beginnner’s introduction to Fukaya categories. Floer wanted
to understand Arnold’s conjecture, that if L ⊆ (M,ω) is a closed compact La-
grangian not bounding J-holomorphic discs (for instance, when [ω] ·π2(M,L) =
0), then for any ψ ∈ Ham(M,ω) with ψ(L) transverse to L, we have

#(ψ(L) ∩ L) ≥
∑

dimHi(L).

For perturbations, this is just the Morse inequalities. But the goal of this is
to do this globally. What Floer said that is that if (L0, L1) are Lagrangians
intersecting transversely, then we can define a chain complex CF ∗(L0, L1) gen-
erated (as a vector space) by L0 ∩ L1 and boundary map defined by counting
J-holomorphic discs. So we can define the cohomology HF ∗(L0, L1) and this
happens to be independent of the J , choices, and invariant under Hamiltonian
isotopies HF ∗(L0, ψ(L1)) ∼= HF ∗(L0, L1). Finally, you can show that if L1

is Hamiltonian isotpic to L0 then HF ∗(L0, L1) ∼= H∗(L0). This implies the
Arnold conjecture.

Originally, this was developed when it was not known that all interesting
invariants come from counting pseudo-holomorphic curves. The intent was to
do Morse theory on the path space

F̃(L0, L1) = universal covering of {γ : [0, 1]→M,γ(0) ∈ L0, γ(1) ∈ L1}.

You can also think of this as a path plus the homotopy class [Γ] of a homotopy
from a fixed path γ∗ to γ. But then, this homotopy will look like a surface, so
we can integrate this. So we can define an action functional

A(γ, [Γ]) = −
∫

Γ

ω.

The critical points of this functional are constant paths, and then formally, a
gradient flow is evolving γ : [0, 1] → M by Jγ̇, which is like a J-holomorphic
strip. So that was the motivation.

To allow non-exact cases, we will work with Novikov field coefficients. This
is defined as

Λ =

{ ∞∑
i=0

aiT
λi : ai ∈ k, λi ∈ R, λi → +∞

}
,

over your favorite field k. This is a completion of the group ring of R over k,
and these λi will record the symplectic area/energy of discs.
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The chain complex is defined as

CF ∗(L0, L1) =
⊕

p∈X(L0,L1)

Λp

the vector space generated by the generators X(L0, L1). This is just X(L0, L1) =
L0∩L1 in the unperturbed case, but there might be non-transverse intersections.
For a perturbation, we take a Hamiltonian H : [0, 1]×M → R, and instead look
at

X(L0, L1) = {γ : [0, 1]→M, γ̇(t) = XH(t, γ(t)), γ(0) ∈ L0, γ(1) ∈ L1}.

You can think of this as taking γ(1) ∈ φ1
H(L0) ∩ L1, and you can also think of

it as adding a perturbation to the action functional, so that

A(γ, [Γ]) = −
∫

Γ

ω +

∫ 1

0

Hdt.

We now look at u : R× [0, 1]→M such that

• ∂u

∂s
+ J

(
∂u

∂t
− XH(t, u)

)
= 0, which is saying (du − XH ⊗ dt)0,1

J = 0

instead of (du)0,1 = 0,

• u(s, 0) ∈ L0 and u(s, 1) ∈ L1,

• lims→±∞ u(s, t) = p± ∈ X(L0, L1), which is equivalent to finite energy

Energy(u) =

∫
1

2
|du−XH ⊗ dt|2dsdt <∞.

Then we can define the moduli space

M(p+, p−, [u], J,H) = {u : R× [0, 1]→M such that . . . }/R-translation.

This PDE is governed by a Fredholm operator (it’s a real Cauchy–Rieman equa-
tion on u∗TM with boundary conditions on u∗TL0 and u∗TL1) and so we expect
the dimension of the space to be

dimM = ind([u])− 1

where the −1 comes from translation. There is no business with multiple covers,
since we are perturbing by H, and then transversality holds for generic J as soon
as φ1

H(L0) t L1.

Definition 21.1. We define the boundary map ∂ : CF (L0, L1)→ CF (L0, L1)
as the Λ-linear map given by

∂(p+) =
∑

p−∈X(L0,L1),ind([u])=1

(#M(p+, p−, [u], J,H))TE(u)p−.
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There are so many things to say. First, if you are bothered by this H, there
is this Gromov’s trick. We were looking at solutions to

∂u

∂s
+ J

(
∂u

∂t
−XH(t, u)

)
= 0.

If we define v(s, t) = φ
[t,1]
H (u(s, t)), then this has the property that v(s, 0) ∈

φ
[0,1]
H (L0), and we also have v(s, 1) ∈ L1. So now v ends at the intersection

points of φ
[0,1]
H (L0) and L1. Moreover, we can compute

∂v

∂s
+ (φ

[t,1]
∗ J)

∂v

∂t
= φ

[t,1]
∗

∂u

∂s
+ (φ∗J)φ

[t,1]
∗

(
∂u

∂t
−XH(t)

)
= 0.

So you can try to absorb the perturbation into the J and consider a time-
dependent J instead.

21.2 The Maslov index and the grading

The index ind([u]) is something like the Maslov index, but we have a jump at
the intersection points. We can actually make sense of this and say

ind([u]) = Maslov index of (u∗TM, loop of Lagrangian along ∂u).

Here, what is this loop of Lagrangians at p+ and p−? There is a “canonical
short path” of Lagrangians from Tp+L0 to Tp+L1, which is going “clockwise”.
Since Tp+L0 and Tp+L1 are are transverse Lagrangian subspaces, we can choose
an isomorphism

(Tp+M,ωp+ , Tp+L0, Tp+L1) ∼= (Cn, ω0,Rn, (iR)n).

Then we use the path (e−iθR)n for θ : 0 → π
2 . Why clockwise and not coun-

terclockwise? If you realize that you want to take a biholomorphism between
the strip and the disc with two points removed, and then try to close up the
two points, you will see that this is the clockwise rotation. Then when we try
close off the loop by going from Tp−L0 to Tp−L1, now we use the inverse of the
canonical short path.

Example 21.2. Let’s try to compute this on two arcs intersecting at two points
on a plane. If you follow the path by looking at these loops, you will see that
the rotation degree is +π. So the Maslov index is 1.

When do I have a grading deg : X(L0, L1) → Z such that for every [u]
connecting p+ to p−, we have ind([u]) = deg(p−)− deg(p+)?

• To a priori know that this is well-defined, we need that 2c1(TM) = 0.
This is because if I connect sum the disc with a sphere, the Maslov index
changes by 2c1(TM). So we at least need something like 2c1(TM) = 0.

This will give us a global Z-covering L̃Gr(TM)→ LGr(TM).
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• Then, we also need that if we attach things at the boundary of the disc,
this also doesn’t change the index. This is saying that the Maslov class of
Li

µ ∈ H1(Li,Z) = Hom(H1(Li),Z)

vanishes.

These two conditions will ensure that there is exist graded lifts T̃Li of TLi. If
we choose these lifts, we can then define the degree of a generator as

deg(p ∈ X(L0, L1)) = Maslov index of the loop T̃pL0 → T̃pL1
can. path−1

−−−−−−−−→ T̃pL0.

Then this degree gives a grading. For oriented Lagrangians, the degree is defined
modulo 2 when we choose an orientation of TpL0 ∩ TpL1.

Theorem 21.3. Assume [ω].π2(M,Li) = 0 for i = 0, 1. Then ∂ : CF (L0, L1)→
CF (L0, L1) has ∂2 = 0 and HF ∗ is independent of J and H.
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We started talking about Lagrangian Floer cohomology. We had two (compact,
closed, oriented, spin) Lagrangians L0, L1 ⊆ (M,ω) with L0 t L1 or a Hamil-
tonian H such that φ1

H(L0) t L1. If we want a Z-grading, you need to assume
that 2c1(TM) = 0 and also the Maslov class µL ∈ H1(L1;Z) vanishes and so
pick a graded lift. We were looking at holomorphic strips u : R × [0, 1] → M
such that the p± are the generators of CF ∗(L0, L1),

X(L0, L1) = trajectories of XH from L0 to L1,

such that
∂u

∂s
+ J

(
∂u

∂t
−XH(t, u)

)
= 0.

Now we can count solutions modulo R-translation and define

∂(p+) =
∑

ind([u])=1

(#M(p+, p−, [u], J))TE(u)p−

where E(u) is the energy, i.e., symplectic area.

Theorem 22.1 (Floer). Assume that [ω].π2(M,Li) = 0. Then ∂ is well-defined,
∂2 = 0, and HF (L0, L1) = ker ∂/ im ∂ is independent of J , H, and Hamiltonian
isotopies of L0 or L1.

22.1 Lagrangian Floer cohomology is well-defined

The proof of ∂2 = 0 is almost like the proof of ∂2 = 0 in Morse theory. We look
at flowlines of index 2 and then study the boundaries of such moduli spaces.
Consider the space M(p+, p−, [u], J) for ind([u]) = 2 and look at the ends. We
can exclude bubblings of J-holomorphic spheres and discs, and then we have
strip breaking. Here, a strip converges to a disjoint union of two strips sharing
an end point. So we get

∂M(p+, p−, [u], J) =
∐

[u]=[u′]+[u′′]

M(p+, p0, [u], J)×M(p0, p−, [u
′′], J).

We need Gromov compactness plus no bubbling plus transversality to get one
inclusion, and the gluing theorem to get the other inclusion. This gluing theorem
states that each broken trajectory comes from an end of a unique 1-dimensional
moduli space.

As a consequence, we get

∂2(p+) =
∑
p0,p−

(#M(p+, p0, [u
′]))(#M(p0, p−, [u

′′]))TE(u′)+E(u′′)p−.

These sums gives the number of ends of a 1-dimensional moduli space, M, and
so its signed count should be zero.
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So how do we exclude bubbling? Sphere bubbling is not that bad, because
it is a codimension 2 phenomenon. But if there is disc bubbling, we really get
∂2 6= 0.

Example 22.2. Consider a cylinder and L0 a loop around the cylinder and
L1 a circle bounding a disc, intersecting L0 at p and q. Let’s just zoom in and
assume that the two Lagrangian looks like L0 the real axis and L1 the unit
circle.

L1

L0

Then we see that
∂p = T a1q, ∂q = T a2p.

What goes wrong? If we look at the moduli of the index 2 disc p → q → p,
then we see that there is one family of discs, given by doing Riemann mapping
to {|z| < 1} \ (α, 1). As α → 1, we get a bubble and as α → −1 we get a strip
breaking. So because one end is a disc bubble, we don’t get ∂2 = 0.

Now we want to prove invariance with respect to H and J . To do this, pick
a path (Hs, Js)s∈R that is constant outside an interval. Then we can define a
continuation map

CF (L0, L1, H+, J+)→ CF (L0, L1, H−, J−)

that counts index zero solutions of u : R× [0, 1]→M satisfying

∂u

∂s
+ Js

(
∂u

∂t
−XHts

)
= 0.

Note that this is no longer R-translation invariant.

Proposition 22.3. We have ∂− ◦ φ = φ ◦ ∂+.

Proof. Look at the ends of index 1 solutions. Then the ends will be breaking
into either ∂− and φ or φ and ∂+.

So this gives a chain maps, and so we get a map φ∗ : HF → HF . But why
is this an isomorphism? We can define the reverse map φ̄ and then we can look
at the composition φ̄φ. This is the same as counting solutions for H,J starting
at + and hiccuping in the middle to − and then ending at +. So if we look
at index 1 solutions and look at ends, we will get φ̄φ, id, and extra ends from
splitting into ∂+ and index −1 solutions. Note that because J is moving in a
path, we might see accidents happening in codimension 1 points. So at the end,
we get

φ̄φ− id = ∂+Θ±Θ∂+.

The right hand side disappears when we pass to cohomology, so they compose
to identity at the level of cohomology.
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22.2 Lagrangian Floer cohomology with itself

What is HF (L,L)? We use a H such that φ1
H(L) t L. Here is Floer’s ob-

servation. If we look at L as the zero section in (T ∗L, ω0), this reduces to
Morse theory. Pick f : L → R a Morse function and take H = εf ◦ π, where
π : T ∗L→ L is the projection map. Then we have

XH = (0, εdf), X(L,L) = crit(f).

What are J-holomorphic curves? We first need to pick an almost-complex
structure on the manifold. If we pick a metric g on L such that f becomes
Morse–Smale, we get an isomorphism g : TL ∼= T ∗L. Then we can use it to
define J . If you are not being creative, you can find solutions such that u(s, 0)
follows the gradient flow of f . For ε small enough, these are going to be the
only ones. So we have MFloer =MMorse and so

HF ∗(L,L) ∼= HM∗(f) ∼= H∗(L; Λ).

This in particular implies Arnold’s conjecture for cotangent spaces.
More generally, we can consider the case when L ⊆ (M,ω) does not bound

holomorphic discs, we can show that all trajectories stay inside a neighborhood
of L. Then we can still show

HF (L,L) ∼= H∗(L; Λ).

If there are discs, then HF may not be well-defined, but if the minimal Maslov
index of discs is at least ≥ 2, we get ∂2 = 0. This is true for instance if L is
oriented and monotone. In this case, there is an “Oh spectral sequence” that
computes

H∗(L)⇒ HF ∗(L,L).
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23 November 29, 2018

Today we are going to define products on Lagrangian Floer theory. We had pairs
of Lagrangians L0, L1 and defined CF ∗(L0, L1) as generated by intersections (or
trajectories of the Hamiltonian perturbation). The differential ∂ = µ1 counts
index 1 (perturbed) holomorphic discs. Last time we showed ∂2 = 0.

23.1 The Floer product

Here, we have three Lagrangians L0, L1, L2 mutually transverse, or Hamiltonian
perturbations H01, H12, H02. The Floer product is going to be a map

µ2 : CF ∗(L1, L2)⊗ CF ∗(L0, L1)→ CF ∗(L0, L2),

and the degree output is the sum of the degree inputs if things are Z-graded.
We define this as

p2 · p2 = µ2(p2, p1) =
∑

q∈X(L0,L2),ind([u])=0

#M(p1, p2, q)T
ω(u)q,

for p1 ∈ X(L0, L1) and p2 ∈ X(L1, L2). Here, the moduliM(p1, p2, q) is defined
as holomorphic discs that look like discs with three points taken off at the
boundary, with p1, p2, q being the corners. But if there are perturbations, these
are going to be more complicated.

Proposition 23.1. Suppose [ω].π2(M,Li) = 0 for all i, so that there are no
bubblings. Then

• µ2 satisfies the Leibniz rule with respect to the Floer differentials,

∂(p2 · p1) = ±(∂p2) · p1 ± p2 · (∂p1),

hence the product descends to HF ∗(L1, L2)⊗HF ∗(L0, L1)→ HF ∗(L0, L2).

• the product on HF ∗ is independent of the choices of H, J , so on, and is
associative.

First, let’s see how to deal with perturbations. If we have Σ ∼= D2 − {3pts}
and have choices H01, H12, H02 and J01, J12, J02, we can make on Σ an interpo-
lating family between the different H and J . Then we want to look at solutions
to equations

∂u

∂s
+ J

(
∂u

∂t
−XH

)
= 0,

but then we see that there are no global s and t coordinates. So we instead pick
β a 1-form on Σ (we may need dβ ≤ 0 if things are non-compact) such that

• β on each strip end looks like constant times dt, and

• β restricted to ∂Σ is β|∂Σ = 0.
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Then we can instead write

(du−XH ⊗ β)gJ = 0

and count solutions to these equations.
What I mean by the index? The expected dimension is the Fredholm index,

and I have discussed that this is given by the Maslov index after closing to a loop
of Lagrangian subspaces by canonical short paths. When things are graded, this
is just deg(q)− deg(p1)− deg(p2).

So let us start proving the proposition. To prove the Leibniz rule, we consider
the moduli space M(p1, p2, q) for [u] of index 1. This has a compactification
M and this includes broken trajectories. There is no bubbling, so we only have
strip breaking. The limits are going to be three configurations, each being a
strip breaking at the three vertices p1, p2, q. Here, we note that we have set up
the perturbation so that the strips are indeed the correct solutions to Floer’s
equation for strips. Moreover, we can see from a gluing theorem that all such
configurations occur. So the argument goes like, the total number of ends is
zero so

0 = ±∂(p2 · p1)± (∂p2) · p1 ± p2 · (∂p1).

For the independence of H and J and other things, we do this cobordism
thing and take into account accidents, and this will give us a chain homotopy
between the things. This is not fun. On the other hand, associativity is fun.
You should thing of this in terms of higher products.

If we count the number of configurations

with p3, output on one disc and p2, p1 on the other disct, we get p3 · (p2 · p1).
On the other hand, if we look at the configurations with p3, p2 on one disc and
p1, output one one disc, we have (p3 · p2) · p1.

Now if we remember M0,4 = A4 is an interval, we are sort of looking at
holomorphic discs with 4 marked points and looking at ends of this moduli
space. Then (p3 ·p2) ·p1 and p3 · (p2 ·p1) will appear, but there also will be other
strip breaking, since Maslov index −1 discs can appear since we are changing the
domain in a 1-parameter family. So it is not true that (p3 ·p2) ·p1 = p3 · (p2 ·p1),
but the difference has Floer differentials. So at least we have a homotopy.

23.2 Higher products

Let’s try to do this in a more systematic way. We define

µk : CF ∗(Lk−1, Lk)⊗ · · · ⊗ CF ∗(L0, L1)→ CF ∗+2−k(L0,Kk)

that counts

M(p1, . . . , pk, q, [u], . . .) = {discs with k + 1 boundary punctures→M}.



Math 253y Notes 81

Here, the positions of the boundary points are not fixed in advance. Again,
these are the solutions to some perturbed Floer’s equation (du−XH⊗β)0,1

J = 0
modulo biholomorphisms. The expected dimension is the index of some Cauchy–
Riemann operator D̃, and it is going to be

ind(D̃) = (ind(∂̄) = Maslov) + k − 2

because the moduli space of the domain has dimension k− 2. So we only count
those discs of index 2− k so that the expected dimension is 0. Now we define

µk(pk, . . . , p1) =
∑

q,ind([u])=2−k

#M(p1, . . . , pk, q)T
ω(u)q.

Example 23.2. In the plane, the convex (k + 1)-gon has index ind(∂̄) = 2− k
and contributes to µk.

Proposition 23.3. These µk satisfy the A∞-equations if [ω].π2(M,Li) = 0:

0 =

k∑
l=1

k−l∑
j=0

(−1)∗µk+1−l(pk, . . . , pj+l+1, µ
l(pj+l, . . . , pj+1), pj , . . . , p1).

Let’s see what this says concretely.

• For k = 1, this just says µ1(µ1(p1)) = 0.

• For k = 2, this gives the Leibniz rule for µ2.

• For k = 3, we get µ2 associative up to homotopy µ3:

µ2(p3, µ
2(p2, p1))± µ2(µ2(p3, p2), p1) = ±µ3(µ1p3, p2, p1)± µ3(p3, µ

1p2, p1)

± µ3(p3, p2, µ
1)± µ1(µ3(p3, p2, p1)).

Let’s do a two-minute proof of this.

Proof. Look at index (1 − k) discs with k inputs. This compactifies to a 1-
manfold with boundaries domain degenerations and strip breaking. Domain
degenerations correspond to

∂M0,k+1 =
∐

l,k−l+1≥2

M0,l+1 ×M0,k+2−l

and strip breaking comes up for l = 1 or k − l + 1 = 1.
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24 December 4, 2018

Remember last time we were discussing the Floer product operations. Given
L0, . . . , Lk ⊆ (M,ω), we defined k-fold products

µk : CF ∗(Lk−1, Lk)⊗ · · · ⊗ CF ∗(L0, L1)→ CF ∗(L0, Lk)[2− k]

which is a weighted count of Fredholm index 2− k (perturbed) J-holomorphic
curves. If the Li don’t bound discs and H,J are chosen consistently, the A∞-
relations hold. The proof was to consider the moduli space of index 3 − k and
then is a sum of the product of 0-dimensional moduli spaces.

Near the strip-like end, (H,J) is exactly those used to define CF ∗(Li, Lj).
Even when the discs degenrate, we can arrange things inductively so that at
these points the perturbations look like lower-discs. Seidel’s book explains this
it in detail.

What should we do if Li bound discs? This is sort of experimental, not
written up anywhere, but we might know how to deal with it. There are extra
boundary of 1-dimensionalM corresponding to disc bubbling. (These are going
to honest unperturbed discs.) One thing we can try is to redefine CF ∗(L,L) to
allow for

µ0
L ∈ CF ∗(L,L) = weighted count of discs bounding L with a point.

Then we get a curved A∞-relation, where we can insert µ0 arbitrarily. But then
the problem is that

µ1(µ1(a)) = µ2(a, µ0
L0

)− µ2(µ0
L1 , a)

and so we don’t homological algebra. For monotone Li bounding Maslov index
2 discs, we have µ0

L = WL and we can use this this to cancel µ0 in some way.
There are many modified versions of Floer theory. An example is a twist

by a local system on the Lagrangians. This modify weights of holomorphic
discs, and consider

CF ((Li, V i), (Lj , V j)) =
⊕

p∈Li∩Lj

hom(Vi|p, Vj |p).

The for holomorphic triangles, we can modify the weight by the holonomy of
the loops around the boundary of the disc. Here, we need some condition that
allows us to say that the energy goes to infinity, so that we aren’t looking at
infinite sums. So we require that the valuation of the holonomy to be 0.

24.1 The Fukaya category

Definition 24.1. The Fukaya category F(M,ω) has

• objects (nice) Lagrangians submanifolds (like oriented, spin, graded, not
bounding discs, monotone, etc.) possibly with extra data (like graded
lifts, spin structures, local systems, etc.),
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• and morphisms Hom(L0, L1) = CF ∗(L0, L1) (for some choice of (H,J))

• and structure maps µk.

This is just a way to package all this into something called a A∞-category.
Of course, we can look at the cohomology category H∗F with Hom = HF ∗,
and this is called a Donaldson–Fukaya category and this becomes an honest
category. But this loses information, like exact triangles, mapping cones, and
generators.

In something like a dg category, exact triangles are triangles like

A
f−→ B

g−→ C
h−→ A[1],

where f, g, h are (closed) morphisms and for every test object T , we have long
exact sequences

Hi Hom(T,A)
µ2(fi)−−−−→ Hi Hom(T,B)

µ2(gi)−−−−→ Hi Hom(T,C)
µ2(hi)−−−−→ Hi+1 Hom(T,A)

and they are natural with respect to T .
Equivalently, C is homotopic to the mapping cone of f : A → B. The

origin is when if I have f : X → Y a cellular map of CW-complexes, we can
take

Cone(f) = ((X × [0, 1])/X × {0})q(x,1)∼f(x) Y.

Then we get

X
f−→ Y

i−→ Cone(f)
/Y−−→ ΣX.

If we look at maps between chain complexes, (think about the cellular chain
complex) we can define the mapping cone of chain complexes as

Cone(A
f−→ B) = (A[1]⊕B, ∂ = ( ∂A 0

f ∂B
)).

Then we can do these for dg-modules or A∞-modules.
Here is what this corresponds to in the Fukaya category. If A and B are

Lagrangians intersecting at a point A ∩ B = {p} transversely, we can take the
connected sum C = A#pB. Then Fukaya–Oh–Ohta–Ono proves that C =

Cone(B
p−→ A).

Let’s see why this is true. For any test Lagrangian generically, we expect

CF ∗(T,C) = CF ∗(T,A)⊕ CF ∗(T,B).

Then there between C and T , holomorphic strips and look like things bounded
by A and T , or B and T , or the neck part and T . So if the neck is small enough,
the FOOO theorem is saying that this really compares to holomorphic triangles
bound by T,A,B. So the differential looks like

∂ =

(
∂T,A 0
µ2 ∂T,B

)
.
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Then when we want to look at the Floer product T → T ′ → C, a similar
comparison gives that this can be written out, but in terms of µ3.

There aren’t that many Lagrangians that we know very well. So we want to
study some basic Lagrangians, and build other Lagrangians by forming mapping
cones of them. Then the problem is that µ1 or µ2 between these Lagrangians
involve higher products, but if we know the building blocks well enough, we can
deal this.

Definition 24.2. The objects G1, . . . , Gk are said to generategenerators an
A∞-category if every object is a quasi-isomorphic to an iterated mapping cone
build from copies of G1, . . . , Gk.

For example, the canonical two generators α, β split generate F(T 2, ω), so
we can build everything from disjoint unions of the two loops.
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Mirror symmetry is roughly the statement that enumerative calculations in sym-
plectic geometry is algebro-geometric calculations in its mirror pair.

25.1 Homological mirror symmetry

This was formulated by Kontsevich in 1994. This says that there are mirror
spaces X,X∨ (Calabi–Yau, c1(TX) = 0) such that there is a derived equivalence
between

F(X,ω) and Coh(X∨).

Derived means that we are looking at chain complexes up to quasi-isomorphisms.
Concretely, we look at Lagrangians, but we allow formal mapping cones f : L1 →
L2. Meanwhile, coherent sheaves are like vector bundles that can jump in rank
over algebraic subvarieties. So we would want to match up

{L ⊆ X Lagrangians + extra data} ←→ {E ∈ Coh(X∨)}

that satisfy HF ∗(L,L′) ∼= Ext∗(E ,E ′).
What does this look like in practice? This has been proven for many classes

of manifolds for now. Here is an example for T 2 done by Polishchuk–Zaolow in
1998, in a case-by-case explicit way. Let’s say that we have on the symplectic
side, X = T 2 = R2/Z2, with area form ω = λdx ∧ dy. On the complex side, we
will have

X∨ = C/Z + τλ.

Lagrangians in L ⊆ X are Hamiltonian isotopic to straight line. (We don’t
worry about trivial simple closed curves, because they bound holomorphic discs.)
A local system is just a flat connection with constant connection form. The
discrete parameters are homotopy classes of the Lagrangian, and there are two
continuous parameters: one for where the Lagrangian lies, and one for the
holonomy of the connection. The claim is that this matches to the complex
side. We have{

family of Lagrangians in
homology class (p, q)

}
←→

{
family of rank p,

degree − q vector bundles

}
.

This choice of parametrization is somewhat arbitrary. There is a duality between
derived sheaves on the elliptic curve and sheaves on its Jacobian, called the
Fourier–Mukai transform. This switches the degree and rank in some way, and
that should correspond to switching the two factors. So the derived equivalence
in mirror symmetry is not canonical, before we make these extra choices.

So let us be explicit in the T 2 case. Fix L0 a horizontal line, and L1 a
diagonal. Let Lp be a vertical line. Then we have

L0 ↔ O the structure sheaf,

L1 ↔ L a degree 1 line bundle,

Lp ↔ Op a skyscraper sheaf at a point in X∨.
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L0

L1
Lp

Figure 3: Lagrangians on T 2

Then we can look at the maps

L0
s−→ L1

ep−→ Lp

where {s} = L0 ∩L1 and {ep} = L1 ∩Lp. What is the composition map, which
is µ2(ep, s)? On the algebraic side, we have

O
s−→ L

evp−−→ Op,

where s is the unique section. We should get the same answers, one from the
symplectic side and one from the algebraic side.

First on the algebraic side, how do we get s(p)? This is some very classical
fact. If L → X∨ = C/Z+τZ is a line bundle, we can pull it back to C∗ = C/Z,
where it necessarily has to be holomorphically trivial. So we can write

L ∼= C× C/(z, v) ∼ (z + 1, v) ∼ (z + τ, ϕ(z)v),

where ϕ is holomorphic, nowhere zero, and ϕ(z + 1) = ϕ(z). So this function
determines a line bundle, for instance,

ϕ(z) = e−2πize−πiτ .

Then a section of this line bundle looks like

ϑ(τ, z) =
∑
m∈Z

exp

(
2πi

(
τm2

2
+mz

))
.

Then we can show that ϑ(τ, z+1) = ϑ(τ, z) and ϑ(τ, z+τ) = ϕ(z)ϑ(τ, z). There
are also generalizations

ϑ[c′, c′′](τ, z) =
∑
m∈Z

exp 2πi

(
τ(m+ c′)2

2
+ (m+ c′)(z + c′′)

)
.

Then we have properties

ϑ[c′, c′′](τ, z+1) = e2πic′ϑ[c′, c′′](τ, z), ϑ[c′, c′′](τ, z+τ) = e−πiτe−2πi(z+c′′)ϑ[c′, c′′](τ, z).
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These are nice, because sections of L ⊗n are given the basis ϑ[ kn , 0](nτ, nz).
We can also look at higher degree bundles, L0 = {(x, 0)} and Ln = {(x,−nx)}.

Then we can also look at the intersection points

sk = ( kn , 0) ∈ CF 0(L0, Ln)

and then Lp = {(a, y)}. Then we get a infinite sequence of holomorphic triangles
Tm (for m ∈ Z), all regular, such that in the universal cover the vertices are
(0, 0), (m+ a,−n(m+ a)), and (m+ a, 0). We can calculate the area of the Tm,
and it is

are(Tm) = λ
n(m+ a)2

2
,

and so we find that

µ2(e, s0) =
∑
m∈Z

T
λn
2 (m+a)2 .

If I set T = e−2π so that Tλ = e−2πλ = e2πiτ , then we can rewrite this as∑
m∈Z

exp 2πi

(
nτ(m+ a)2

2

)
.

If we further put a local system on Lp such that the holonomy is e2πib for b ∈ R,
we obtain ∑

m∈Z
exp 2πi

(
nτm2

2
+ nm(τa+ b)

nτa2

2
+ nab

)
.

The discrepancy between this and ϑ[0, 0](nτ, nz) is given by nτa2

2 + nab is the
weight of T0. This comes from a choice of the basis, which is the difference
between the Floer chain complex basis and the trivialization of L .

Instead of sk, we can start choosing k/n. Then you can look at this formulas
again, and then we will be getting ϑ[ kn , 0]. Here, we can take the ratio between
two sections, which is an honest well-defined function and then we can compare
them properly on both sides. We will then see that

µ2(e, sk)

µ2(e, s0)
=
ϑ[ kn , 0](nτ, nz)

ϑ[0, 0](nτ, nz)
.

This is a meaningful verification of mirror symmetry. We can do other things,
like looking at O

s−→ L
s−→ L 2. Then we will get s2 = [· · · ]s0 + [· · · ]s1. Then

we can compare the two coefficients, which are special values of theta functions.
Then you can recover the exact coefficients from Floer theory.

At this point, you want to say that clearly the two categories are equivalent.
But we have only established an equivalence on the homotopy category. We
need to keep track of the A∞-structures, and in fact, there is one more thing
we need to check. Consider four Lagrangians,

L1 ↔ O, L2 ↔ Op L3 ↔ nontrivial degree 0, L4 ↔ Oq.
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Then there is a µ3 appearing, taking some weird hypergeometric series. Why
is this relevant? If I have an algebra A, then we have the cohomology H∗(A)
with products. But this does not recover everything about A. On the algebraic
side, we have

O → Op → L0 → Oq,

and here we should really be thinking in terms of homotopy. Then here, we can
see that the mapping cone of Op → L0 is 0 ⊗ Op, and then the composition
O → L0 ⊗ Op → Oq is not zero in general, since we picked p and q arbitrarily.
So the Massey product does not vanish for both the Fukaya category or the
coherent sheaf category.
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toric manifold, 16
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