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1 January 22, 2018

1.1 Arithmetic surfaces

Let A be a 1-dimensional Dedekind domain, and S = Spec A.

Definition 1.1. An arithmetic surface is a pair (¥, 7) where X is an integral
scheme and 7 : X — S is a flat proper relative curve of finite type.

In particular, the generic fiber X, is a projective integral curve over K =
Frac(A). Also, dim X = 2.

Definition 1.2. We say that (X, 7) is normal (regular) if X is. (So it’s not
relative.)

If X is regular (or normal) then X, is smooth. However, X; for s € S a
closed point can be singular or non-reduced or reducible.

So given an arithmetic surface, we get a good curve over the fractional field
of A. But we might want to do the other way round. Suppose we have a curve
X/K (projective smooth finite type and connected). Does there exist a “nice”
algebraic surface (X, 7) with X,, = X7 If “nice” means normal, we can do this
by spreading out. Take the equations cutting out X in projective space, and
clear out the denominators. For “nice” equals regular, this is Lichtenbaum’s
theorem.

Theorem 1.3. If (X,7) is reqular, then 7 is projective.

Here are the ideas. We have good intersection theory for Divs(X) x Div(X) —
Z. This is defined by first looking at Div(X) as a sheaf, considering the nor-
malization of Divg(X), and pull back the sheaf. This is going to be sheaf on a
nice projective variety, so we can define degree well. Then construct an effective
divisor D on X satisfying

e supp(D) contains no fiber component,

e D meets every fiber component.
Now note that D|x, is ample, and deduce that D is ample for 7.
Theorem 1.4. Let X/K be a “nice curve”.

(1) There is a regular integral model X for X.
(2) We can take X to be minimal.
(8) If g(X) > 1, then the “minimal” model of (2) is unique.

Definition 1.5. If (X, ) is “minimal” among the regular models, it is called
relatively minimal. If it is unique, then it is called minimal.
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Last time we discussed some motivations. Our setting is A a Dedekind domain
(of dimension 1), S = Spec 4, and K = Frac A. An arithmetic surface is a pair
(X, ) where 7 : X — S is proper, integral, flat, finite-type, and a relative curve.
We are going to assume some conditions on this: one is normality and another
one is regularity. Last time we sketched the proof of the following:

Theorem 2.1 (Litchenbaum). Regular arithmetic surfaces are projective.

Definition 2.2. Let X/K be a smooth projective integral curve. An integral
model for X is an arithmetic surface (X, 7) with an isomorphism ¢ : X, = X.

Under which conditions is there a “nice” model? First of all, models exist
by a spreading-out argument. Secondly, normal model exist by taking normal-
ization. Regular models also exist. The idea is blow up at the singular locus,
normalize, blow up, and repeat. That this stabilizes is due to Lipman, but we
won'’t prove it.

2.1 Minimal models

Definition 2.3. A regular model (X, 7) for X/k is relatively minimal if for
every proper birational S-morphism f : X — 2 of regular models for X, we
have that f is an isomorphism.

All tools like Castelnuovo are available, so a relatively minimal model is one
obtained by blowing down if there is an exceptional divisor.

Definition 2.4. We say that (X, ) is a minimal model of X, if it is relatively
minimal and all relatively minimal models are isomorphic.

Example 2.5. Consider X = P}, and X = P§. Here, all the fibers have self-
intersection number 0, and it can be shown that X is minimal. Take a point on
the fiber F', and blow-up at a point on F. Then we get an exceptional divisor
E and the fiber F. Then F has self-intersection —1, and then we can contract
it to get a different model.

Now let us define the intersection number. Let (X,7) be any arithmetic
surface an s € S a closed point. Let C be a projective curve over a field k with
a closed immersion i : C' — X. Let F = i(C). Then F is considered in a fiber,
and say F' C X;. Let D be a divisor on X. Then we define

is.k(F, D) = degcy, i*Ox(D) € Z.

This is well-defined because C' is projective.
We can then define a pairing. Let F' be the reduced fiber component at s,
and let v : C' — F be the normalization, and take k = rs. Then we get

is : Divg(%¥) x Div(X) — Z.
There is another interesting choice. Take k = H(F, 0r) = H°(C, O¢).
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Theorem 2.6 (Castelnuovo-Lischtenbaum). Let X be a regular arithmetic sur-
face over S. A prime divisor E on X is contractible (i.e., there is a proper
birational S-morphism X — ) with Q) regular, mapping E to a point, and iso-
morphism away from E) if and only if the following holds:

(i) E is fibered, say, in X, for s € S closed.
(ii) HY(E,Og) = 0.
(iii) isx(E,E) = —1 where k = HY(E, OF).
In this case, we get a k-isomorphism E = P}.

In (iii), the field k has to be chosen carefully, because we want to say that
something is a blow-down even when the residue fields decrease.

Theorem 2.7. Let X/K be a smooth projective curve. Assume that K is alge-
braically closed in K(X). Then:

(1) If X/S and X'/S are regular integral models for X, then there exists an-
other regular integral model /S for X such that there exist ¢, ¢’ : Y —
X, X’ proper and birational S-morphisms of models for X.

(2) Given X/S a regular model for X, make a sequence X(© — x(1) — x(2) —
- of contractions of exceptional curves. Then the sequence stabilizes on
some regular integral model for X.

(3) Relatively minimal models exist.
(4) If g(X) > 1 then minimal models exist.

Proof. (1), (2), (3) are similar (up to technical steps) as in the theory of complex
surfaces. For (4), we may as well assume that A is a DVR, because we can do
everything fiberwise. Now the point of the argument is to show that the order of
blowing down doesn’t matter. This is delicate because there can be a problem
if two exceptional divisors meet, they can mess up the order. But the point is
that if E # C are exception on a regular model X, then E and C don’t meet.

How do we show this? Suppose they meet, and contract at E. Then the
blow-down X — 2) sends E to p and C' to some D. If we write f*D = C +mFE,
then

b5k, (D, D) = [k1 : k2](is iy (C,C) + mig g, (C, E)) > is 1, (C,C) +1=0.

Now D is in a fiber, so the intersection theory on the fiber shows that this is
negative semi-definite. So the self-intersection number of D is 0, and nD = ).
If .7 is the ideal sheaf of D, with s = (7), we have 70y = 4™,
Now
Hl(@)ﬂT/ﬂ?ﬁ»l) _ Hl(D, (U*j)®r) =0
because degp /i, v*# is the self-intersection number, which is 0. The exact
sequence 0 — 7/ I — Oy | I — Oy /9" — 0 induces

Hl(@aﬁﬂj) L Hl(@7ﬁ2)) — Hl(fyajT/jr+1) =0
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and so H'(Q), Oy) is torsion. But this cannot happen, because then the fiber
over the generic point is then zero. This is precisely the genus condition g(X) >
1 prevents. U
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Let me do this computation, because this seems to be not clear.

Proposition 3.1 (Mumford?). Let X/S be a reqular arithmetic surface. Sup-
pose that for s € S, the special fiber X4 is connected. Then is : Divg(X) x
Divs(X) — Z is negative semidefinite, and given D € Divs(X), D? = 0 if and
only if D = \X, for some A € Q.

Proof. Assume that A is a DVR and w is the uniformizer. Let us write X, =
Zj m;C; where C; are components with multiplicities m;. For all j, C;-X, = 0,
and so

WL]C’]2 = — Zm]Cl . Cj
i#]
for all j.
Now consider a general divisor D € Divy(X), and write D =}, a;m;C; for
a; € Q. We have

D2 = Z a?mejz + Z aiajmiijZ- . Cj
J i)
1
= 75 Z((h — aj)zmiij'i . Cj S 0
it
So this is semi-definite, and it is an equality if and only if a; are all equal. (Here,
we're using that the fiber is connected.) O

We have focused on good properties in an absolute sense, not in a relative
sense. This is one issue, and another issue is base changing. For instance,
consider Alx,y]/(xy — w) where A is a DVR and 7 is a uniformizer. This is a
regular ring, but the special fiber is not nice. Also, suppose we’re going to base
change to B = A[w'/"]. Then we get Blz,y]/(xy — A"), which is singular for
r > 2. This will motivate the discussion on semi-stable models.

3.1 Semi-stable models

From now on, all residue fields are perfect.

Definition 3.2. Let k = k*8 and C/k be a 1-dimensional connected projective
k-scheme. We say that

(1) C has normal crossings if if is reduced and the only singularities or
nodes. Completely locally, these look like k[[z, y]]/(zy).

(2) C is semi-stable if it has normal crossings and every component isomor-
phic to P! has at least 2 intersection points with other components.

Definition 3.3. Let X/S be an arithmetic surface, and s € S.
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(1) X, has normal crossings if X, ®4, k18 is.
(2) X, is semi-stable if X, @y, k28 is.

(3) X has normal crossings/is semi-stable if X is for all s € S.

Lemma 3.4. Take X/S an arithmetic surface with smooth geometric fiber X/ K,
and K = HY(X, Ox). (This implies that all fibers are geometrically connected.)
Assume that X has normal crossings. Then

(1) X is normal.

(2) Let L/K be finite and B C L be the integral closure of A. Let T = Spec B.
Then X1 /T is an arithmetic surface with normal crossings.

(3) The same holds for “semi-stable” instead of “normal crossings”.

Proof. (1) is some commutative algebra verification. (2) is trivial because we
are base changing to the algebraic closure to verify the conditions. O

Theorem 3.5. Let X/S be an arithmetic surface with smooth generic fiber
X/K, and assume that K = H°(X,0x). Also assume that X has normal
crossings. There is a finite extension Ko/K such that for all L/Ky finite, if
B C L is the integral closure of A and T = Spec B, then the following holds for
the normal crossings surface ) = Xp: if s € T with uniformizer w, then the
only singularities of X1 above s are ordinary double points of the form

Oyy = B[X, Y]]/(XY —=")
for some n > 2. The same holds for “semi-stable” instead.

To resolve these singularities, we can just blow up repeatedly. This replaces
to singular point y by a chain of n — 1 (—2)-curves isomorphic to Pis. In the
normal crossing case, this is all written up in detail in Liu. For the semi-stable,
you can do this by just getting you hands dirty and tracking all the P's.
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Last time we introduced the notion of stability. The basic claim here is that
normal crossing singularities on the fiber lifts to a completed local ring of the
form B[z, y]]/(zy —w™). If we pass to a field where we can see the singularities
and the components passing through the singularity, we get a local description.
Then it is just an exercise to resolve the singularity.

Let k = ks and k = k8. We then base change to the Witt vectors W (k),

and consider X® 4 W (k) — X. (Technically A can be ramified, so we should base
change to R = (Oxz) = (O%"%).) Then we now all the flat A[[z,y, 2]]]/(zy —
z) = R.

Theorem 4.1. Let X/K be a smooth projective curve, with K = HY(X, Ox),
with gx > 1. Assume there exists a semi-stable model X/A. Then there is a
reqular semi-stable model for X/A, call it X', obtained by blow-up of singular
points with a proper birational map p : X' — X whose connected fibers are chains
of (—=2)-curves, and X' is minimal regular.

We can resolve the singularity by blowing up and normalizing. Now here,
we're stating that it can be down only with blow-ups.

Proof. In the result last time, the extension Ky/K just needs “long enough
residue extension”. This can be achieved by an unramified extension Ky/K.
(We're working locally over a DVR.) Now we can take the integral closure B =
A C Ky, and then Xp — X is étale.

Now suppose X’ is not minimal regular. Then there exists some C C X/,
with C' 2 P} where k = H°(C, O¢), and is x(C,C) = —1. Base change so that
k = ks. (This is étale.) Then

0=1is(C,X}) =is(C,C) +1is(C, X, — C).

But then i5(C, &’ — C') = 1, which is impossible because X’ is semi-stable. [

4.1 Duality

Assume that everything is Noetherian.

Definition 4.2. Let n > 0 be an integer, and let X — Y be a morphism.
Assume f is proper of relative dimension n. An n-relative dualizing sheaf
is a pair (w,t) where w is a quasi-coherent &x-module and

t: R"fiw — Oy
is a map such that for every quasi-coherent &x-module %, t induces an isomor-

phism
fedlomey (F,w) = Home, (R" [.F, Oy).

777
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In our case, we have Y = S = Spec A, and n = 1. So the trace is
t: H' (X,w) — A,
and the condition translate to
Homg, (F,w) = Homs(H' (X, .7), A)

But the left hand side is H(X,w ®¢, FV).
The question is existence of the dualizing sheaf w.

Definition 4.3. Let f: X — Y be of finite type. We say that f is l.c.i. if for
all x € X, there exists a neighborhood =z € U such that there exist a smooth
p:Z —=Y and i : U — Z a regular immersion such that f|y = poi.

In this setting, one has the duality theory developed by Kleiman. Here are
some ways of checking lci:

o If f: X =Y is of finite type and Y/ — Y is faithfully flat, then f is lci if
and only if X xy Y’ — Y’ is.
o If f: X — Y is flat and of finite type, f is lci if and only if all fibers are.

It will turn out that all semi-stable arithmetic surfaces are lci, after playing
around with these properties.
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Last time, the two key points were the definition of a relative dualizing sheaf,
and the notion of a lci morphism. We don’t yet have existence of a relative
dualizing sheaf. Also, we want our dualizing sheaf to be invertible.

Example 5.1. Consider f : P{- — Y. In this case, w; exists and is invertible.
Explicitly, it is the determinant of w; = det Q} =Qp. Iy
Y

Here is one of the possible statements for existence.

Theorem 5.2 (Kleiman p.52,55,58). Let f: X — Y be flat, projective, of pure
relative dimension n.

(1) If the fibers of f are Cohen—-Macauly, then wy exists.

(2) If the fibers are Gorenstein then wy exists and is invertible.

In particular, if f is lci then (2) holds.

5.1 Adjunction formula

But this is not what we are going to use.

Theorem 5.3 (Kleiman, Corollary 19, Theorem 21). Let f : X — Y be flat,
projective, lci, of pure relative dimension n. (So in particular, wy exists and is
invertible.) Nowlet h : Z — X be a regular closed immersion with ideal & on X .
(Locally it means that it is a complete intersection.) Suppose g = foh:Z =Y
18 flat of pure relative dimension m < n. Then g admits a relative dualizing
sheaf wg, invertible, and with a canonial isomorphism

wy 2 deg(h* 7)Y ®¢, hwy.

What you can do is to check that this really is a relative dualizing sheaf.
Then if you have a dualizing sheaf on projective space, you can somehow restrict
it to closed subscheme.

Corollary 5.4. Let (X,7) be a regular arithmetic surface over S. Then wy
exists and is invertible. Explicitly, ™ is projective, so we can write i : X — Pg
with ideal & .

X Py

b

Here i is a regular closed immersion because X is itself reqular. Then

Wy 2 det(i*.)Y ® i*Qﬁ,fg/S.
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Corollary 5.5. Let (X,7) be a regular, normal crossings arithmetic surface
withe reqular dualizing sheaf w,. Let s € S be a closed point, and let k = k.
Let i : C < X be a fiber component at s. Then wgyy, eists, is invertible, and

wek 2 i (we ® Ox(0)).

Proof. We have . = 0x(—C). We pull first pull back to X, over s, and then
use the adjunction formula. O

Here is another corollary.

Lemma 5.6. Let f : X — Y and h : Z — X where h is a closed immersion
with ideal %. Consider g= foh:Z =Y. Then

W' = by = gy =0

is exact. Moreover, if f is smooth then the first map is injective on the smooth
locus of g.

Corollary 5.7. Let f : X — Y be flat, projective, lci of pure relative dimension
n (so that wy exists and is invertible). Suppose X andY are reqular. LetU C X
be the smooth locus. Then wyly = Qp/y.

Proof. Let us factor f : X - Y as X & P@- % Y where v is a regular closed
immersion with ideal .#. We're in a situation where we can apply adjunction.
Then

wi =2 deg(v*F)Y ®g, 7,

The lemma is giving me that on the smooth locus, I have the exact sequence
0= v* Iy = v*Qlv = Qv — 0.
So if we take determinant, we get
Oy @ det(v* I)|y 2 v QL |y

They will then agree. O
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6.1 Surfaces with rational singularities

Let S be a (Noetherian) scheme with dim S = 2, and assume S is normal. Let
p € S is a singular point. By normality, the singular point is going to be isolated.

Definition 6.1 (Artin). The point p is a rational singularity if there is a
strong desingularization (that is, blow-up only at p) 7 : S* — S such that
R17T* ﬁs/ =0.

In this case, we can desingularize by blowing up, and it will be a chain of
(=2)-curves. In our case, semi-stable arithmetic surfaces are of this type. So we
can use the theory of Artin.

Lemma 6.2. Let (X,7) be a semi-stable arithmetic surface over S = Spec A
with smooth X = X,. Let £ be a line sheaf on X and i > 0. Then the natural
map ‘ ‘

H' (X, %) — H'(X',p",p* &)
is an isomorphism. Here p : X' — X is the minimal desingularization.

Proof. We have the map Ox — p,p*Ox. This is an isomorphism because X is
normal and use Hartog’s lemma. So for all .Z, the natural . — p,p*.%Z is an
isomorphism because everything is local. Now it is enough to show that

H'(X,p.F) = H'(X, 7)

for .Z aline sheaf on X’. This can be seen from the Leray spectral sequence. [

6.2 Base-change trick

Let L/K be a finite extension. (All residue fields are perfect and everything is
Noetherian.) Let B C L be the integral closure of A C K. Let S = Spec A and
T = Spec B. Let X/S be a regular semi-stable arithmetic surface, and write
X =X,,. Let 9 = X/T be the base-change. This is semi-stable, but there is no
reason for it to be regular. Let )’ — 2) be the minimal desingularization.

f

Y Lo P=%r —5 X

| | |

7T ——T — S.

We would like to relate the cohomology on X to cohomology on 2)'.

Proposition 6.3. Let £ be a line sheaf on X and i > 0. Then there exists a
canonical isomorphism

HY(Y', [ )= H(X,Z)®4 B.
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Proof. First, B is flat over A, so by flat base change,
H{(X,2)®4 B2 H(D, f*2).
Then use the previous discussion. O

Consider the relative dualizing sheaves wx,s and wgy/s. We don’t know
from last time that wy) 7 exists, but pullbacks of relative dualizing sheaves are
relative dualizing, and so we can define

Wy T = f*wx/s-

Now we want to compare between wgy /7 and p*wy 7 = f*wx,s. They differ
only where the surfaces differ.

Proposition 6.4. We have a canonical isomorphism wy /7 = f*wx/s-

Proof. Let U C X be the smooth locus of ¥/S. Then codimU°¢ = 2. Let V C Qr
be the smooth locus and V' C 9)'/T be the smooth locus. By projectiveness,
we have canonical isomorphisms

1
wx/slu = Qy/g,  wyyrlve Zwyrr.

Because q*Qé/S ~ Q%/T, we can look at their smooth locus and get ¢~ 1(U) =
V. Then we have wy /Ty = Q‘l/. /T by restricted to V. Then generally, we get

wy T = prwy T @ OyyT ® Oy (D),

where D is a divisor supported on the p-contracted (—2)-curves. Now I claim
that D = 0, and the reason this holds is adjunction. At this point, it is okay to
assume that B is a DVR. It is enough to show that D? = 0, because then D is
a rational multiple of the fiber, but D does not surject onto ).

It is enough to show that for all C' irreducible components of the support of
D, we have C'- D = 0. But we can compute

C- D = degey(p*wy/r ® Oy (D))o
= degeyi(wy/r)le = —C% +(29c —2) =2-2=0

because C is a (—2)-curve, which is a P!, O
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Today, we are going to do some analytic preliminaries. There are some analogies
with Riemann surfaces.

Arithmetic surfaces Curves over C
“good” integral models suitable metrics on line sheaves
geometric intersection numbers Green function g(P, Q)

Table 1: Analogies between arithmetic surfaces and Riemann surfaces

7.1 Metrized line sheaves

Let X/C be a complex projective manifold of dimension n. Let .Z be an invert-
ible sheaf on X.

Definition 7.1. A smooth metric on . is a morphism of sheaves of sets
Z — Cont(X,R>g) such that

(0) For every local generating section s € .Z(U), the map ||s|| : U — Rxq is
smooth,

(1) given f € Ox(U) and ¢ € Z(U), we have |[f - o[l = |f]l|#],
(2) |1¢ll(p) = 0 if and only if ¢(p) =0in Z|, = L Q kp.
Example 7.2. If X = P" and .Z = 0x (1), there is a global section. The global

section
S = Qqpxg+ -+ QpTy

generates this away from the zero section. Then

laozo + -+ + Ayl
Islles = = =
VIzol? + -+ [z

gives a norm. This generates the line sheaf as an &x-module, so it determines
the whole metric.

Let us write .Z = (Z, ||—||)-

e We can tensor them and get define L1 ® L. If 51 and sy are locally
generating sections, we can define

151 ® 2| = [Is1lllszl-

e We can dualize them by 7’ = Hom(ZL,0x) and for p € X and ¢ a
section of .Z" near p, define

16ll(p) = sup [6(s)|(p)-

lIsll(p)=1
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_ Then if we defined things correctly, we should be able to check that LRYL =
O x. We can check this by using the fact that sup is not really useful.

Lemma 7.3. FEvery line sheaf on X admits a smooth metric.

Proof. If X is projective, we can put metrics on very ample line bundles by
pulling back the Fubini-Study metric. But any line bundle is a very ample line
bundle tensored with a dual of a very ample line bundle. O

7.2 Differential operators

For U C C a domain, there are operators
0 1,0 .0 0 1,0 .0
5 =35 i) moalm tia)

on C*°(Q,C). These are defined so that % =1, %z =0, and so on. We then
define

_of =, Of
190f = 20((f + if,)d2)

= ((fox +ifyz) = i(foy + i fye))dz AdZ = (fox + fyy)dz A dZ.

Let X be a compact Riemann surface. This means that X/C is a projective
curve. Take Z on X.

Definition 7.4. The curvature is
curv(:Z) = 99 log||s||?
on U C X with s a locally generating on U.
Explicitly, say s is a local generator on U, and z be a local chart on U. Then

2 2
curv( L)y = %dz Ndz.

If we choose another section t = fs with f € 0% (U), we need to check that
2

020%

log| f|* =0

on U. But the thing is that f = f - f, and so log f is just a sum of some
holomorphic and anti-holomorphic. But they are both killed by 9 and d. So

curv(.Z) is a C* (1,1)-form on X.

Lemma 7.5. / curv(Z) = 2mideg(L).
p's

We will check this next time.
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Today we are going to continue computing curvature. Recall:

Theorem 8.1 (Stokes’s theorem). Let U C C be a domain (with nice boundary)
and Q D U a domain. Let f € C°(Q,C). Then

/ o(fdz) = | fdz, / d(fdz) = | fde.
U oU U oU

Lemma 8.2. Let X be a compact Riemann surface, and let £ = (£, ||—|) be
a metrized line bundle. Then

/ (2mi) !t curv(Z) = deg Z.
X

Proof. Let s be a meromorphic section. Let D be the divisor, and write D =
>y Up,z(s) - p. Let € > 0 be small and consider closed balls B(p, €) that do not
overlap for p € supp D. Let U = X — Up B(p, €) be an analytic open set. Then

curv(L)|y = ddlog||s||?

and so

lim curv(Z) = /X curv(?)

e—0 U(s,e)

because the curvature is actually smooth. By Stokes’s theorem,
/ carv(@)=— 3 / alls||2.
U(s,e) pEsupp(D) 0B (p,e)

Now the claim is that

lim dlog|s||* = —2mivy, 2 (s).
e—0 9B(p,e)

But locally on p, we can write s = ft for f € 05 on B(p,¢€)\ {p} and ¢ a locally
generating section. Then

lim Olo t 2:/510 f
i Do ] s(47)

because 0log||t||? is C*°. Then log f vanishes after 9, and then use Cauchy or
something. O

For the purpose of Arakelov theory, you really need to get the normalization
right.
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Example 8.3. Take X = P! and . = /(1) with the Fubini-Study metric. We

use the chart z = i—; and the section s = xy. Then

= ol 11
|zol?2 4+ |z1]2 14122 142z

Curvature is then

— - 2 1 1
Z) =001 2= 1 dzNdZ = ————dz NdZ.
curv(Z) ogllsll” = 5757 o Tz = N e = e B N 42
(dz Ndz = —2idx A dy has the negative orientation for some traditional reason.)
Then )
curv(Z) = / —_dzNdz.
fom@) = | e

2760

If we switch to z = re*™", we get 2mi.

In Arakelov theory, we want only to work with metrics with curvature a
constant times a certain fixed (1, 1)-form. But there is the question of existence,
and we can first construct a nonvanishing curvature metric.

8.1 Curvature on projective manifolds

Let X be a projective manifold, and .Z = (&, ||—||) be a metrized line bundle.
We similarly define curvature locally. Let z = (z1,...,2,) be a chart, and let
us use a generating section s € Z(U). Then we can properly define

curv( L) |y =

-

> 00, log||s|>.
k=1

1

j
This is well-defined and C* by the same argument.

Lemma 8.4. We have curv(Z; @ Z5) = curv(Z1) + curv(Zs) and same for
duals.

Definition 8.5. A smooth (1, 1)-form is self-adjoint if it locally can be written
as

) _
w = 5 Zkfjkdzj A dZp
J,r

with the matrix [f;ji] self-adjoint pointwise. We say that w is positive if is
positive-definite.

For dim X = 1, we have %dz AdzZ = fdx A dy, so this really the right thing.
Also, note that the choice of a coordinate does not matter.

Definition 8.6. For .Z, we say that it is positive if (2mi) ! curv(L) is positive.

Proposition 8.7. On P, (O(1),||—|lrs) is positive.
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Proof. We can write down the metric and the curvature. This is going to be

N — 7 Ziz B
(2mi) "t eurv(Z) = <Zl—|—| |2dzj/\dzj ZZ 1+|J|2k dzj/\dzk)

Jj=1j=1

and you can check that it is positive.

O
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Last time I tried to convince you that the Fubini-Study metric is positive. We
computed it on the open set U = {zy # 0} and the coordinate z = (z;) with
z; = mj/wo. The claim is that (27i)~!curv(O(1),||—|rs) is positive. The
metric is

Jsl? = 1 -
L[z 4+ lznl> 12
Then we can compute the curvature
a0|s||> = > |s||2dz; A dz
£ 0z;0% 70k

—0jk ZjZk _
]Zk<1+|x|2 - )1

We need to check that

n n n

Z ‘ E —5dz Ndzj — ZZ 1+TJ‘Zk dz; N\ dzy,

Jj=1 j=1k=1

is positive definite. We can check this using Cauchy—Schwartz.

9.1 Constructing positive metrics

Lemma 9.1. Let f : X =Y be a reqular closed immersion of projective complex
manifolds. Let £ be a positive metrized line sheaf. Then f*.Z is also positive.

Proof. Take z = (z1,...,2n) be a local holomorphic chart at p € X. Then the
claim is that there exists a local holomorphic chart w = (w1, ..., w;) at ¢ = f(p)
such that w extends z. That is, for j < m, z; = f*w. Now the claim follows the
fact that principal minors of positive definite matrices are positive definite. [

Theorem 9.2. Let X be a projective complex manifold, and let £ be an ample
line sheaf. Then there exists a metric ||—| on £ which is positive.

Proof. If it is very ample, you can embed into projective space and then you
can pull it back. For ample .Z, take r > 1 such that .Z®" such that .Z is very

ample. Take ||—|| positive on .£®" and define ||—||op on £ locally as

Isllo = lls ®--- @ s||*/".
We need to check that this is a metric. It is positive because curv(.Z, ||—|lo) =
L curv(2®", |-|). O

Actually, the converse is true as well.

Theorem 9.3 (Kodaira). Let £ be a line sheaf on a projective complex mani-
fold. Suppose £ admits a positive metric. Then £ is ample.
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9.2 Poisson equation

This is in general the name of the Laplace equation Af = ¢. We can take ¢ to
be a distribution and ask f to be a distribution. We can take ¢ to be a current,
which is like a (1, 1)-form with distributional coefficients.

Lemma 9.4 (Weyl). Let X be a compact Riemann surface. Let w be a smooth
(1,1)-form on X. Suppose 00f = w has a weak solution. Then it [ is in fact
represented by a smooth function.

This is an example of elliptic regularity. In our context, X is a compact
Riemann surface and w is a smooth (1,1)-form. We want to solve 0f = w
where f € C°°(X,C) because it is going to be smooth if it has any meaning.

If f is real-valued, then 90 f is i times real-valued. Also, 0f = 0, then f is
constant because locally f should be harmonic.

Also, if 00f = w has a solution, then fX w = 0. This is because

/Xw:/xaéfz [ or-o.
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Last time we were looking at the Poisson equation
A0f = ¢

on a compact Riemann surface. For us ¢ is a smooth (1, 1)-form, because Weyl’s
lemma tells us that if there is a solution f in the weak sense then it is represented
by C*(X,C).

If there exists a solution f, then

e f is unique up to adding a constant, because the difference is going to be
locally the solution of the Laplacian.

e if there exists a C'*° solution f, then
fo=r
X

Theorem 10.1. Let w be a smooth (1,1)-form on a compact Riemann surface
X. Then there is a smooth f € C*(X,C) such that it solves the equation
00f = w, provided that wa =0.

by Stokes’s theorem.

Locally, you can solving it by convoluting with the fundamental solution.
But the question is whether you can glue them.

Proof. We solve this for f € L2. The key step is to decompose 1-forms by
“orthogonal projection” into fdz and gdz and a harmonic part. Then elliptic
regularity will tell you that it is smooth. O

What is interesting is that this shows that it can be expressed by integration
against a kernel.
10.1 Admissible metrics
Let X be a compact Riemann surface.
Definition 10.2. A smooth (1, 1)-form w is a volume form if it is positive.

To each volume form we can associate a measure

MMZAM

Since w is positive, this is strictly positive for m(A) > 0. This means that
locally w|y = fdx ANdy = 5fdz A dz where f is positive valued. For us, we
are going to normalize this. We say that w is a probability volume form if

wX)=[yw=1
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Definition 10.3. Fix a probability volume form w on X. Let .Z = (&, |||
be a metrized line sheaf. We say that ||—|| on .Z is w-admissible if there exists
a A € C such that

(2mi) "t curv(Z) = Iw.

Note that necessarily A = deg.Z.

Question. Given a probability volume form w and £, does there exists a ||—]||
on £ that is w-admissible? Is it unique?

Proposition 10.4. Given a probability volume form w on X, let & = (<, ||—||)
be w-admissible. Let |—||o be another w-admissible metric on &. Then there
exists an ¢ > 0 such that |—|lo = || —||-

Proof. Let U, z, s be local data for .. Then

90 1og||s|*|v = (2mideg £)w|u = 8D log]|s|3]v,

and so )
d0log HSH2 =0.
lIslG 1o
But ¢ = ||s]|?/]|s||2 extends to a global C*°-function, which is everywhere har-
monic, and hence constant. U

So for instance, on the structure sheaf, the only w-admissible metrics are
constant times the absolute value.

Theorem 10.5. Given w a probability volume form on X, and £ a line sheaf
on X, there is a metric on £ which is w-admissible.

Proof. Tt suffices to assume that % is very ample. This is because curvature is
additive in tensor products and duals. So let us deal with the very ample case.
Let £ be very ample. Let ||—||o be a psotive metric. Consider

¢ = (2mideg L)~ curv(Z, | —|lo)-

This is a probability volume form. Now w — £ is a smooth (1,1)-form, and

satisfies
/(w—f):l—lzo.
X

So we can solve the Poisson equation
20¢ = (2mideg L) w — &).

This solution ¢ is smooth, and unique up to adding a constant.
If f is some function f € C*°(X,R), then 99f = i - (real). This shows that
3(¢) is a constant, so that we can throw it away. Then we get a real-valued

solution f € C*°(X,R) with
00f = (2rideg L) (w — £).
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Let v = ef/? and let
I=l= - lI=llo-

This is a metric, and its curvature is, locally,
d01og(||s]|?) = 00 log(?||s]|2) = 00f + (2mi deg L)¢ = (2mi deg L )w.

So one can construct admissible metrics. O

Let f € C>*(Q,C), and consider B(0,¢) C Q. Then
/ f(2)log|z|?dz A dz
B(0,¢)

converges absolutely.
With this, the following makes sense. Let D be a divisor on X and w be a
probability volume form.

Proposition 10.6. There is a unique “canonical” metric on Ox (D) which is
w-admissible.

First, there is a canonical rational section for &x (D). This is because
O(D) C ¥ and there is the constant section 1. Let ||—|| be an admissible
metric on (D) satisfying

log][1]|dy = 0.
X

This ||—|| exists and is unique. This is going to be used to construct the Green’s
function.
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Admissible metrics are important because that is how we define intersection
numbers.

11.1 Global equations for points

Fix X a compact Riemann surface and w a probability volume form on X.
Recall that there is a unique admissible metric ||—||p on @x (D) for any divisor
D on X such that

| Tozltlp(P)du(P) o

This 1 is going to be the section with div(1) = D.
Let P € X be a point, and define

er: X =Ry 0p(Q) = |1]p(Q).
Because 1 is locally generating away from P, it is smooth away from P.

Proposition 11.1. Let P € X and let f : X — C be a function. We have
f = p if and only if the following holds:

(1) f is smooth and positive away form P,

(2) ff has a simple zero at P (this means that if z is a local holomorphic
chart near P with z(P) = 0 then there exists a u smooth near P such that

locally f = |z|u and u(p) #0),
(3) on U = X \ p, we have (27i) =100 log f?|y = w|v,
(4) [x(log f)du = 0.

Proof. First it is clear that ¢p satisfies (1)—(4). For the other direction, take
any other f and divide by ¢p. Then this is smooth nonzero harmonic and so
can be shown to be 1. O

Definition 11.2. ¢p is called the global equation for P € X.

11.2 Green function

Definition 11.3. We define the Green function as
G:XxX =R (PQ)r ¢p(Q).

Since ¢p has an axiomatic characterization, so does G.

Lemma 11.4. Let Q C C be a domain with 0 € Q. Let eg > 0 be such that
B(0,60) CQ. Let f € C°(Q,C). As e — 0 with 0 < € < ¢, we have

(1) lim/ (log|z|) f(z)dz = 0 and
€0 J9B(0,¢)
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(2) lim f(2)0log|z|* = 27if(0).
=0 JaB(0,¢)
Proof. Parametrize the circle and just compute. O

Theorem 11.5. G is symmetric.

Proof. Let P # @ in X. Let € > 0 be small so that both B(P,¢) and B(Q,¢)
do not meet. Consider the open set U, = X — (B(P,¢) UB(Q,€)), and compute

I :/ (log ppddlog pq — log pddlog pp)

€

:m'/ (logpp - w—logpg -w) =0
U

€

as € — 0, because logarithmic singularities don’t contribute much.
Now note that

d(log ppdlog ) = dlogwp A 0+ log ppddlog g,
d(log pgdlog pp) = dlog pq A dlogpp +1og pddlog pp
= —0dlog pp A dlog pg — log poddlog pp.

So we can use Stokes to write

I.=— / (log ppdlog g + log pgdlog ¢p)
OB(P,e)+0B(Q,€)
1 1 =
=(—=0)— */ log pqdlog o — 3 / log ¢ pdlog pp
dB(P,e0 0B(Q¢)

271

— =~ (logpq(P) —logpr(Q)).

This finishes the proof. U

Since w is a volume form, it is positive. This means that locally w = % fdzNdz
where f > 0. Therefore the next construction works. Let ¢ € C*(X,C) be a
smooth function, and write

(1i) 7100 = (A¢)w.
This is the definition of
A:C®(X,C) - C*(X,0C),

which is called the Laplacian.
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Today we invert the Laplacian. We have the Laplacian
A:C®(X,C) - C™(X,C)
with respect to w, given by the equation
(i) "Lo0f = (Af)w.

Theorem 12.1. Let ¢ € C®(X,C). The equation A¢ = 1 has a smooth
solution if and only if
/ Yw = 0.
X

Furthermore, the solution is unique up to additive constant in this case. In
particular, ¢ is unique if we additionally require fX Yw = 0.

Proof. We already know this.

O
Corollary 12.2. Let C°°(X,C)° = C>(X,C)? be the space of all f € C*(X,C)
with [y fw = 0. Then A restricts to a linear operator A : C=(X, C)° —
C>(X,C)°, which is a linear bijection.

12.1 Inverting the Laplacian

We define g =log G : X x X \ A — R. Now I can define the following operator
" pointwise. For ¢ € C*°(X,C) and a point P € X, we define

() (P) = /X (—g(P,—))iw € C.

So we have I'y : X — C.

Theorem 12.3. T restricts to a linear bijection I' : C°(X,C)? — C>~(X,C)°
and it is the inverse of A on this space.

Proof. Because A is bijective, it suffices to check that T'(Af) = f for all f €
C>(X,C)°. Let P € X, and let us check this pointwise. First note that

d(g(P,—)df) = dg(P,—) N Of + g(P,—)0df.
Then

CAnP) = [ ~oP=)af = [ ~gtp—)mi) 00 =~ [ o001

=L [ ogpynay
X

T

by Stokes and the lemma we had last time.
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Also, we have

d(fog(P,~)) = df NOg(P,~) + f0dg(P,~)

= ~09(P,~) N Of — [90g(P,~) = ~0g(P,—) N — f g2miw

So if we let U, = X \ B(p, €) then

So as € = 0, we get

_%Qm'f(P) = —mi(PAf)(P).

The spectral theory of the Laplacian will play a role later.

12.2 Arakelov’s theory

Let K be a number field and Ok be the ring of integers, and S = Spec Ok
Take X a regular semi-stable arithmetic surface. Let X = X, the fiber, and
assume that it is geometrically irreducible. For all 0 : K — C, let X, = X ® C
and look at it as a compact Riemann surface. For each o, let w, be a fixed
choice of a probability volume form on X,, and u, be the measure associated
to w,, so that integration against du, is integration against w,. Let us package

this data into

X=(X,m{dto}o)-

Definition 12.4. An Arakelov divisor is a divisor D = Dg, + D, where
Dgy, € Div(X) and Do = Y. ¢ @ Fy (where F, are formal symbols), and

the set of divisors is denoted Div(%).
Let f € K(X)* and we can define

div(f) =div(f)+ > vk ())F,

o:K—C

where

or, (f) = - / log] |-dpto-

These are the principal divisors PDiv(X). Then we can also define
. Div(X
k) = 2V
PDiv(X)
A admissible line sheaf on X is (£, {||—||+}) where

(1) & is a line sheaf on X,

(2) |I-|ls is a wy-admissible metric on .%,.

This forms a group, and Pic(X) is the group of such objects up to isometric

isomorphism.
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I missed 20 minutes of class.

13.1 Comparison of class group and Picard group

Lemma 13.1. If L1 2 Py oand s; # 0 are nonzero sections on %;, then
diV_gg1 (81) ~ diV_g?Z (82),

Proposition 13.2. The previous construction gives a group morphism
€:Pic(X) = CI(X);  Z > div(s)
where s is a rational section of L.

Proof. This is well-defined. If we take tensors £ ® £, then we can compute
this on s1 ® s5. On O, we take s = 1. O
Lemma 13.3. £ is injective.

Proof. Say Z is such that for s # 0 a rational section with dive(s) ~ 0. Then
Take f # 0 such that div(f) = divg(s), and let ¢ = f~'s which is a rational

section of .Z and dive(t) = 0. Now define the map
p:0—=%L; 1t

This is an isomorphism, and let us check what happens on the metrics. Both
|—|s and ¢*||—||s are admissible on &. So

0= _/ log‘”adﬂa

o

and
—/ log (™ [|=llo) (1) (P)due (P) = —/X loglle()[[odpo = vp, 2(t) = 0.
So they have the same normalization, and thus equal. O

Let D = Dg, + Do be an Arakelov divisor, with Do, = 3 asF,. We
would like to define an admissible €(D), given by

O(D) = (0(D)sin, {e [ =lls}o),
where |—|, is the unique normalized admissible dy,.
Lemma 13.4. 0(D)® O(E) = 0(D + E).
Proof. Clear. O
Lemma 13.5. D ~ 0 implies O0(D) = 0.

Proof. Say D = div(f), with f € K(X)*. Then define ¢; & — O (Dgy) that
maps 1 — f € H%(X,0(Dgy)). This is well-defined and an isomorphism. For
the metric parts, it is going to be admissible. So we check normalization. O
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After the computation we had before, we have an injective group homomorphism
€: Pic(X) — CI(X); 2 div(s).

Also we have a map

¢ : Div(X) — (admiss. line sheaves); D — &(D).
This induces a group morphism ¢ : C1(X) — Pic(X).

Proposition 14.1. (o ¢ = idpic(je) so that € is an isomorphism.

Proof. Let Z be an admissible line sheaf. Choose 0 # s a rational section. It
is enough to show that .2 = @/(div(s). Since ¢ is injective, it suffices to show
that

diVE(div§(s))(1) = divg(s).
This can be checked by direct computation. O

14.1 Arakelov point of view on height

Height measures the complexity of a point with respect to a divisor. If you look
at the theory, there is always a O(1) hanging around. But this has a meaning.
Let me first look at the 1-dimensional case. Forget about the admissibility
condition now. In general, let K be a number field, and Ok its ring of integers,
and S = SpecOg. Let /S be regular flat projective. Assume Y = 2, be
irreducible over K. In this setting, we have metrized line sheaves over Y.
Assume 2) has dimension 1 (relative dimension 0), and in particular take
9 =25. Let S = (S,{o: K — C}). A metrized line sheaf Z = (Z, {|—|,}) is

(1) Z aline sheaf on S,
(2) |-+ is a metric on .Z|, ®, C.

__Note that S is affine. So .# = (#,{|—|s}) has exactly the same data of
M = (M,{]|-|l»}) where M is a projective module over Ok of rank 1 and ||—||,
is a hermitian metric on the C-vector space M ®, C. The interesting thing is

that we can define degree.

Definition 14.2. Let M be a metrized line sheaf on S. Let # € M be a nonzero
element. We define the degree as

degy (M, 1) =log #M/Ox -n— > log|ns
o: K—C

Proposition 14.3. The degree deg (M, n) does not depend on the choice of 7).
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Proof. Note that projective modules of rank 1 are just fractional ideals. So it
is enough to compare n and fn for 8 € O — {0}. By the Chinese remainder
theorem, we have

M/Ogn = [[(M/Okn),.
p

Now we can compute

#(M/BOKN), = #(Or/p)"» P H(M/Ocn),.

All together, we get
deg (M, Bn) = degc (M, n) + Y vp(8) log #(Oxc /p) — »_ log|o(8)].
p o

The last two terms cancel by the product formula in algebraic number theory.
O

Now let 9)/S have relative dimension n. For P € Y (k), let Dp C Q) be the
subscheme that is the closure of P. It is easy to check that Dp is finite and
flat over S. Then deg Dp/S = [kp : k], where K(Dp) = kp. Now take the
normalization

B, —— D, C9

\ gr

This is a curve, normal and finite over S. So we get B, = Spec O where
L = kp. Now let Z be a metrized line sheaf on ). It makes sense to pull back
to get a metrized line sheaf v*.Z on B,,. This is

(v"2) = (2 A{l-l-})
where ||—||; agrees with |—||, for ¢ = 7|;. Finally, we can define height.

Definition 14.4. The height of Y with respect to .Z is defined as

_ 1 -
h—:Y(K) =R, P~ ———deg, v".Z.
[k?p : k]
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Last time we had 2)/S an arithmetic scheme (flat, projective, Y/ K geometrically
irreducible, normal, regular). Then for a line sheaf . we defined height as

hg i Y(E) >R P deg Vi 2.

1
[Kp : K]
Here are some properties:

(1) Linearity on .Z: d/eg is compatible with ®.
(2) Functoriality: if f:9) — 3 is an S-morphism, and .Z is on 3, then

Fhg x=hpz ke
To prove this, just use that we can enlarge Kp and the number is the

same. Then use the fact that v* o f* = (f ov)*.

The compatibility of Neron functions is implicitly hidden in that there is a
morphism between integral models.

(3) Let 2 on /S and let . be ample. Then for all A, B > 0 the set

{PeY(K): hg’K(P) < Aand [Kp: K] < B}
is finite.

Proof. For Q) = P% and £ = O(1) with the Fubini-Study metric, this is classical.
You can check for P', and then embed P" into some product of copies of P!.
The general case follows from this, (1), (2), and norm comparison. O

15.1 Intersection pairing

Let X/S be a regular semi-stable arithmetic surface, with du, a probability
volume form, so that we have X. Let us construct an intersection pairing

(-, =) : Div(X) x Pic(X) — R.

(0) We make this linear on the first component. So we want to define on Fy,

irreducible fiber components, and horizontal curves D,, for P € X (K).

(i) Fy: We define (Fg,y) =dege .Z|x, = degy L x.
(ii) irreducible fiber component: say v : C' — X, C X so that C' = v(C).
Then we define o
(Cvg) = ZS(CV’%) : log #ks

Recall that is(C, £) = deg,,, ZL|c = degg ), V" L.
(iii) horizontal curves: say vp : Bp — Dp C X, for P € X(K). Then

(Dp, Z) = degy,v;, Z = [Kp : Klhgg(P).
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Actually, we have a bilinear map

Div(X%) x Pic(%X) — R.
This is because we are only taking degree. Also note that we have a map
¢ : Div(X) x Pic(X). So we get map

(=, —) : Div(X) x Div(¥) — R.

This new pairing is well-defined, bilinear, and respects linear equivalence on the
second component. Also, we have an explicit description. The way we are going
to check linear equivalence on the first component is by proving symmetry.

Proposition 15.1. (—, —) is symmetric on Div(X) x Div(X).

Proof. 1t is enough to check it for (Cy,Cs) for Cy # Cy “irreducible”, meaning
F,, irreducible fiber component, and horizontal D,. Here are a bunch of cases.

1. For Cy, Cs being either F, or irreducible fiber components, we should get
0.

2. For Cy = F, and C5 horizontal, we need to show that
cTe\gipﬁ(Zo a.F,) = [Kp: K] Zaa,

because (F,,0(Dp)) = [Kp : K]. Using s = 1, we can evaluate the left
hand side as

= Y dogvtlfy == > Y logle 1) =[Kp: K] Y aq.

v:Kp—C 0:K—C 7|0

We will finish next time. O
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So far we have this pairing

Div(%) x Div(®) =% R

|

Div(X) x Pic(%)

where the map from Div x Pic is given by taking degree. We know that the
upper map is

e bilinear,

e respects linear equivalence on the second component,

e well-defined and explicit.

We are trying to show that it is symmetric. Let’s do only the hardest case

now. Assume that P,Q € X(K) and this gives horizontal divisors Dp, Dg. We
are trying to show that (Dp, Dg) = (Dg, Dp). By definition,

(Dp,Dg) = (Te\ngyj‘pﬁx(DQ) = (finite contribution for n)+ Z log|[n™ |7«
7:Kp—C

for some n € H*(Bp,v}0x(Dg)). We are going to choose n = 1 = v51. Here,
because P # @) we have n # 0. We can write the finite part as the sum of terms
of the form

%

1ength< 36I) log #k,
(s,t)

where z is a closed point of X and s,t € Ox . are local equations for Dp, D¢

respectively. The infinite part is the sum of the terms of the form

log(v*||=[lo)(#*1) = log[[1q|l+(P) = log pq(P).

We spent a week showing that this is symmetric.
So this bilinear paring is symmetric, and we can descend to

Pic(X) x Pic(X) — R.

Suppose Eq,Ey > 0 are effective Arakelov divisors. Say even that Ey, Fo
are irreducible “scheme-theoretic”, and assume E; # E3. We still can have
supp(FE1) Nsupp(Es) # 0 and (F1, E3) < 0. There is some infinite contribution
if we intersect horizontal divisors, and the Green function is not bounded below
by 1 or anything.
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16.1 Canonical class

Question. What should be a canonical class?

Our conditions on X implies that there exists a relative dualizing sheaf w =
wr, and it is invertible. Note that gx > 1 by semi-stability. We are going to
take w not to be &(—). On the infinite part, we will be able to put “good”
canonical metrics on w when we choose

dpg = d,u'?r'

Here, given a compact Riemann surface Y with Y > 1, we define du”* as
P
AR _ A A
dp™t = @ ; o A @y

where {a;} is the orthonormal basis for HO(Y, Q%,/(C) with (o, 8) = £ [, a A B.
Note that

(1) dp™* is a smooth (1,1)-form independent of o,
Ar _ 1 —
@) fydptr =504 +1)=1,
(3) du”* is positive.
OnY x Y, we define the (1, 1)-form

. g
v = Prdp?t + Pydp = % S (Pra A Pfa; + Pya; A Pray).
j=1
We are going to show that there is a metric on Oy xy (A) with «y as a curvature.

Then we are going to show that the norm of 1 is the Green function. Then we
are going to pull the metric along the diagonal.
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Last time we talked about picking a canonical element of Pic(X). For a compact
Riemann surface Y (which we secretly think as X, ) with genus g > 1, we defined

o
i
dpht = — a; N\ a;
29 722; J J
with {a;} an orthonormal basis for H°(Y, Q%,/(C).

17.1 Green’s function from the diagonal

Our goal is to find a canonical du”"™-admissible metric on Q'. But we can
describe
Q' =6 Oy xy (—A)

where 6 : Y — Y Xx Y is the diagonal and A is the image as a divisor. In fact,
this is how Hartshorne defines, and this is what we normally have.
This is because the sheaf of ideals corresponding to A is I = ker(A® A — A).
Then the map
d:A=I/I* r—=1r—2® 1.

Here, we are taking I as a left A-module acting on the left component, and you
can check that (I/1?,d) is the universal algebra. So this is 9,14/1('

Now if we consider du”* a probability volume form on Y, we can define
i — S
Y = pidp™t + phdptdptt — 5 (piay Ap3ag + phay Apias).
j=1

Then you can check that 6*y = —(2g — 2)du®".

Proposition 17.1. We have v = 3 curv(Oy xy (A), |~ ||a) for certain ||—||a.
Proof. Here we need to use some Hodge theory. O

This metric is going to be unique up to scalar.

Corollary 17.2. Let H : Y xY — R be defined by H(P,Q) = ||1]|a(P, Q).
Then there exist ¢ > 0 such that cH = Ggyar. Note that we are using symmetry
of both H and G.

Proof. This can be checked by checking the axioms for the Green function. For
the curvature condition, if we restrict v to any coordinate, we get just du®*. So
it can be checked. Note that we are using symmetry of both H and G. O

Corollary 17.3. G is C* away from A in'Y XY, and vanishes to order 1
along A.
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Recall that G' = G gar is canonically attached to dp*, and dp' is canoni-
cally attached to the Riemann surface Y.

Proposition 17.4. There exists a unique C®-metric |—||—a on Oy xy(—A)
determined by the condition

H1||7A(P7 Q) = G(P,Q)_1

for all P # Q. Furthermore, it induces a metric ||—||ar on Q3. by 6*. This
metric is canonical and dp™ -admissible.

Proof. First this gives a smooth metric, because G(P, Q) is nonzero smooth
away from A and vanishes to order 1 on A. The metric is admissible because
duals work well with curvature and —d*y = (29 — 2)dpa,- O

For a point P, there is a residue map

o

1
Oy(P)®Qylp = C; S ®dt 1.

This is pushing forward along the diagonal, and then pulling back along some
horizontal copy of Y to get a sheaf supported at a point.
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Last time we had for Y a compact Riemann surface, a probability volume for
dp®t. We defined 7 a (1,1)-form, and for the diagonal § : ¥ — Y x Y and
horizontal embedding hp : Y — Y x Y, had

—0*y = (29 — 2)dp™,  hpy = dp?".
We can compute

1
7= 5z eurv(By sy (A), | -lla),

and also checked that
Mlal= =) =G(=-)
up to some constant ¢ > 0. Then G(—,—)~! determines a metric ||—||_a on

Oy xy(—A), and this gives a metric on Q%,/(C which is dp®*-admissible. In
particular, we will have

o eurv(@ e, =147 = (29 — 2)au.
Let me make one additional comment. We have
Qy ®6°(0(D)) = O,
by just taking dual, and then pushing forward gives
5.03 ® 0,0 0(A) = 6,0y

as sheaves of Oy xy-modules supported on A. Then if you pull back by hp, we
get sheaves on Y supported at P. The fiber at P is going to be

0 |p @ Oy (P)|p = C.

Proposition 18.1. This isomorphism is the following. Choose t a uniformizer
at p, and then

1
dt|, ® ¥|p — 1.

Moreover, everything we have been talking about were isometries, and so
the metrics match. That is,

1
|2 (P H*H P)=1.
a2 5, )

Note that the residue maps are also the adjunction isomorphisms for P — Y
over Spec C.
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18.1 The canonical sheaf

Form now on, my arithmetic surface is going to be

i = (%7 U {d/‘Ar}o’:KﬁC)

where X is my usual regular semi-stable surface and du2* is du®" for X, =
X ®, C.
So we have this canonical sheaf

W= (wﬂv {||_||?r}G’:K~>(C)~

This is a relative dualizing sheaf for 7 : X — S and it is a line sheaf because X

is regular and semi-stable. This is the canonical class in Pic(X).

Theorem 18.2 (Adjunction for sections, Arakelov). Let P € X(K) be a ra-
tional point. This induces a divisor Dp C X. Then the normalization is
Bp = SpecOg = S, so the normalization map v : S — X is a section. Then
we have

(Dp.0(Dp) @ @) = 0.
In other words, D% + Dp.&o = 0.
Proof. Tt suffices to show that
deg " 0(Dp) & =0,
but the sheaf is precisely €(S). (For the finite part, use the adjunction formula

for Zp, = Ox(—Dp), and for the infinite part, we have made so that they
match.) O
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So where are we now?

1. We have a theory of good integral models over number fields.

2. We have a notion of metrics on line sheaves, and also a notion of admissi-
bility. From this we obtained global equations ¢ p and the Green function
G.

3. We have an “intersection” paring for Div(}i’). This take values in real
numbers, and sometimes take negative values even for effective divisors.
This is quite general for X = (X, 7, {dues }o)-

4. We have a canonical class w = w;. But to put metrics, we need admis-

sibility and should be uniquely normalized. So we had (on Y = X, with
g > 1) to restrict to a special probability volume form

. g
A ¢ Z -
d#r:%]—:laj/\aj

where a; form an orthonormal basis for H%(Y, Q). There was some canon-
ical construction ||—||** on Q) that is du”"-admissible. Also, it satisfied
the property that the residue/adjunction map

ReSp:Q%z|p®ﬁy(P)|p—>(C=ﬁy|p; dt|p®%|p*—>1

for P € Y is an isometry.

19.1 Outline of the theory

Theorem 19.1 (Adjunction for section). Let P € X(K) be a point and Dp C
X. Then

O(Dp).(0(Dp)® &) =0.
Another consequence is that the canonical height is
hx iy (P) = degrpés = —D%.

Here is another application. Take Jx the Jacobian. Then there is a uniquely
defined height h Jx,0 called a Neron-Tate height. Weil height is only defined up
to constant, but then you can add points together and do some limiting process.
How does it compare to the self-intersection D% we defined above? You choose a
basepoint on X and map X — Jx. Then you can compare the self-intersection

number in Div(X) orthogonal to fibers, with —h, .

Theorem 19.2 (Hodge index theorem).

(1) If D is orthogonal to all fibers in Div(X), then

—D? = 2[K : Qlhy, o(0(D)|x).



Math 281x Notes 42

(2) The signature of (—,—) on Div(X)/num is (+,—, ..., —) where the nega-
tive part comes from (1).

(8) The number of — signs is

Z(#{components of X,} — 1) +rk Jx(K) + 1.
vES

This will follow from Riemann-Roch. We should expect some alternating
sum of dimension of cohomology, but cohomology are not vector spaces but
Ox-modules. We are going to put some metrics, but do this for both H° and
H' in a way that they are defined uniquely up to some common multiple which
will cancel out.

For M be a finitely generated rank Og-module of rank n, write AM = A" M.
Then we can define

ART(X,.%) = A(H°(X, %)) ® A(H (X, .2)Y)

and the same for X,. Note that a Hermitian metric on AV with V a C-vector
space is the same as a volume on V. Putting the metric A is not easy and
Faltings complain about this. We want it to be:

(1) compatible with isomorphisms (of .%),

(2) compatible with long exact sequences.

We are going to do this on some moduli space Pic?.
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Recall Haar measures on vector spaces over R, C. We are going to consider M
an O-odule, finitely generated. (These will come from cohomology.) They will
come with volumes at co, on M ®, C. This is not going to be a full-rank lattice,
because in the simplest case Z C Q, we get Z C C and we can’t immediately
use the covolume.

We can define

My =M/Mo: =@M ®,C=M@5C

and then M ®z R inside M ®z C. Then it make sense to consider Vol(M ®y
R/My), but this is not exactly what we will use.

20.1 Haar measure
Let V be an R-vector space, and n = dim V.

Definition 20.1. A Haar measure on V is p a Borel measure such that it is
(i) translation invariant and (ii) p(AA) = |A|"u(A4).

Proposition 20.2. Haar measures on V are the same as norms in det(V) =
AV

Proof. Take vy, ...,v, a basis of V. Then we can form vy A -+ Awv, € det(V).
Then we define
dp = ||lvi A Avgllpdzy A -~ Adzy,

where z; are the dual basis. O

We the same notation, we consider M = (v1,...,v,)z C V and we can define
the covolume

1 1
VOIM(V/M):/ d,u:/o /0 [loiA- - Ay || pdzi A - Adzy, = ||[V1A- - - Avg]| -

V/M

The complex case is a little annoying. Let V' be a C-vector space and n =
dim¢ V. A Haar measure can be defined similarly but with g(AA) = |A\[*"u(A).
Again, p a Haar measure corresponds to a norm on detc V. Take vy,...,v, a
C-basis of V. Then there is a dual basis z; = x; + iy;. (We're taking real an
imaginary parts of V' — C.) Then we can take

dp = llog A--- /\vn||idx1 ANdyr A -+ ANdzy, A dyp,.
To define the volume, we can take

W:R<’U1,...7’l}n>
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so that V.= W @ iW. Let M = Z(v1,...,v,) C V. Given a Haar measure u
on V', we can take py the only Haar measure on W such that u is the product
measure on V = W @ iW. Altenratively, we have the formula

dpw = lvr A= Awgllpdzy A~ A day,.

Then

Vol,u,, (W/M) = / dpw = |[or A Al = \/VOIH(V/M @ iM).

W/M

20.2 Measurable modules

Let K be a number field and M a finitely generated Ox-module.
Definition 20.3. A measurable Ox-module is M = (M, {1, },) where

(1) M is a finitely generated O-module,
(2) for o : K — C, py is a Haar measure on M, = M ®, C.

By general number theory, there is a canonical isomorphism

Me=M®;C= @ My, @10 (24 1),.
o K—C

Let My be the image of M on the right side so that it is isomorphic to M /M;q,.
Then M ®z R is the R-span of My in M ®z C.

So we first get a measurable Z-module from M. This M isa finitely generated
Z-module. Then we can embed into M ®z C, and then we can take the product

measure from the isomorphism. Now we can define the covolume Vol,(M ®z
R/M).

Proposition 20.4. If you take @K = (O, obvious measures on C), then the
covolume is Vol(Og ®z R/Ok) = /|Dk]|.
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Last time we had V' a C-vector space and B = {v,}, a basis over C. Then we
get W = R(B), and from p a measure on V, v a measure on W. We had K a
number field and a notion of a measurable finitely O x-module M = (M, {to}o)
For every o : K — C, u, is a Haar measure on M, = M ®, C.

1. We defined the covolume Vol(M ®z R/M).

2. This construction factors through regarding ManO x-module a as a mea-
surable Z-module.

Lemma 21.1. Vol(Ox ®z R/Ok) = \/[Dxl|, where Ok has the Euclidean
measure on O @, C = C.

Proof. We have to understand the measure on Ok ®z C = @g C. This is the
same as taking the usual absolute value on detc(Ox ®z C) = deg(€p, C) = C.
Let by,...,b, be a Z-basis for Og. Then I need to compute is

Vol(Og @z R/Ok) = [[by A -+~ Abyl|, = |deglo(bi)]io| = /| Dk O

21.1 Changing the module/volume

Now I would like to talk about a trick. Our goal is to show that Vol(M @7z R/M)
is something explicit formula. To compute this, we can replace M with other
modules of finite index or coindex. Or we can vary the volume.

Let me look at the special case of a rank 1 projective Og-module. Consider
M = (M,{]|-|lo}») a metrized line sheaf on Ok. Then for every o : K — C, I
have detc(M,) = M,. So the norm is just a measure on M,. That is, one can
go back and forth between a metrized line sheaf M and a measurable projective
rank 1 module M. So what is the relation between the two real numbers deg M
and Vol(M @ R/M)?

Proposition 21.2. log Vol(M ®z R/M) = 1 log|Dg| — deg M.

Proof. First note that projective Ox-modules of rank 1 are fractional ideals up
to isomorphism. So we are going to assume that M is a fractional ideal. Then
M, =M ®, C= K ®, C canonically. Now I can meaningfully say that I keep
the archemedian data fixed while I change M.

We replace M by any other fractional ideal M’ C M, keeping the norms and
the volumes fixed. The change on the left hand side is log[M : M']. On the
right hand side, in the definition of the degree, we were counting the cardinality
of the quotient. So if we pick some € M’ C M, the archemedian part doesn’t
change and the cardinality decreases by log[M : M’]. So the changes match up.

But I can actually replace M by any other fractional ideal, say M = Og.
Now, M, = C canonically, and so ||—||, = A,|—| with the same coefficient

o = Aom. Now we can compute deg, with n = 1. O
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Now we want to base change. Ultimately we want to prove Riemann—Roch,
and we usually do this by adding divisors one by one. When you put in vertical
divisors, this is usually not very hard. But if we put in horizontal divisors, we
need some sort of adjunction formula to see what changes. But this only works
for sections. So what we are going to do is suitably bash change so that the
horizontal divisor becomes a section.

Definition 21.3. Let M be a measurable Ox-module and F/K a finite exten-
sion. We define

MOF = (MOF = M®(9K OF?{”T}T:F*}C)

where (M ®0, Or) ®; C= M @0, -, C= M,
from pir, .

|x 18 given the volume induced

Proposition 21.4. With the same notion, and r = rkp, M = rko,.(Mo,.),

Vol(Mo,. ®zR/Mo,.) <V01(MOK ®z R/MOK))[F:K]
Vol(Og @72 R/Ok)"

- Vol(Og @z R/Ok)"

Proof. We only mess around with M. We first kill the torsion in M, then take
finite index free submodule, so that we can assume that M is free. Then the
free parts can be separated, so we assume r = 1 and M = Ok. Then both side
consists of these scalars coming from the volumes, and each K — C appears
exactly [K : F] times in the F' — C. O



Math 281x Notes 47

22 March 23, 2018

Last time we looked at the trick of changing volume. But there is this discrim-
inant coming out, which is annoying.

22.1 Arithmetic Euler characteristic

Let E: 0 — M; - My — M3 — 0 be an exact sequence of Z-modules, with
volumes. I want to make sense of volume exactness. We can define det E as

3
_ , B(-1)* o
detE g(dgt M; ® C) C,

where the isomorphism comes from exactness.

Definition 22.1. We say that the sequence E is volume exact if detE @ C
with the volumes matching up.

Now we can define the Euler characterisitic
X(M) = —log Vol(M & R/M) + log # M.

Proposition 22.2. For E a volume ezact sequence, x(M) — x(Ma) + x(Ms) =
0.

Let K be a number field, and M be a measurable Og-module. We define
xx (M) = —log Vol(M @7 R/M) + log #Mo; + tko,. (M) log| D |/2.

Note that the last term work well with exact sequences as well.

—

Corollary 22.3. Note that a line sheaf M gave M. In this case, xg(M) =
deg M.

Corollary 22.4. If]\? is a measurable Ox-module, and F/K is a finite exten-
ston, then . .
xr(Moy) = [F : K|xx(M).

Now let us go back to (%,w, {du2},). If £ is a line sheaf on X, note that
HI(X,.%) = (0) for j > 2. This is because X is projective. Roughly Riemann—
Roch should look like

Vol(H° (%X, %) @z R/H(—)) = formula involving intersection of .Z.

But we need to put a volume on the global sections. This is something we need
to do. We are sort of going to make sense of the difference between the volume
on HY and H!, because we need to take the difference.
Note that
H(X, %) ®,C=HX,,%,).

So we are good if we can put volumes on the sections of any Riemann surface.
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22.2 Determinant of cohomology

Let Y be a compact Riemann surface, and gy = g > 1. Let £ be a line sheaf
on Y. Then determinant of cohomology is

MY, Z) = det HY(Y,Z)® det HY(Y, 2)".

So this is a line. Good norms on A(Y,.Z), depending on the given metrics on
&, are what we want.

Here are the things I want. The trick used in the usual Riemann-Roch is
that if D is a divisor on Y with P € Y, and D’ = D + P, we have an exact
sequence

0— 0(D)— 0D — 0(D")|p=0p0(D") — 0.
This gives a long exact sequence
0— H(Y,0(D)) — H*(Y,0(D")) = 0(D")|p - H'(Y,0(D)) - H'(Y,0(D")) — 0.
Then we get
AY,0(D + P)) = XY, 0(D)) @ 6(D')p,
which we will call the “exactness isomorphism”.

Here is one attempt for the structure sheaf. Let Y as before. We have a
canonical isomorphism

MY, Oy) = det HO(Y, Q).

Then there is a hermitian norm induced by (—, —) on H°(Q},) given by

i _
@8) =3 [ ans.
Y
(We call this ||—||F.can-)

Theorem 22.5 (Faltings’s volume in cohomology). Let Y be a compact Rie-
mann surface with g = gy > 1. Then there is a unique way to associate to each
metrized lined sheaf £ on'Y , a hermitian norm ||—||pz on A(Y,.Z) such that

(1) (isometry) If L1 = L5 is an isometric isomorphism, then it induces an
isomorphism on \ with compatible ||—| F .

(2) (scaling) If for £ = (£, ||—||) and a > 0 we define a.Z = (&, a|—|),
then

M)

I=llpez = a

F.2"

(3) (exactness) For D a divisor on'Y and P, put unique Ar-admissible nor-
malized metrics on O(div)s. Then the “exactness isomorphism”

MNY,0(D+ P)) 2 \Y,0(D))® 0D+ P)|p
is an isometry for the |—||F norm.

(4) (normalization) The norm ||—|| & is equal to the one that had a moment
ago on A\(Y, Oy ).
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Last time we talked about volume exactness and the Euler characteristic xx-
Also, we were able to formulate Falting’s theorem on volumes on “H°® — H'”.

23.1 Arithmetic Riemann—Roch

First, we define the Euler characteristic of metrized line sheaves. Consider a
semi-stable regular model X = (X, 7, {du2*},). Define

Xk (%, 2) = xx(H(%,2)) = xx(H' (X, 2)).

Here, we use, at each o : K — C, Faltings’ volumes on H/(X,,.Z|x,). Each
term alone is not well-defined, but when we take the difference, this is well-
defined.

Theorem 23.1 (arithmetic Riemann-Roch). Let .Z be an admissible line sheaf
on X. Then

~ 1 —— N
ik (¥, 2) = §($.$®wv) +xk(X,0%).

Proof. First it is enough to assume that . = &(D) where D is some Arakelov
divisor. The statement is clearly true for .2 = &. Now we show that the truth
of the equation is unchanged when we add to D a divisor « - F,,. The change in
the left hand side is

A(LHS) = a(h®(0(D)|x) = B (0(D)]|x))
The change in the right hand side is
A(RHS) = %(D +afF,.D+aF, —©)— %(D.D - W)
1 ~
= o(F,.D) = 50(F,.@) = a(degx (D|x) + 1 = g) = a(h’(D|x) = k' (D]x))

by ordinary Riemann-Roch.

So we may assume that D = Dg,. It is now enough to show that both
sides vary in the same way if we change D to D + C, where C is irreducible in
X. Here, we may replace K by a finite extension. Here, we need to be a bit
careful, because our surface might no longer be regular. So we have to take a
desingularization. For F'/K, we can base change X to ) = X xg Sr and then
to 2)’. Now we might mess up with the canonical sheaf or cohomology. Let
f:9’ — X. But in the semistable case, we checked that

1. @gy = f*@, and
2. H](f,f) Qo OrF = H](QJ’Z|@) = Hj(gy,jbj’)'

So the measurable module doesn’t know about the desingularization at all.
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Going back to the proof, we are trying to replace D by D+ C. First assume
that C is horizontal. Then after base change, we may assume that C'is a section.
That is, there is v : S — X such that C = v(S). Now we have an exact sequence

0— HYX,0(D)) — H(X,0(D+C)) — H°(S,v*0(D + C))
— HY(X,0(D)) - HY(X,0(D +C)) — 0.

This is the “exactness” exact sequence, so
xx(X, (D)) + xx (H(S,70(D + C))) = xxc(X, 6(D + ©)).
But the middle term is
deg " @D +C) = (C.D+C) = (C.D)+C*>=C.D—C&

by adjunction. The variation of the right hand side is going to be the same
number. O
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Last time we were proving Riemann—Roch. We want to show
~ 1 .
Xk (%,.2) = 5(Z£.Z @ @)+ xk (X, 0).

We now only need to check the variation under D replaced with D + C with C
irreducible. Last time, we were dealing with the case when C' is horizontal, and
after base change, we were checking for C' a section. We computed that

A(LHS) = C.D - C.&.

This used the exactness property of the |—||r, basic properties of (—.—), and
the adjunction formula for sections (due to Arakelov). Lang actually proves
Riemann-Roch without assuming semistability, and here he uses some other
complicated version of the adjunction formula that works in the regular setting.
Anyways, the variation of the right hand side is

A(RHS) = %((D.D — @)+ (D.C)+ (C.D) + C* — (C.&) — (D.D — &)
= %(2(0.1)) —2(C.Q)).

The last case is when C' is a fiber component X for s € S. This you can
check it.

24.1 Constructing metrics on determinants of cohomology

So this is how Riemann—Roch is proved, after we have this metrics on deter-
minants of cohomology. Today I'm going to give an outline of why you should
expect this to be true.

Now we are working over C. We have a Riemann surface Y of genus g > 1,
and we have du”" on it. We want to put metrics =l zz on A(Y,.Z) that de-
pend nicely on admissible .Z. Recall that “nicely” means respecting isometries,
scaling, exactness, normalization at &. Note that if such metrics exist, they are
unique.

Let me make some reductions:

1. It is enough to consider sheaves that look like (D) (as long as we can
show isometric isomorphisms).

2. It is enough to use the unique normalized (at 1) admissible metric on
0 (D), which we call (D).

3. The case € is done.

Lemma 24.1. Under “ezactness” and “normalization”, every O(D) receives a
unique well-defined metric on A\(Y, O(D)).
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Proof. We're just starting from & at adding or subtracting points. Here, you
are going to need to check that the resulting metric does not depend on the
order of adding points. If you write out, this will be coming from that G(—, —)
is symmetric. O

Therefore it suffices to check that the metrics on A only depend on the linear
equivalence class of D. The way Faltings proves this is beautiful. First we may
a couple more of technical reductions.

1. It is enough to assume that deg D is fixed, say g — 1.

2. It is enough to fix an arbitrarily large » > 0, and a divisor F with deg ¥ =
r+g—1, and consider only D = F — (Py + -+ P,).

Sketch of proof. First, there is a “universal determinant of cohomology”. This
means that there is a certain line sheaf 4" on Y” together with canonical iso-
morphisms for P = (Py,...,P.) €Y,

Np ZAY,O0(E (P, +---+ P,))).

This is roughly because determinants of cohomology can be taken on affine
charts. Now there are metrics on the As, and we can see how this varies explicitly
in terms of G. Then we can write down the curvature of the metric induced on
A, which is a (1, 1)-form.

Consider Picy—1(Y'). This doesn’t have a distinguished point, but it has a
distinguished divisor

O = {locus of [£] : deg.¥ = g — 1,h°(L) > 0}.
Then we have the following morphism
¢:Y" - Picg_1(Y); P=(P,....P)—[0FE—-(Pi+---+P)))]

One can check that ¢*0(—0) = 1.

Finally, it is enough to prove that our metric .4” comes from a metric from
0(—©). You can write down a (1, 1)-form on Pic,_1(Y) such that the pullback
is equal to the (1,1)-form on Y™. Then you can find a metric such that the
curvature is the (1, 1)-form. O
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Let Y be a compact Riemann surface. The key idea for constructing ||—|| 7 — on
A are

(1) there exists a universal .4"/Y" with fibers being A,

(2) there exist ¢ : Y" — Picy_1(Y") such that A is the pullback of the 6(—0),
and

(3) there 0(—©) has a metric such that the pullback metric on .4 agrees
with the fiberwise-defined metrics from |—|p .

Today I will give some explanation for (1) and (2).

25.1 The universal bundle

We have the map Y" — Picy_1(Y) taking P to Z(P) = Oy (E—(P1+---+PF,)).
We consider r large enough so that ¢ is surjective. (Dominance comes from
Riemann—Roch and it is also proper.) Now we consider a auxiliary variety
Z =Y" xY. Look at the projection map m; : Y" — Y and I'; the graph of 7;
in Div(Z). Then consider D =377, T'; and Y" x E, both divisors.

Write Zp = {P} x Y (for P = (Py,...,P.)). Then Zp =2 Y and consider
the line bundle

X =0;,Y"xE—-D).

Then
Llz. =2 ZL(P).

So moving the point P around, we can recover all the line sheaves we care about.

Using this construction, we can define our determinant of cohomology bun-
dle. Work locally on Y". For a point P € Y", consider an affine neighborhood
U =SpecA>P.

Proposition 25.1 (Hartshorne, p.282). There is a bounded complex of finitely
generated free A-modules
0%t
such that for every A-module M, we have “L*®@M computes cohomology H®* (Zy, L®a
M)7”: we have that H (Zy, ¥ @4 M) = HI(L®* ®4 M). Hence,
HI(Y,Z(P)) = H'(Zp, Z|2,) = H(L* @4 kp).

Now define the A-module

N = é(/\dij)(@(—l)j.

J=0

Here, a technicality is that N is uniquely determined only canonical isomor-
phism. This is because L is unique up to quasi-isomorphism, and they will
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induced a true isomorphism on N. Localization behaves well, because localiza-
tion of L will do the same thing. This means that N on U glue to give a sheaf
A on Y. This is what we want, because

Np=N@rp =oAL ©rp)® Y =AY, Z(P)).

The last canonical isomorphism is an exercise in linear algebra. This shows (1).
Now we want to have an isomorphism 4" 2 ¢*0(—0©). So what is “1” for
A7 We're assuming that ¢ : Y — Picy_1(Y) is a surjection. Then for general
P eY", we have p(p) ¢ O.
Recall that dim H(Y, Z(P)) — dim HY (Y, Z(P)) =g—1+1—-g=0. So
we have that ¢(P) ¢ © if and only if

HO(Y,Z2(P)) = H'(Y,Z(P)) = 0.

So in this case, \(Y,.Z(P)) = C is canonical. Here, there is a 1. The question
is, do they vary nicely so that they give a meromorphic section?

We want a section s of .4 such that it agrees with these 1. Here it is useful
to go back to how we constructed .4”. Consider

n—1
5= ®(/\rk‘51 (6j))®(—1)3+1) € N ®4 Frac(A).

§=0
This really can be considered as an element. The claim is that s|p € N @4 kp
for P ¢ ¢7'@ is 1. For P € ¢~ 'O generic, we will have dim H(Y, Z(P)) =
dim HY(Y, Z(P)) = 1 and so you will be able to see that there is a pole of order
1.



Math 281x Notes 55

26 April 2, 2018

Last time we looked at determinant of cohomology and a sketch of how Faltings
proved existence of volumes. At the end of the day, we only care about H?, but
we have to have this H! term. The algebraic part of the existence was given by
pulling back some line bundle along

©:Y" = Pic, 1(Y); P— L(P)=0(E—P —---—P,).

Then we get an isomorphism A 2 ©*0'(—0).

26.1 Analytic input to construction of metric

Now for the analytic part, we look at two metrics on both line bundles, and
show that the curvature is equal to the pullback of the curvature. Consider
¥ = O(E) so that we have

LP) =L DO(-P——P)=L(-P,—Py— - —P).

By definition, we have an isometric isomorphism

ML) =NZ(—P)) @ Z|p, = NZ(—P1 — P,)) @ Z(—P1)|p, ® Z|p,
=ANZ(—P1— P,)® O(—P1)|p, ® L|p, ® ZL|p, =+
=ANZ(-Pi—- = P.)@QO(~P)lp, @ Q) Z|p,-

Then if you take curvature of .4, the contribution of &(—P;)| p; is going to be
some Green function. So if you work out,

curv(A) = — Zp;‘ curv(ZL) + Z d00log G(P;, Pj).
Jj=1 i#]
But £ is an admissible metric on &(FE). So its curvature is the degree times
dphr.
Note that if a certain metric on &(—©) works for given choice (E,r), the

same works for all (E,r). To see this, consider (F1,71) and (Fs,r2). Then for
E = max(F1, E3), we will have something like

O(Er~ L PV) = 0(E -5 Py) = 0(E2 X P).

26.2 Averages of (¢

Let Y be a compact Riemann surface with g > 1. The Green functions is sort
of measuring distance. Suppose we have x1,...,x, € Y all different. How big
can the sum

ZlogG(xi,xj)

i#]
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be? The trivial upper bound is cyn? because the Green function is globally
bounded above. Naively, we expect to see some cancellation because there can’t
be too many points away from each other.

Theorem 26.1 (Faltings, Elkies). There is a constant ¢ > 0, only depending
on'Y, such that for alln > 2 and x1,...,x, €Y, we have

ZlogG(xi,xj) < cnlogn.

i#]
Proof. Recall that A : C®(Y,C)? — C>=(Y,C)° was defined as (7i) 100y =
(A@)du?T. Note that we computed

007 = 5 (fuu+ Fyu ) A dy.

So in reality, our Laplacian is negative of the ordinary Laplacian. Thus the eigen-
values of our A are positive, 0 < A\; < Ay < ---. Let us write the eigenfunctions
as 1, @2, - . .. Recall also that we had the operator I' : C°°(Y,C)? — C>(Y,C)°
given by

(B0)(p) = /Y (—g(P.Q)(P)di™ (Q).

and checked that this is the inverse of A. Now we can express the kernel using
the eigenfunctions. As distributions, we should have

9(P.Q) =~ 3 T on(PIon(@).

n>1 n

But distributions, this is not good enough, so for ¢ > 0 we define

wPQ=-Y ¢

n>1

—tAn

on(P)en(Q).

n

For t > 0, this gives an honest C*° function, because there are estimates on the
growth of A\,. Now we state some facts.
(1) There exists an A = A(Y) > 0 such that for all z # y and ¢ > 0, we have
9t(z,y) + At > g(=,y).
(2) There exist B = B(Y) and C' = C(Y) such that for all x € Y and ¢ > 0,
we have g;(x,2) < Blogt + C.

(3) There exist b = b(Y) and ¢ = ¢(Y") such that for all z € Y and ¢ > 0, we
have g;(z,z) > blogt — c.

(In fact, g:(z,z) = ' logt + O, (1), but we don’t need this.) So we have

Z(g(%a%) At) <th (@i, ;) ZZ

i#j i#£j i#j k>i

-y (Zw (o) —

k>1

@k i) k()

> < _izj:lgt(xi’xi).

kmz
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Then we have

Zg(xi, z;) < Z(—gt(xi, z;) + nAt) < n(=blogt+ c+ nAt).

i#j i=1
Take t = L. O

n

Next time we are going to make use of this.
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If R™, if there is a norm ||—| and a lattice A, there is a numerical criterion for
the ball B = {z € R™: ||z|| < 1} to satisfy BN A 2 {0}. In particular,

Vol(B) > 2" Vol(R" /A)

is fine. We are going to use this to get a numerical criterion for line sheaves to
be effective.

Let Y be a compact Riemann surface with ¢ = gy > 1 and .Z be an
admissible metrized line sheaf. We have a norm on H°(Y,.#) defined by

512 = /y Is[2(P)du™ (P).

We can define (Falting’s) volume

V(L) =Volp({z € H'(Y,Z) : ||s||> < 1}).

Lemma 27.1. If degy(Z) > 29 — 1, then V(&) is well-defined and is inde-

pendent of the norm of £ .
We write this V(.Z).

Theorem 27.2. There exists a ¢ > 0 depending only on'Y such that for all £
of degree d > 2g — 1,
V(&) > exp(—cdlogd).

Proof. Assume ¢ = O(E), and write d = r 4+ g — 1 with r > ¢g. We have this
map
©:Y" = Picg_1(Y); P~ OE)®O(-) F;)

that is a surjection. We define U = Y" —*0O. Then for P € U, the determinant
of cohomology is A(Y,.Z ® 0(—>_ P;)) = C contains 1. Define

w(?)P) = ||1||F,$®ﬁ(72j Pj)-

Note that w(.Z, P) > ¢; > 0 is bounded below, with ¢; independent of .Z, r, P,
because we had ||—||r.+ = ¢*||—||-o. So the norm of 1 is given by pullback of
1, and div(1) = —©. This shows that there are poles at ©, and no zeros.
What we want to know is A(Y,.Z). So we write
Pfl) .

MY.2) = \Y.Z 0 0(-5; ) @c (QT-Plr,) @c (1

i<j

Here, evaluation gives an isomorphism

ev:H(Y,Z)= P Llp,
j=1
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and taking determinant gives det H(Y,.¢) & @;_, -Z|p,. But there is some
distortion in volume, and the other terms is what measures this.
Now we can estimate

w(Z, P)?
prp(B) = =—————=v(ev(B)) > exp(—ca — czrlogr)v(ev(B)).
Hz’;ﬁj G(Piapj)
Then
v(ev(B)) > exp(—csrlogr)|[ fr A= A fe|7(P)
where s, ..., s, is an L2-orthonormal basis over H%(#) and f; = (7}sj,...,m5s;) €

HO(Y™, D).
We now average this inequality over P;, i.e., take the integral

| ey dte ),

Then we actually have [\ || fi A--- A fo||?(P)dP =r! > 1. O

Theorem 27.3. Let £ is an admissible line sheaf on x. Suppose ?2 >0 and
for any fiber F' (or there exists an F' such that) £.F > 0. Then there exist ng

such that for all n > ng, the line sheaf 7% s effective, i.e., there exists an
Arakelov divisor D,, > 0 such that 2" = O(D,,).

Proof. We want for n > 1, some 0 # s € H°(X, £%") such that for all o : K —
C, the integral fXa log||s||o (P)dui*(P) < 0 as well. Since log is concave, it is
enough to get

/ Is|2(P)du"(P) < 1.
Xo

Now we can ensure this by Minkowski. Take the lattice A = HY(X,.£%").
Use the Faltings’s volume. The volume of the unit ball is then greater than
—exp(cnlogn) (because degree is linear in n). We also have H'(X,.#%") = 0
for n > 1 because .Z.F > 0. This means that H' only contributes as torsion.
Therefore the covolume of A is at most

< exp(—XK(i y)) < exp(—%zy2 + cn).

Here, ?2 > 0 so we can apply Minkowski. O
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Today we study D?2.

28.1 Fibered divisors
For s € S, let V; be the group generated by the components of X, as a subgroup

of Div(.’%). For o : K — C, we will have V, = RF,. For s € S, we write Fy the
fiber corresponding to X.

Write S = SU{o : K — C}. Then we consider

V=

pelS
(We're ignoring the 0 ideal.)

Proposition 28.1. (—,—) is negative semi-definite on each V,, and on V.
Also, V,, are orthogonal to each other. In each V,, the only Arakelov divisors
with square equal to 0 are multiples of F,.

Proof. This follows from the intersection parings and properties of 4. O

Lemma 28.2. Let D be a (Arakelov) divisor with degx D > 0. Then given any
F,, forn>1 we have
(D +nF,)* > 0.

Proof. We have (D + nFy,)? = D? 4+ 2nDF, + n*F; > D? + 2n(degy D)log 2.
Here, the log2 term comes from the residue term. (This is true even for p
infinity, because 1 > log2.) O

Theorem 28.3 (special case of Ragnaud). There is an S-scheme Picy_1(X/S)
locally of finite type with a universal line sheaf £ on X xg Picy—1(X/S) which
is the moduli space of line sheaves of X of degree degxy = g — 1.

This can only be locally of finite type, because if your curve has many
components, the only condition is that the degrees on each of the components
add up to g—1. So there are infinitely many discrete possibilities. The reason we
are only looking at g—1 is because the Faltings volume is going to be independent
of the metric. By Riemann-Roch, we have h° — h! = degy +1 — g = 0.

(1) There exists a © € Div(Pic,_1(X/S)) which extends the ® on X, and
Pngfl(Xo-).
(2) Consider .# a line sheaf on X with degy .# = g — 1. Then there is a
section x € Picy—1(X/5)(S) such that £ |xx g gives F on X = X xg z.
(3) There is a universal determinant of cohomology using .. Then \(.Z) =
0 (—0) with the Riemann-Roch metrics. Moreover, for all .# and x as in
(2), we have
deg " ML) = xk (X, F).

(Here, we can use any admissible metric on % because the degree is g—1.)
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28.2 Intersection pairing and Néron—Tate heights
Consider Jac(X/K) = Pic’(X/K). Note that F, L F, for all p, and also
V + V+ C Div(X) because D € V1 implies degy D = 0.

Choose E € Div(X) of degree degy E = g — 1. Take D € V* and let P be

those with the same intersection pattern as before for £. Then for all n > 1,
we have [E + nD] € P(S). So we have sections z,, : S — P. We have

— ~ D?

Qg st AL) = xi (X, O(E +nD)) = -+ = —n +0(n)

by Riemann-Roch. Also, this degree is
deg 1y \(Z) = degyc;,0(~6)
= —[K : Qhpic,_, (x/K),0(Tn) + O(1)
= —[K : Qlhuy o ([D))n® + O(n)

where h is the Weil height and h is the canonical Néron-Tate height.

Theorem 28.4. For all D € V*, (so that degx D =0 and [D] € Jacx/x (K))
we have R
D? = —2[K : Qlhy(9)([D]) < 0.
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Last time we proved this theorem.

Theorem 29.1 (Faltings-Hriljac). For all D € V*, we have

D? = —2[K : Qlhs, o([D]).

29.1 Hodge index theorem

Consider

Num(X)gr = Div(X)g/numerical equivalence

~

where Div(X])r is the Arakelov divisors of X with R-coefficients. Here, the
intersection pairing extends linearly. Then Num(%)R is a R-vector space with
with a non-degenerate bilinear form. By no means it is clear that it is finite-
dimensional.

Now consider

Vir=Vs@zR, Vor=V,, Vr= @ Ver C DiVR(Z%)

for s € |S|. This maps to Num(X)g. Similarly, we have Vit

Fix E € Div(.’/f\) with E? > 0 and degy(E) > 0. (For example, take F =
Dp +nF, for P € X(K*#) and n > 1.) We want to see the contribution of
E in Num. This cannot be in V because degy (E) > 0 and it cannot be in V-
because its self-intersection is positive.

Take any D € Div(X)r. We see that D modulo RE can be represented in
the following way:

E = D’ + (fiber components) with degy =0, D’ € V™.

degyx D
degy I
algebra thing. So we have the following surjectivity:

This is because we can first look at D — FE, and then this is some linear

v:RE + Vg + Vg~ — Num(X)g.

~

Theorem 29.2 (Hodge index theorem). dimg Num(X)g is finite and the inter-
section pairing (—, —) has signature (1,—1,...,—1). Moreover, the number of
—1 is
1+ rank Jx(K) + Z(dimR Vsr—1)
ses

Proof. First we see that E gives +1. Now it is enough to understand the image
of V + VL. We see that

v(Vk) = PV © R,
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for your favorite F,. On v(Vg"), it follows from D? = —2[K : Qlhnr(|[D]).
Because the intersection paring on v(Vg") is non-degenerate, its should come
from Jx. Then the intersection pairing is negative-definite on a codimension 1
space, and is positive at some point. O

Looking back, the non-trivial part of this is the VRJ-, but this is just the
Jacobian. Here are some applications. Consider gx > 2 and let us look at @
again.

Theorem 29.3. Let D € Div(.’%) and suppose D > 0. Then
@2

4g9(g — 1)

Proof. We may assume that D is irreducible and not formal. First consider
the case when D is a fiber component. Then degy (D) = 0. By geometric
adjunction, we have

D@

Y

degx (D).

“1<gp—-1=—"(D*+D0D).

=9b 2log #fis( + D)
If D.&@ < 0, then we would have is(D, D) > —2. This means that either D is
F (in which case gp > 0 and is not possible) or D? = —1 (in which case it

contradicts that X is semi-stable).
Now take D horizontal. Say (up to base change) that D is a section. Then

degx((29 —=2)D —&) =0

implies that it comes from V + V+ and so ((2g — 2)D — @)? < 0. Expanding
and using D? = —D.& gives a contradiction. O

Provided that @? > 0, this is going to be a highly nontrivial arithmetic
information.
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Last time we had this theorem that

@2
5.D> " _degy D.
dg(g—1) ¥

For the horizontal divisor, we had degx ((2g —2)D — @) = 0 and so we get that
(29 — 2)D — @ has self-intersection number not positive. Then we can collect
terms by adjunction, we get

49(g — 1)D.& > &*.

30.1 Positivity of &?
Theorem 30.1 (for g > 2). We have @* > 0.

Proof. We have degy & = 29 — 2 > 0. Taking F' = F, some fiber, we know that
for rational A > 1 we have

degy (@+AF) >0, (@+AF)*>>0.

By application of Riemann—Roch, we know that @ + AF is linearly equivalent
to some effective Q-Arakelov divisor. (We did this by using Elkies’s result and
Minkowski and stuff.) So by the previous theorem,

) o2 o2
DA F = (0,04 AF) > — deg (G4 AF) = .

We want a good choice of A € Q with (& + AF)? > 0, because this is all we
used. This condition is equivalent to

0 < (@4 AF)?2=0%42\@.F).
So it is enough to take A € Q such that A(@.F) > —3@?2. This implies

2

&)

~92 ~

1,
- — >
w 2w

[\
s}

and so @2 > 0. O

30.2 More on fiber divisors

Let me give more details on the fiber divisors we talked about last time. Recall

that
Vvso = {ZO&jCj : Fs = ZCj’Zaj :0}

We can also consider Vs?@. We also defined V? = @, V2 and similarly V((g. WE
also denote R R
Div(X)? = {D € Div(X) : degx (D) = 0}.
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Proposition 30.2. The following equivalent properties hold:

(1) forall D € Div(i)o, there exists a unique E € V) such that D — E € v+

Furthermore, the rule @ : Div(.%)0 — Vé) gwen by D — FE is a group
homomorphism.

~

(2) Let s € |S|. Forall D € Div(X)°, there exists a unique E € V. such that

D — E € V5y. Furthermore, ®, : Div(X)? — VYo is a group homomor-
phism.

Proof. The two statements are equivalent because we can take ® =" @, and
Vg =@, Vg So let us prove (2).

If 5 is such that X, is irreducible, then V., = (0). If this is not the case,
take Fy = ) C; where Cj; are irreducible components. We can use 4, instead of
(=, —), and this is integer-valued. Consider

Wy ={aecQ :Y a; =0} =V)y.
For D € Div(f%)o, define
b(D) = (b;(D));, b;(D) = (Cj, D) € Z.

But we have D.F, = 0 and so b(D) € W{. Now we want to define ®(D) = a(D)
such that for all v € W],

Y (Ci, Ci)lija(D) = A*b(D).

Now the key observation is that (—,—) is negative definite on Vo which is

isomorphic to Wg. So we can look at the equation as defined on V), and invert
the matrix [(—, —)]. O
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We have covered the basics of Arakelov theory.

31.1 Small points

Let X/K be a curve with gx > 2. Then dim Jx = ¢ and let .Z be a line sheaf
on X. Assume that degy .Z =n > 1. Then we get jo : X — Jx and consider
P— [ ®0(-nP). If £ = Qﬁ(/K, we can the canonical map

j=Jor X —Jx.

X/K

These are not in general embeddings.
On the Jacobian, there is the Néron-Tate height

h=hso:Jx(K) =R
that satisfies
e A(P) >0, with equality if and only if P € Jx(K) is torsion,
e I is quadratic and so there is a pairing (—, —)nr.

Because of Mordell-Weil, we get that
Jx (L) ®7 R

becomes a Euclidean finite-dimensional space with h.
Here are some conjecture that have been proven.

Conjecture 31.1 (Manin—-Mumford). jo(X) N Jx (K)or s finite.

This is a bold conjecture, because torsion points are everywhere (dense in
the analytic topology). Here is something stronger.

Conjecture 31.2 (Bogomolov). There exists an g = €o(X/K,. %) > 0 such

that jo(X)N{P e Jx(K) : h(P) < e} is finite.

The Manin-Mumford conjecture was proved by Raynaud in 1983 p-adically.
For the Bogomolov conjecture, Szpiro figured in 1990 that one can use Arakelov
theory to do this. First assume X has potentially good reduction, with &2 > 0.
Then the Bogomolov conjecture holds for X. In 1993, S-W Zhang, who was
a student of Szpiro, generalized Szpiro’s proof to all possible reductions and
proved that if X does not have potentially good reduction, then &2 > 0. In
1998, Ullmo proved Bogomolov’s conjecture and more using Arakelov theory
and equidistribution of small points. So we now know that @2 > 0.

Theorem 31.3 (Szpiro). Assume gx > 2 and X/K has an everywhere good
reduction. Let X/S be the minimal regular model of X and let & = ZDQ;S. Let
Z be a line sheaf on X/K of degree n > 1. Define coy = fL([(Q}(/K)(@" ®
(2¥)2Ce=2]) > 0.
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(1) If c > 0, then Bogomolov conjecture for jo : X — Jx holds.
(2) If co =0 and @* > 0, then the Bogomolov conjecture for jo holds.

Therefore for curves with good reduction, @? > 0 implies Bogomolov’s conjec-
ture.

Note that ce = 0 just means that there are m,f > 0 such that %" =
(Y%L Also, Bogomolov’s conjecture holds for jg if and only if it holds for
jge for some £ > 1. So for (2), I can only focus on . = Q.

Proof of (2). Let’s get started. Suppose that the Bogomolov conjecture fails
for j = jo1. We want to show that @? = 0, or just @? < 0. Actually for
suitable L/K we will bound &% . By Cauchy-Schwartz, we note that |(z, y)nt| <
h@)h(y). o

Let € > 0. Take P € X(K) with h(j(P)) < e. By Mordell-Weil, we
know that as e — 0 we have [kp : K] — oo. Let P, = P, P5,..., Py be the
Galois conjugates of P/K. Take L to be the field of definition of P;. Note that
h(j(P;)) = h(j(P)). The key idea is that if P,Q € Xp(L) so that they are

sections, we have

~(Dp,Dq) < —(Dp,Dp)oc = Y logG(P?, Q7).
o:L—C

But this can’t be too small by the Faltings—Elkies bound. O
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32 April 16, 2018

We were talking about small points. We were doing part (2).

32.1 Bolgomorov’s conjecture for . = Q!

2

(2) If cy = 0 (we may assume .Z = Q') and ©* > 0 then Bogomolov’s

conjecture holds.

Proof. We assume that Bogomolov’s conjecture fails for j = joi. Let € > 0 be
small and consider P = P, ..., Py € X(K) Galois orbit with

e N as large as we want,
o h(j(P)) < € (i.e., h(j(Py)) < € for all k).

We will show that &% = & °/[L : K] is small, where L/K. We have

—e < ~hi(P) = g5 (@1~ (20~ DDrr )}
= m&@ —49(9 —1)Dp,1.01)
by adjunction on X, . This shows that
(29— 2)Dp iy > Qe “i
’ g 29

By Cauchy—Schwartz, we have

[(3(P1), 5 (Pe))nt| < €
Then
e2[L : Q] > —(j(F;), 5 (Px))nr2[L : Q]
= (0 — (29 —2)Dp,,1-6r — (29 —2)Dp,,1)1L
_OJL (29—2)(DP L“erk )wL+(2g—2)2Dpi,L.DpjﬁL.

By the bound we had before, we get

(1 + g) [L:Qle> (1 - ;)@i + (29— 2)?Dp, 1. Dp, 1

If Dp, ,.Dp, 1, are always nonnegative, we will be able to get &% — 0 as
[L : Q] = oo and then we are done. But Arakelov intersection doesn’t work this

way, and so we average over i # k. Then

(1 + ;)26 > (1 — ;)@2 + m ;(DPZ-,LJDP;C,L)L

1 2 —2
) Dp TR Y!
9 (N ik LC
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Note that X, ®, C really only depends on |, because it is biholomorphic to
Xk ®g|, C. By Faltings-Elkies, we can estimate

1 - 29 — 2)2 oo
(1) g D S IoEGa (PR

9 o:L—C i#k

1\ . (29 —2)?
>(177>w27— Col N log N

g NN -1[L: Q] Z% I

1\ . (29 —2)?
1- )2 —ex I NiogN
>< g)“ KNN—1)" ®

for some constant cx depending only on K. As N — oo, we get &2 < 0 and so
w% = 0. O
For (1), let’s just look at the case when . = O(P) for P € X(K) (after
base change). For all @ € X(K), we have
Jo(@) = (29 — 2)jr(Q) + ja(P).

So if B(jp(Q)) — 0 for some sequence of (), then the Néron-Tate distance
between jo(Q) and jo(P) goes to 0.

Note that cg > 0 just means that A(j(P)) > 0. Let Q = Q1,...,Qn be
Galois conjugates with }Al(] p(Q)) very small. Then we have

~G(P).3(@2(1+ 2 )£+ @ = (1= 2)aE + g — 1*(Dr-Do)i.

But because j(P) and j(Q) are very close, the pairing on the left hand side is
essentially h(j(P)) > 0. We’ll pick up next time.
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33 April 18, 2018

Last time we had the map jp : X — Jx for P € X(K) and ¥ = O(P). We
have 0 < ¢ = h(j(P)) where j = jo1. First we have

J(Q) = (29 = 2)jp(Q) + j(P)

and we have

—2[L: QI(j(Q1),5(Q2))nt = (WL — (29 — 2)Dq,, WL — (29 — 2)Dq, )L
=©7 +4(9 —1)’Dq,.Dq, — 2(g — 1)(Dq, + Dq,)@rL.

On the other hand, —2[L : QJh(j(Q)) = &1 — 4g(g — 1)Dg.&r, by adjunction.
Then

2L : Q{A((Q1)) + h(j(Q2)) — 20(i(@1), 5(Q2))nT}
=2(g — 1)@} +8g(g — 1)*(Dq,-Dqg,)1
> 89(9 —1)*(Dq, D@, ) 100

Take N large so that [L : K] — oco. Choose Q1,...,Qn € X(L) (not
necessarily Galois conjugates!) different with dy(Q;, P) < €. Then for suitable
€ > 0, we get

29(5(Q4), 5(Q1) —h(§(Q:) =h(i(@Q1) > (1=€)(29=2)h(j(P)) > (9—1)ce > 0.

Then

49(9—1)
[L:Q]

Averaging over @Q; as before gives ce < 0.

You can ask about the essential minimum of {A(P) : P € X(K)}. One can
get estimates for this, but the sharp number is not very accessible.

oy < — (D@;-Dq,) L 00

33.1 The computation revisited

Now let us do the same computation again, but not with Bogomolov’s conjecture
in mind. Here, we don’t assume everywhere good reduction. Let X/K be our
curve and let X/Ogk be the semi-stable regular model. Again, assume gx > 2.
Take P,Q € X(K) be rational points and look at

B—(29-2)Dp—PpeVy, ®p=20@—(29—2)Dp) € V.

This is the correct thing to look at because we might not have everywhere good
reduction. Then because of orthogonality,

—2[K : QI(j(P),j(Q)) = (@ — (29 — 2)Dp — Dp, & — (29 — 2) Do — Bq)
=&*+4(9—1)Dp.Dg —2(g — 1)(Dp + Dg).& — ®p.9q.
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For P = @, by adjunction
—2[K : QIh(j(P)) = &* — 4g(g — 1) Dp.& — Bp.
We can cancel the Dp.& terms by adding the two equations together, and then

2(K : QU{A((P)) = h(j(Q)) — 29(j(P),§(Q))}
=2(g — 1) +8g(g — 1)’Dp.Dg + (P} + ® — 29 p.Dq).

Here, we can’t say much, but we have some idea of what the components
look like. We have 2(g — 1)@ > 0, and 8¢g(g — 1)2Dp.Dg is bounded below
by some —v1(X/K) because the Green’s function is bounded. Also, the value
P2, + @é —29Pp.®g can take only finitely values. So we get

h(i(P)) +h(i(Q)) = 29(i(P),5(Q)) = —v(X/K)
for all P # Q in X(K).

Theorem 33.1 (Mumford inequality). h(j(P)) + h(j(Q)) — 29(j(P),(Q)) >
—v(X/K) for all P # Q in X(K).
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34 April 20, 2018

Last time we had a small computation about sections. Let P # @ be rational
points in X/K, and consider Dp, Dg.

Theorem 34.1. Define
M(P,Q) = 29®p.®q — O — 8% — 2(g — 1)&° — 89(g — 1)*Dp.Dg
where ®p = ®(@ — (29 — 2)Dp) € Viy. Then

(1) M(P,Q) can be bounded above by “Arakelovian” invariants of %, indepen-
dently of P,Q. (This seems to have no content if you invoke Faltings’s
theorem, but you can do a computation even for algebraic points. It is
going to be complicated so I will not do this here, but then the statement
has content if we don’t know Faltings.)

(2) h(j(P)) +h(j(Q)) = 2(i(P), j(Q))nt = —3g M (P. Q).

Let n > 1 and g > 2. Let (—, —) be an inner product on R™, which induces
a norm. Consider ¢ > 0 fixed, and suppose z,y € R™\ {0} satisfy

ll]* + llyll* — 29(z, y) > —c.

Let A > 0 be such that |ly|| = A||z||, and consider 6 the angle between z and y.
Then dividing by ||z||||ly|| gives

1 c c
—+A—2gcosf > — = — .
A [2|I[lyll Allz([

If we assume ||z||? > ¢, then we get

2
2gcosf < A+ 3

You can do the algebra and you get the following: there exists a 6§y > 0, uniform,
such that

y ¢ Ro={z € R":|lo] < |l2]| < 2flall, (z,2) < o).

These observations are called Mumford’s gap principle.

34.1 Counting points in j(X (X)) of bounded height in Jx

Define the counting function

7(X)
2K : Q)

Proposition 34.2. For constants v1(X) and v2(X), we have

N(w) = #{P € X(K)) : h(j(P)) = — Mi(P) <}

N(z) <7 (X)+ Vg(f)rk(JX(K)) log .
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Proof. Let R by any constant with R > 72?1((3:%2]. Then the number of points
that can be in

{PeX(K):R<h(j(P)"?<2R}

is going to be at most B**/x(X) for some uniform constant B. This is because
we know that any two such points should have different #. Then we can put
something like log z-many annuli we need. O

We can compare this is with the ambient space. We have
#{Q € Jx(K) : h(Q)/? <z} ~ ¢ 2™ 71O

for some regulator ¢, just by counting points in regions.
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35 April 23, 2018

Today I am going to give you some context of small points on the Jacobian,
although it is not Arakelov theory.

35.1 Curve with infinitely many torsion points

Theorem 35.1 (Thara—Serre-Tate). (A reference is Lang, Division points on
curves) Let X C G2, over Q be an irreducible algebraic curve, passing through
the neutral element 1 = (1,1). If X contains infinitely many torsion points of
G2,, then X is a subgroup of G2, (which in particular implies that gz = 0).

Proof (after Tate). If X contains infinitely many torsion points, then X/k for
some K = Q((p,). Write X = {F(x,y) = 0} for F' € K|[z,y] irreducible over K.
Let € = (e1,€2) € X be a torsion point and let N be the order of e. Of course,
N can be arbitrarily large. If we look (e), this contains the Galois conjugates of
€. So L = L(e) is Galois over K and
#Gal(L/K)=[L: K] > @
Moreover, because we understand Galois theory of cyclotomic extensions very
well, we see that if d > 1 satisfies (d, N) = 1 and d = 1 mod m then there exists
a 04 € Gal(L/K) such that og(€) = €?.
Let’s count. Note that the Galois orbit of € is contained in X N X4, where

Xa = {F(a*,y") = 0}.

Consider deg X = deg F. By Bezout, either X C X; which means F' | Fy, or
#(X N X4) < (deg X)2d. In the latter case,

(deg X)*d > #X N Xy > # Gal(L/K) > @.

We have a lower bound and an upper bound and we want to get a contra-
diction. By Dirichlet, there exist infinitely many p such that p = 1 mod m and

moreover 1
Z logp ~ ——x
p=1 mod m,p<x (p(m)

If N is divisible by all these primes, then

1—
log N > Z 1ogp2(p(m€):17

p=1 mod m,p<x

and this implies N > exp((pl(_e)x). For N large, we can let © = 2p(m)log N and

this shows that there is some prime p = 1 mod m with p < x such that p does
not divide N. Then

(deg X)*2¢(m)log N > %
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is a contradiction as N — oco.

This shows that we should have X C Xy, i.e., F(z,y) | F(2¢,y%). From this
one gets that X is a subgroup, because if you test on complex points you can
choose something with dense orbit and so on. O

Consider S = X (1) x X(1). The Andu-Oort conjecture states that if Y C S
is an irreducible point with infinitely many CM points, then Y is special. Here,
special means

(1) Y is vertical /horizontal

(2) Y =T(j,jn~) is the image of some higher level modular curves.
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